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Analysis Of A Reacting Laminar Flow In A Saturated Porous
Media Channel With Two Distinct Horizontal Permeable Walls
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Abstract: An analytical study of momentum and heat transfer characteristics with/without suction/blowing of a
reacting laminar flow in a horizontal channel filled with saturated porous media with both isothermal and
isoflux boundary conditions has been carried out. The problem was studied under the Arrhenius reaction,
viscous dissipation and suction. The dimensional ordinary differential equations governing the flow and the heat
transfer characteristics are converted into dimensionless ordinary differential equations.

The system is solved analytically using the method of undetermined coefficients and the series solution through
perturbation method. Details of velocities and temperature fields for various values of the governing parameters
of the problems are presented. The contoured graphical results plotted with the numerical results display the
effects of various flow parameters such as thesuction/injection Reynolds number, Re, Darcy number, Da, ratio
of the effective viscosity of porous region to the viscosity of the fluid, M, Brinkman number, Br, Peclet number,
Pe and the Frank-Kamenetskii parameter, § due to Arrhenius kinetic term on the velocity and temperature
profileswith the two distinct wall conditions.

Keywords: isoflux/isothermal, laminar flow, porous medium, reacting fluid, suction/injection.

Nomenclature R - gas rate constant
Re - suction/injectionReynolds
a - channel width number
A, - Pre-exponential factor T, - wall temperature
Br - Brinkman number T - absolute temperature
Da - Darcy number u - dimensionless fluid velocity
P - activation energy parameter u - fluid velocity
E - activation energy vV, - suction velocity
F - specific heat at constant pressure X - axial coordinate
y - dimensionless transverse
coordinate
G - applied pressure gradient y i transverse_(-:oordlnate
K ) fluid thermal conductivity B - Frank-Kamenentskii parameter
K - permeability P - fluid density
M - ratio of viscosities 7 - fluid viscosity
Pe - Péclet number u, - effective viscosity in the
g - fluid flux rate Brinkman term
Q - heat of reaction 0 - dimensionless temperature

. Introduction

Flow through porous media have been extensively studied dueto its relevance in various technological
applications such as heat transfer associated with the nuclear waste disposal, prevention of sub soil water
pollution, solid matrix heat exchanger, thermal insulation, heat recovery from geothermal energy system,
storage systemsof the agricultural products e.t.c. The mechanisms of the mixed convection in the porous media
have significant applications in the utilization of geothermal energy. The books of Nield and Benjan [22] and
Ingham and Pop [12] have extensively studied the works majored in this area.

The majority of the studies on convection heat transfer in porous media are based on Darcy’s law,
(Darcy, [8]). The accuracy of these results is restricted to specific ranges of Darcy and Reynolds numbers.
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Vafaiand Tien[31] investigated and revealed the importance of Brinkman number and Forchheiwer terms in
forced convection over a flat plate and presented the resulting error in heat transfer coefficient when the viscous
and inertial terms are negligible. Similarly, a study was reported by Ranganathan and Viskanta[27] revealing the
wall and inertia effects in mixed convection flow over flat plate. In the works of Tong and Subramaniam[30]
and that of Lauriat and Prasad, [17], it was indicated that in natural convection flow, wall effect is negligible for
Darcy number below than 10”. Vermal and Chauhan[32] solved unsteady fluid flow through a circular naturally
permeable tube surrounded by a porous material. Fandetal.[10] carried out an experimental investigation of free
convection from a horizontal circular cylinder embedded in a porous medium and reported that deviations from
the Darcy’s law occur when the Reynolds number based on the pore diameter exceeds 1-10, thus, the non-Darcy
flow situation is more likely to prevail when the Rayleigh number is sufficiently high and that the boundary
layer approximations are relevant. Paul et al. [25] in their paper titled transient free convective flow in a channel
with constant temperature and constant heat flux on walls studied the transient free convective flow in a vertical
channel having a constant temperature and constant heat flux on the channel walls.

Dasset al.[9] studied the unsteady free convection and mass transfer boundary layer flow past an accelerated
infinite vertical porous flat plate with suction when the plate accelerates in its own plane. The work showed that
the flow phenomenon was characterized with the help of flow parameters such as suction parameter, porosity
parameter, Grashofnumber, Schmidt number and Prandtle number and their effects on velocity, temperature and
concentration distributions are also studied.

