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Double Sequences

A. M. Brono

Mathematics and Statistics Department, University of Maiduguri, Borno State, Nigeria.

Absract: Recently, Esi [2] defined the statistical analogue for double difference sequences x = (xk,l) as
follows: A double sequence x = (xk,l) is said to be P —statistically A —convergent to L provided for each ¢ > 0

1
— i R . —_ > =
P fffl} — {the number of (k,1):k <m,l <n, |Axk,l L| > e} 0.

Using this definition, Esi [2] introduced and studied lacunary statistical convergence for difference double
sequences and also gave some inclusion theorems. In this paper we in analogy to Esi, defined and proved some
inclusion theorems for lacunary Cesdro C, ; —statistical convergence of difference double sequences.
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. Introduction
A double sequence x = (xk,,) has a Pringsheim limit L (denoted by P — limx = L) provided that
given an & > 0 there exists an Ne N such that |xk‘l —L| < & whenever k,l > N. We shall describe such
ax = (x;,) is “P —convergent” Pringsheim [7]. The double sequence x = (x;;) is bounded if there exists a
positive number M such that |x; ;| < M for all k and [,
x| = sup|xy,| <o
It should be noted that in contrast to the case for single sequences, a convergent double sequence need not be
bounded. The concept of statistical convergence was introduced by Fast [3]. A complex number sequence
x = (x;,) is said to be statistically convergent to the number L if for every € > 0

11m |k<n lx, — Ll =¢|=0
where the vertical bars indicate the number of elements in the enclosed set. Mursaleen and Edely [6] defined the

statistical analogue for double sequence x = (x;,;) as follows: A real double sequence x = (x;,;) is said to be
P —statistical convergence to L provided that for each € > 0

1
P—lim—|(k, ):k <m,l<n|x, —L| = ¢l =0.
mn mn

In this case, we write St, —lim;;x,, = L and we denote the set of all P —statistical convergent double
sequences by St,.

By a lacunary 6 = (k,.),r = 0,1,2, ... where k, = 0, we shall mean an increasing sequence of non-negative
integers with h, = k, — k,_; = o asr — . The intervals determined by 8 will be denoted by I, = (k,_1, k,].

The ratio kkr will be denoted by gq,. The space of lacunary strongly convergent space N, was defined by

r—1

Freedman et. al. [4] as follows:

Ny = <x = (x): hm lek —L| =0, forsomel,.
" kel,

The double sequence 6, ; = {(k,, )} is called double lacunary sequence if there exist two increasing sequence
of integers such that

ko=0h,. =k, —k,._{ >0 ar—->ow
and

ly=0, h, =1, —1,_;ass — oo
Notations: k, ; = k, [, h.h, and 0, ¢ is determined by

L ={(k,D):k,_1 <k<k.andl,_, <l <L},

k q,- Savas and Patterson [9]

Q= 8s =
The set of all double lacunary sequences denoted by N, and defined by Savas and Patterson [10] as follows:

DOI: 10.9790/5728-12150105 www.iosrjournals.org 1| Page



Lacunary CesARo C 11 —Statistical Convergence Of Difference Double Sequences

Ny, = {x = (xk,l): P— limr,siZ(k,l)elr,Jxk,l - L| =0, for some L}.

Lacunary Statistical convergence of Difference Double Sequences
The following definitions and results are by Esi [2].
Definition 2.1(Esi [2]): The double sequence x = (xk,l) is A —bounded if there exists a positive number M such

that ||Ax, ;|| < M for all k,and 1,
sup
[[x|[s = k1 |Axk,l| < .
Where Axy; = Xp; — X141 — Xp+1,; — Xk+10+1- We will denote the set of all bounded double difference
sequences by [ (A).
Definition 2.2: (Esi [2]) A real double sequence x = (x,,;) is said to be P —statistical A —convergence to L
provided that for each € > 0

P —1i 1 kD:k l A Ll > =0
—nlll}ll%H(,). <m, <n,| X1 — |_£}|— .

