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Abstract: The present paper is focusing on the order, size and degree of the nodes of the interval-valued fuzzy
graphs, which are isomorphic. Isomorphism between Interval-valued fuzzy graphs is proved to be an
equivalence relation, whereas the Weak isomorphism is proved to be a partial order. Few properties of interval
valued fuzzy graphs, which are self complementary, are discussed.
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I.  Introduction

The notion of ‘“‘Interval-valued fuzzy sets’” was introduced by ‘Zadeh’ [27] In 1975,as an extension of
“fuzzy sets’ [26] in which the values of the membership degrees are instead of the numbers, the intervals of
numbers. The ‘Interval-valued fuzzy sets’ supply more satisfactory description of ambiguity than traditional
fuzzy sets. Hence, the applications of ‘Interval-valued fuzzy sets’ are very much important to use in fuzzy
control. The fuzzy control is one of the computationally most exhaustive part of defuzzification [15]. As
‘Interval-valued fuzzy sets’ are widely studied and used, we describe briefly the work on approximate
reasoning by ‘Gorzalczany’ [10, 11], medical diagnosis by ‘Roy’ and ‘Biswas’ [22], multi valued logic by
‘Turksen’ [25] and intelligent control by ‘Mendel’ [15].

‘Rosenfeld’ [23] introduced the generalization of ‘fuzzy graph theory’ as ‘Euler's graph theory’.
‘Rosenfeld’ considered the fuzzy relations between fuzzy sets and improved the structure of ‘fuzzy graphs’ by
obtaining analogs of several graph theoretical concepts. Later, some remarks on fuzzy graphs were given by
‘Bhattacharya’ [5], and ‘Mordeson’ and ‘Peng’ [19] introduced some operations on fuzzy graphs . He has
defined the complement of a fuzzy graph and further studied by ‘Sunitha’ and “Vijayakumar’ [24]. the concept
of M-strong fuzzy graphs was introduced by ‘Bhutani’ [7] and ‘Rosenfeld’[8]. The concept of strong arcs in
fuzzy graphs was discussed in. The definition of interval-valued graph was given by ‘Hongmei’ and ‘Lianhua’
[12].

In this present paper, We study ‘isomorphism’ between the two interval-valued fuzzy graphs is an
equivalence relation and ‘weak isomorphism’ between them is a partial order. We introduce the notion of
interval-valued fuzzy complete graphs and present some properties of self complementary and self weak
complementary interval-valued fuzzy complete graphs.

The definitions and terminologies that we used in this paper are standard.

Il.  Preliminaries
“ graph is an ordered pair ‘G* = (V, E)’, where Vv’ is the set of vertices of ‘G*’ and ‘E’ is the set of edges of
‘G*’. Two vertices ‘X’ and ‘y’ in a graph ‘G*’ are said to be adjacent in G* if {xy} is in an edge of ‘G*’. For
simplicity an edge {xy} will be denoted by xy.”
“Simple graph is a graph without loops and multiple edges.”
“ Complete graph is a simple graph in which every pair of distinct vertices is connected by an edge”.
The complete graph on n vertices and n(n — 1)/2 edges. We will consider only graphs with the finite number of
vertices and edges.
“ Complementary graph G * of a simple graph G* we mean a graph having the same vertices as G* and such
that two vertices are adjacent in G * if and only if they are not adjacent in G*.”

“ Isomorphism of graphs G, and G, is a bijection between the vertex sets of G, and G, such that any two
vertices v; and v, of G; are adjacent in G, if and only if f(v;) and f (v,) are adjacent in G,. Isomorphic graphs

are denoted by G, = G, .”