In this case, we write St, — lim;, ; x,; = L and we
Definition 2.3:(Esi [2]) The double sequence x = (xk,,) is strong double diference Cesaro summable to L if

mn
wil =4x=(k,1):P— limi z |Axk‘l - L| =0, for someL € C;.

o mi ki=1,1
The class of all strongly double difference Cesdro summable sequences is denoted by wi'.
Definition 2.4. (Esi [2]): Let 6, ¢ be a double lacunary sequence. The double number sequence x = (xk‘l) is
Ny, A — P —convergent to L provided that for every e > 0

P —lim !

s g s,
We will denote the set of all Ny A — P —converngent sequences by Ny  ,. We now consider the double
difference lacunary statistical convergence.
Definition 2.5(Esi [2]): Let 6,; be a double lacunary sequence. The double number sequence
x = (%) is S, /A — P —convergent to L provided that for every £ > 0

|Ax;; — L| = 0.

) 1
P—tim—[{(k,D € i ]ox, — L] = )] =0

We will denote the set of all S5 A — P —converngent sequences by Sy, ,.

Theorem 2.1: Let 6, ¢ be a double lacunary sequence. Then

(i) No, , C Sp,,, and the inclusion is strict,

(i) 1fx=(x,)€lB@)n So, ., thenx = (x1) € No, ;o

(i) B@A)NSy, ,=1@)NNg, .

Theorem 2.2: Let 6, ¢ be a double lacunary sequence. Then

(i) Stya € Sp,.,, if liminfg, >1and liminfq, > 1.

(i) So, ;4 C Sty if liminfq, <ooandliminf g <o,

(iii) Staa = Sp,.,, If 1 <liminfq, <ocand 1 <liminf g < .

3. Lacunary cesaro C, 1 —Statistical convergence of difference double sequences.
Let A = [aj" 17 k=o be a doubly infinite matrix of real number for m,n = 1,2, ... forming the sum

Ymn = Z Z a]‘r]r{ln Xjk (1)

j=0 k=0
Called the A —means of the double sequence x yielded a method of summability. We say that a sequence x is
A —summable to the limit S of the A mean exist for all m,n = 0,1, ... and converges in pringsheim sense

p q
; mn -
pl;r_r)lwz Z Qi Xik = Ymn
j ok

lim y,, =s
m,n—ow

A two dimensional matrix transformation is said to be regular if it maps every convergent sequence
with the same limit. Robison [8] presented a form dimensional analogue of regularly for double sequences in
which he added an additional assumption of boundedness. A four dimensional matrix A is said to be bounded

And
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regularly on RH —sequence if it maps every bounded p —convergent sequence (or convergent in Pringsheim
sense) into a P —convergent sequence with same limit (see Hamilton [5] and Robison [8]).
Define the first means

mn
j=0k=0
m n
A = —1 ai"
Omn mn Yk
j=0 k=0

We say that x = (x;;, ) is statistical summable (C,1.1) to ¢, if the sequence o = (g} ) is statistically convergent
to ¢ in Pringsheim’s sense, that is, st, — lim,,, o(;;, = £. We denote by C; ; (st;), the set of all double sequence
which one statistically summable(C, 1.1).
Definition 3.1: A double sequence x = x;, is C,; ;1 A —bounded if there exists a positive number M such that
Aoy | <M forallkand?
lolly = 1A0] < oc.
Where
Aoy = O = O 141 = Op41,0 + Ok1,041-
We denote by
12 (A), the set of all bounded double C,; ; —statistically convergent difference sequences.
Definition 3.2: A real sequence x = (x; ;) is said to be C,; ;—Statistical A —convergent to [ provided that for
each € > 0.
p—lim|{(k,D):k <m,l <n;|Agy,; — 1| =€} =0
and we write "
Ca (Stza) —limoy = L.
we shall denote the set of all C,; ; —statistical A —convergent double sequences by C,; ; (stz).
Definition 3.3: A double sequences x = (x;;) is strongly double difference Cesaro summable to L if
Ce] (stya) = {x = (x3):P — lrinrrrll|Aak,l —L|=0,forsomelL € (C}

We denote by C,‘l"_lll (st,4), the class of all strongly double difference Cesdro summable sequences.
Definition 3.4: Let 6, be a double lacunary sequence. The double sequence x = (x;) is Np, , —
C,11—convergent to L provided that for every € > 0,
P- limmi |Aci, — L| = 0.
denote by Cyl'_lNgr’s’A, the set of all Ny, , — C,;.1—convergent sequences.
Definition 3.5.: Let 6, be a double lacunary sequence. The double sequence x = (xy;) is Sg, , —
C,.1—convergent to L if for every ¢ > 0,
P —lim s |{(k, 1) € I, ;:[Agy,, ~ L] = €}| = 0.
we shall denote by €115, ,, the setofall Sp  , — C,11—convergent sequences.
Theorem 3.1: Let 6, ¢ be a double lacunary sequence. Then:
. C11(Ng, ) © C11(Ss, ,)