I11.  Homomorphism & Isomorphism- Basic Properties
Definition 3.1 : [7] : “The interval-valued fuzzy set A in V is defined by

A = (i, ()i ()i x e v ],
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where ,(x) and u, (x) are fuzzy subsets of V such that x,(x)< u,(x) forall x eV .” For any two
interval-valued sets A =[x, (x), z . (x)] and B = [, (x), #; (x)] in V we define:

o AUB = {(x,max (u, (x) ey (x)) mex (u, (x)aeg (x))):x €V,

e ANB = {xmin (u, (g (GOhmin (] (x)ag ()i x eV ],
“Interval-valued fuzzy relation B on a set E of the graph G* = (V, E) , is such that

py Oy )< min (, (x), 4, (y)
pl(xy)<min (u7(x),u.(y)) forall xy e E .”

“A strong interval valued fuzzy graph of a graph G* =(V,E) is such that s (xy )= min (z(x), z, (y)),

g (xy)=min (uy(x),u;(y))

Example 3.2: Let G : (V,E) be an Interval-valued fuzzy graph with the underlying set S={a,b,c,d}, such that

Moy = 0.1,yA+(a) = O.S,yA,(b) = 0.2,;1A+(b) = 0.4,yA,(C) = 0.1,/1A+(C) = O.S,yA,(d) = 0.3,/1A+(d) =0.6
‘uB’(a,b) = 0'1’ﬂB*(a,b) = 0'3’ﬂ5’(b,c) = 0'1”uB*(b,c) = 0'4’ﬂB’(c,d) = O"uB*(c,d) =05,
He-aa) ~ 0. Mg, (40 =03
0.1,0.3 .1,0.
al ) (0-1,0.3) b (0.2,0.4)
{0.1,0.4)

{0,0.3)

d(0.3,0.6) (0,0.5) ¢ (0.1,0.5)

Definition 3.2 :[7] : “For a given Interval-valued fuzzy graph G (V,E) with the underlying set S, the order of G is

. _ 1+”A’(x)+#A‘(x>
defined and denoted by O(G)= > and
xeV 2
. . . _ 1+#B’(x,y)+u8*(x,y)"
the size of G is denoted and defined as S(G) = Z
2
X,yeVv

Definition 3.3.[16] : “A homomorphism of fuzzy graphs h: G— G 'isamap h: S— S' which satisfies
o(x)<o'(h(x))Vxe Sand p(x,y)< u'(h(x),h(y)vx,yeS"

Definition 3.4. [16] : “A weak Isomorphism h:G— G 'isa map h: S— S' which is a bijective homomorphism
that satisfies o (x) = o'(h(x))vVx e S"

Definition 3.5 : [16] : “A homomorphism h: G— G 'isamap h: S— S* between two interval-valued fuzzy

vxeS and u < u

raphs, which satisfies < <
g p 'UA’(X) ﬂA’(h(X)) B (xy)

< u vVXx,yeS"

B (h(y) "B y) T B ()
Definition 3.6:[16] : “A weak Isomorphism h: G— G ’is a map h: S— S*, which is bijective homomorphism
that satisfies, Hoy = H

y7,

A’(h(x))vx €S, Haro = 'uA+(h(X))VX €S

Example : 3.7:
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y(0.2,0.9)
a(0.1,0.5) b(0.2,0.4)
x(0.1,0.5)

2(0.4,0.6)

d(0.2,0.4) ¢(0.4,0.6)
w(0.2,0.4)

Definition :3.8[16]: “The Co-Weak Isomorphism between the two interval-valued fuzzy graphsh: G- G'isa
map h: S— S', which is a bijective homomorphism that satisfies

Hy gy = H H = u

. , vVX,yeS"
B (h(xy)) )

B (xy) B h((xy)

Definition 3.9[16] : “The Isomorphism between the two interval-valued fuzzy graphsh: G— G’isamap h: S
— S which is a bijective homomorphism that satisfies

)7 78 VXxeS,

A (x) T Ha (h(x)) Mo = 'uA+(h(X))VX €S and

u =u M

B (xy) B (h(xy)) B () ﬂB*h((xy))

VX,yeS"

Definition :3.10[4] : “The complement of an interval-valued fuzzy graph G=(A,B) of
G =(V,E) is an interval-valued fuzzy graph