ii. Ifo=o0,;€ll(A)N Cyl_l(Sgr’S’A) then, o = gy, € C_l_l(NQr‘S’A)

i, 15(A)NC11(Ss, ) NIEAL)NC11(Ng, )
Proof: (i) Since

(kD el g|Ao, — L] =e}| < z |Aoy, — L] < Z |Acy,, — L|
(k,D€Els & |Aoy ) —L|=e (k,D)Els

and so if 0 = (ay.;) € C1.1(Ng, ) then we have o = (ay.;) € C1.1(Sy, ,,)- To show the inclusion is strict, we
define o = (o3 as follows:
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1 2 3 [Vhes] O

2 2 3 [V s]
AO'k'lz :

2 Ofhsd [ [Vhes] 0 0

0 0 0 0 0 o0

Itis clear that o= (ok z) is not A —bounded double sequence and for € > 0
llm” |{(k Delg: |Aakl_L|>g}|_P_hmrshl [ﬁ]zo
S00 = (Ukl) € C1.4(S, ,,)- But

1 [V (V) (A +1) 1

Pl (k;,,_slAGk'l L| =P ~lim h 2h, 2
Therefore, o = (a.;) & C1.1N, , ,- Hence the proof for (i).
(ii) Suppose that o = () € 15(8) N C11(Sp, ,,)- Then |Acy, | < M for all k and L, also for given & > 0 and
sufficiently large r and s, we obtain the following
|A0k,l - L| =
(D)€l S (e )Ely & [Aoy  —L| 2

1 M
|Ao,, — L] < " {k,D el |0, — L| = €}| + e
r,S

lim |Agy, — L|
4 r,s

+

"5 ()€l $& [Ag ~L|<e
Therefore, 0 = (0.;) € 15(A) N C1.1(S, . ,) implies & = (0y,;) € C11(Np, . ,)-
(iii) It follows from (i) and (ii).
Theorem 3.2: Let 6, ¢ be a double lacunary sequence. Then,
(i) C1.1(Stzn) € C14(Sy, ) Ifliminf g, > 1and liminfgq; =1
(i) C11(Ss, ) € C11(Stzn) ifliminf g, <ooand liminf g, <o
(iii) C1.1(St20) € €11 (S, ) if 1< liminf g, <ooand 1<liminf gy < oo
Proof: (i) Suppose that lim inf g, > 1 and lim inf qs = 1. then exists a § > 0 such that both g, > 1 + § and

qs > 1+ 6. This implies that br > —and m If

o = (01,1) € C11(Sty), then for each £> 0 and for sufficiently large r and s we obtain the following
—|{(k Del gk <k andl<l,|Ao,, —L| > €} >—|{(k D€l |Ag, —L| = e}| = h” .
/rs Aok, [~ [>E81+621%r,5k,(E7,5: Aok, /- L>&.

|{(k e

Therefore, o = (ay.;) € C1.1(Sp, ,,)-
(i) Suppose that lim inf g, < o and lim inf g; < oo, then there exists K > 0 such that g, < K and ¢, < K for

all rand s. Let o = (o) €S, ., and N, ;=|{(k,]) € I, ;:|Acy; — L| = €}|. So given & > 0 there exists a

positive integer 7, such that % <eforall r,s > 1. Let M = max{N,:1 <r,s <7p}. Let m and n be such

s

thatk,_; <m <k, and;l,_; <n < [. therefore, we obtain
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1
HkSmliSmM@J—”28”SE—7—4KK0EhékSkﬂmdhﬂyM@J—H28”
r—1ts—1

¢ Mr¢

r,s r,s
S st
kr—lls—l | e Y kr—lls—l kr—lls—l e Y kr—lls—l
ij=1,1 i,j=1,1
r,s r,s

1 ' h; ; Mr¢ 1 < sup N; )
+— Z N L < + .. J Z h;
kr—lls—ll. L Yhip Tl keoqleq \BJ 2 1Ty h; Y

i,j=ro+17r+1

- r.s
Mr¢ Mré 5
< —— 4 € Z h <—+€K .

k4l WSk 1
r—1ts—1 ij=ro Flro+1 r—1ts—-1

and the results follows immediately
(iv) The proof of (iii) follows from combining (i) and (ii).
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