G = (T,E) onG’, where A = A = [, 1,] and B - [u,,u,] isdefined by

— 0,ifu (xy)>0.
ug(xy) = ) ) )
min( g, (x), g, (y), ifug(xy) =0
. 0,ifu, (xy)>0
tg(xy) = X . .
min( g, (x), g, (y) ifug(xy) =0

OR

tg Oy )= min(u, (x), 1, (¥) = g (xy))

do(xy)=min (u" (), w,(y) = ug(xy)"

Example 3.11:
#[0.1,0.2) 0.1,0.2]
10.0.2) {anz (218
(n.1,0.3)
10.2,0.5) ef0.3.08)  yinz005) z{0.3,006)
G G

Definition 3.12 [4] “An interval valued fuzzy graph is self complementary, if E =G"
Example 3.13: Consider a graph G* = ( V,E) such that V={a,b,c}, E={ab,bc }, then an interval valued

fuzzy graph G = (A,B), where A={a(0.1,0.3),b(0.2,0.4),c(0.3,0.5)} and B={ab(0.1,0.3),bc(0.2,0.4)} is self
complementary.

Solution:  u_ (ab) =0, u,(ab) =0,u,(bc) =0, u, (bc) =0 (bydefinition)

(ab)=0.1= g (ab), u,(ab) =0.3 = p, (ab),

| =

pug(bc)=0.2=pu_(bc), u,(bc)=0.4= u_(bc)
Theorem 3.14: For any two Isomorphic Interval-valued fuzzy graphs, their order and size are the same.
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Proof : If h: G G'isamaph: S— S'isan isomorphism between two interval-valued fuzzy graphs with the
underlying sets S and S* respectively., then

ﬂA’(x) - 'uA’(h(x))vx €S, Haveo = 'uA+(h(X))VX €S and
= = V X
Hooy) T He gy Her oy T Hetnin Y es
1+u +u . 1+ u +u .
OrderofG=O(G)= Z AT (x) AT (x) :Z A”(h(x)) A" (h(x)) =O(G ,)
xeV 2 xeV 2
. . . +’uB (x,y)+‘uB‘(x,y)
the size of G is denoted and defined as S(G) = >
X,yeV 2
1+ . +u.
- Z B~ (h(x.y)) B (h(x.y))
X,yeV 2
=S(G"')

Corollary(3.15) : The converse of the above theorem need not be true
Example (3.16) :Consider the Interval-valued fuzzy graphs G and G’ with underlying sets
Sand S,

b{0.1,0.4) d(0.6,0.8)

¥(0.2,0.3) w(0.7,0.7)

a(0.2,0.3) (0.5,0.7)
%((0.1,0.4) 2{(0.5,0.9)

where S={a,b,c,d} and S’ ={x,y,z,w} such that

Hoa = 0.2, ,uA+(a):O.3,uA,(b) =0.1, Ho = 0.4, Hoyo) = 0.5, Hooo = 0.7,

Mgy = 0.6, Mooy = 0.8,

Here O(G) =0O(G ')=3.8

yB,(ab):O.l, Howy = 0.3 ey T 0.1, Ho o) = 0.4 oy = 0.5 oy = 0.7
Mo iy = O.l,yBWm =0.3 oy = 0.1, Moy = 0.4 ey = 0.5 Ve = 0.7

Here S(G)=S(G ')=2.55
But G is not isomorphic to G’

Theorem 3.17: Isomorphism between two Interval-valued fuzzy graphs is an Equivalence relation.

Proof: Let G: (A,B), G ':(A1,By), G " : (Az,B,) be the two Interval valued fuzzy graphs with underlying sets S,
S’ , S" respectively.
Reflexive : Consider the identity map h: S— S such that h(x)=x vx e S, which is bijective map satisfying

= ,uA,(h(x))‘v’X €S, Huiy = HpvinpyVXES i (nH

7

A (x)
o gy yB,(h((x)’h(y))Vx, ye S h(x)=xvVxeS ..... By(1)
Hence the Isomorphism is Reflexive.

Symmetric :Let h: S— S' be an isomorphism of G onto G "ieG =G’

and u

then ‘h’ is a bijective map defined by N(X) = x" ¥x € S, which satisfy

= = VXxeS,
ﬂA’(X) 'uAf(h(X))’ 'uA'(X) ﬂAl'(h(X))

P _ VX,yeSs,
B™(x.y) B, (h((x).h(y)) Mooy = Mo oy
: ) :
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As ‘h’ is bijective 3h " :S’'—> S suchthat h '(x') = xvVx'e S’

Then = =
en, #A;(h*(x')) Ha o yA{(h*(x'» H a0
similarl = , =
Y us;«h*(x'),h*(y'» ey yB{((h*(x')h’i(y') o iy
LG =G

Hence the Isomorphism is Symmetric.

Transitivity : Leth: S — S’ and g: S" — S” pe the isomorphisms from the Interval-valued fuzzy graphs G
onto G and then from G "to G " respectively.

Then the composition of the mapping “goh* is 1-1 and onto from S = S” such that

goh(x)=g(h(x)) VX € S

h:'S — S’ s an Isomorphism defined by h(X)=x" VxS, then

ﬂA (x) - ﬂAl (h(X))”uA‘(X) - ﬂAf(h(X))]'
'uA’(y) - ﬂA{(h(y)yﬂN(y) - 'uAf(h(y)) (]_)
yB’(x,y) - ﬂB{(h(X)h(y)) I
ﬂB*(x‘y) - 'uBf(h(X)h(y)) J

Now, g: S" = S" jsan Isomorphism defined by 9(x")=x" Vx'e S,

ie.,
Haron = Haso Haron T ﬂAg(g(x,))W‘
Haron T Haswom ®aron T Hareon
......... (2)
Ho-oeyy = Heigonen \
Horoyy ~ Holonanm ‘
Now form (1) and (2) we get,
Haoo THamon T Haon T Faiwon T Faon
Harco T Haromon T Haron T Farwon T Faron
Ho o = Hermoonoy ~ Heroowy T Heiwonean T Heraryn
Hortoy = Hermoonon = Heroown T Hereoneoy T Heiooyn

Hence the Isomorphism is transitive.
And hence Isomorphism between the Interval-valued fuzzy graphs is an Equivalence Relation.

Theorem (3.18): The weak Isomorphism between two interval valued fuzzy graphs
is a Partial Order.

Proof: Reflexive : Consider the identity map h: S— S such that h(xX)=x vx e S, which is bijective map

satisfying Hoyy = ,uA,(h(X))VX €S, Hpiy= Havny7Xe€S i (1)

and
He oy x).h(y)

Hence the weak Isomorphism is Reflexive.

Anti Symmetry : Assume that the two interval-valued fuzzy graphs G and G 'are such that G= G’ and
G'=G.

Consider the weak Isomorphism h: S— S*, which is a bijective map such that

h(X)=x" Vxe S satisfying the condition

= Ho )VX,yeS‘.' h(x)=xvVxeS$S ..... By(1)

DOI: 10.9790/5728-12152431 www.iosrjournals.org 28 | Page



Isomorphism On Interval-Valued Fuzzy Graphs

Faoo T Haromon T H#a o0 Haco T From T Faoo
< = = S 7 2
Ho ooy = Harmoonn — Heroeyn o (xy) #Bl(x',y')| (2)
< = = <
ﬂB’(x‘y) ﬂBf(h(X)h(y)) ﬂB{(ny’) 'UB*(X.V) ﬂB{(X’,y’)J

Similarly, Consider the weak isomorphism g: S* — S, which is bijective map such that g(x’ )= X vx’ e S’

’uA{(X’) - uA’(g(X’)) - 'uA’(X)’uAf(X’) - 'uA’(g(X’)) - 'uA*(X)
L .. < _ <
satisfying the condition 4o, ;) = #o-(giyaiyy ~ Ho ey — Heroeyy S Hepy (3)
< = = <
’uBf(X’.y’) ﬂBf(g(X')g(y’)) #B*(x,y) ’uB{(X’,y’) 'UB*(x,y)J

From (2) and (3) it’s clear that fG= G’ and G'= G thenG=G’
Hence the Weak isomorphism is anti symmetric
Transitivity : AssumethatG= G'and G' = G”

Leth: S — S’ isaweak Isomorphism defined by N(X)=x"  Vx e S, and
9: S" > S isaweak Isomorphism defined by 9(x")=x"  Vx'e S’

then
Haoo T Haromon Hareo = #Af(h(x»}
Haon T H o #aron T Harooy
......... (1)

<
Ho-yy = Hartooniy |

<
ooy = Harimooni J
Now,
”A{(x') - 'uA;(gu'))‘yAf(x') - 'uA;(g(x’)) ]|
”A{(y') - ”A;(g(y'»"uA;(y’) - #A;m(y'))L

......... (2)

<
ﬂB{(X’,y') 'uBz’(g(X’),g(y’)) |

<
’uBf(X’,y’) N ’uBQ(g(X’)yg(y’)) J

Now form (1) and (2) we get,
Haoo T Hamon ™ Haon T Faeon T Faon
Haroo T Haromon = #aron ™ #Fareon T Haron
u. Y7 =4 =4 =u_
B (x.y) B, (h(x).h(y)) B, (x',y') B, (g(x).0(y) B, (x".y")
CHy (xy)_“Bz(x y")
Horion ™ Herimoonoy ~ Herooy T Hereonaan T Heroryn
3 <
ﬂB*(w) ”B;(x",y'v

Hence there is a weak Isomorphism fromGto G”
And hence the weak isomorphism is transitive.
Hence the weak isomorphism of the interval-valued fuzzy graphs is a partial order.

3.19 Theorem : Two Interval-valued fuzzy graphs are isomorphic iff their complements are isomorphic.
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Proof : Let the two interval-valued fuzzy graphs G=(A,B) and G '=(A;,B;) and
assume that G = G’

i.eN:'S = S’ isan Isomorphism ,defined by h(X)=x"  vxe'S,

i.e., ‘h’ is a bijective from S to S’ and satisfies the following

Haoo THamon T Ha o e T Eamon T oo
Hooyy = Hermoonty ~ Heroeyn |
Moty = Hermoontn ~ ey J

Now, to show that G =G’ ,wehave A = A therefore hisa bijection from Stos'

And = min , - =min , -
ﬂB’(va) [ ﬂA’(X) ﬂA’(y)] ﬂB’(va) [#A{(h(X)) ﬂA[(h(y))] ﬂB[(h(X)h(y))
=u G =G’
Ha thooniyy ( )
Also = min , - =min , -
’us’(x,y) ['uA’m 'uA*m] ”B*(x.y) [’uA[(h(x)) 'uAf(h(y»] ﬂBf(h(x)h(v))
=u G x=G'
o (hooniyy ( )

Conversely assume that G = G’
we have A = A therefore h is a bijection from S to S’ and
m = = u = =4 1
Hoaoo THamon THa oo Faroo T o T oo (M
Ho ooy Hormoonoy et o~ Herooniy
Toshowthat G = G,
As A =A,h:S — S’ isa bijection
And = min , -u =min[ x . -u =u

Mo (xy) [ a0 ”A’m] Mo (xy) [”A’m A’m] ooy ol moon

= min - u =min[ z m - -

He ey [ ’uA‘(x)‘”A‘(y)] He () [ 'uA‘(x)‘ﬂA‘m] He () ysl‘((h(x)‘h(y))

Hence G = G’

IV.  Conclusion

It is well known that ‘Interval-valued fuzzy sets’ constitute a generalization of the notion of fuzzy sets.
The interval-valued fuzzy models give more flexibility and compatibility to the system as compared to the
classical and fuzzy models. So, we have introduced interval-valued fuzzy graphs and have presented several
properties in this paper. The further study of interval-valued fuzzy graphs may also be extended with the
following projects.
Data base theory
Expert systems
Neural Networks
Shortest paths in networks
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