Mishra et al. [21] obtained the solution of fully developed free and forced convection flow in a porous
medium bounded by two vertical walls when there is a uniform axial temperature variation along the walls.
Cheng [7] investigated the mixed convection flow about horizontal impermeable surfaces in a saturated porous
medium with aiding external flows. Mazumder [20] studied the dispersion of solute in natural convection flow
through a vertical channel with a linear axial temperature variation. Beckett and Friend [6] solved the mixed
convection flow between parallel vertical walls numerically at higher Rayleigh number. Joshi and Gebhart [15]
solved the mixed convection in porous media adjacent to a vertical surfacewith uniform heat flux at the surface.
Parang and Keyhani [24] studied the fully developed buoyancy-assisted mixed convection in a vertical annulus
by using the Brinkman-extended Darcy model. Ramachandran et al.[26] investigated numerically laminar mixed
convection in the two-dimensional stagnation flows around heated surfaces for both cases of an arbitrary wall
temperature and arbitrary surface heat flux variations. Oosthuizen [23] investigated numerically the two-
dimensional mixed convection flow over a horizontal plate in a saturated porous medium mounted near an
impervious adiabatic horizontal surface and subject to a horizontal forced flow.Hadim and Chen [11]
investigated the effect of Darcy number on the buoyancy-assisted mixed convection in the entrance region of a
vertical channel with asymmetric heating at fixed values of the Reynolds number, Forchheinmer number, Prantl
number and modified Grashof number.

The significance of suction/injection on the boundary layer control in the field of aerodynamics and
space science is well recognized (Singh, [29]). Suction or injection of a fluid through the bounding surface as
for example in mass transfer cooling, can significantly change the flow field and, as a consequence, affect the
heat transfer rate from the plate (Ishaket al. [13]). In general, suction tends to increase the skin friction and heat
transfer coefficient whereas injection acts in the opposite manner (Al-Sanea, [2]). This is well explored by
Shojaefardet al. [28] where suction and injection were used to control fluid flow on the surface of subsonic
aircraft. By controlling the flow as such, fuel consumption might be decreased by 30%, a considerable reduction
in pollutant emission is achieved, and operating costs of commercial airplanes are reduced by at least 8%
(Braslow, [5]).

Jha and Ajibade [14] investigated the free convective flow of heat generating/absorbing fluid between
vertical parallel porous plates due to periodic heating of the porous plates. The analysis wasperformed by
considering fully developed flow and steady-periodic regime.

In view of the amount of works done on the laminar flow in a saturated porous media with
suction/injection, it becomes interesting to investigate the combined effects of the isothermal and isoflux heating
conditionson the channel’s walls.

Il.  Mathematical Analysis
We present the fully developed incompressible viscous laminar flow between two horizontal walls
filled with a fluid saturated porous medium.The walls are separated by a distance a apart. We consider a
coupled momentum and heat transfer by laminar flow for the steady state hydro-dynamically and thermally
developed situations which have unidirectional flow of a viscous combustible reactingfluid in the x-direction
between permeableboundaries at y = 0 and y =a as in figure 1. It is assumed that on one wall (y = o), fluid is

injected into the channel with certain constant velocity (v, ) and that it is sucked off from the other plate (y - a)

at the same rate. The channel is composed of a lower heated wall with surface constant temperature (isothermal)
or constant heat flux (isoflux) while the upper wall is fixed and isothermal. We follow closely and modify the
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models presented in Lamidi et al,[16] with additional term of Arrhenius heat reaction.. As a result of these
assumptions, the dimensional equations of continuity, motion and energy are obtained as follows

a _, @

dy

-—u+G (2)

2 E
T + u au +QA"97; (3)
> — 0
dy dy

u=0, T=T, or—:—&atyz 4)

U=0, T=T,ay-a, o0<y<a (5)
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where the variable parameters Br is the Brinkman number, Da is the Darcy number, Re is the suction/injection

Reynolds number, Pe is the Peclet number, M is the ratio of effective viscosity of porous region to fluid.
The equation of continuity in (1), on integration, gives v = constant =, (say) is the normal velocity of suction

or injection at the walls accordingly as v~ o and \, - o respectivelyand , _ o represents the case of
impermeable walls. The channel's walls are uniformly porous.

The physical quantities used in the expression (6) are defined in the nomenclature.
The equations (2) and (3) in dimensionless forms are obtained as follows

d’u du u

M _Re — - —=-1 (7
2
dy dy Da
2
d’e do du .
-Pe —+Br|—| +pe"” =0 (8)
2
dy dy dy

Similarly, we non-dimensionalised the boundary conditions (4) and (5) to get

u=0, @=o00rde aty=o 9
dy
u=0, @=0aly=2, 0<a<1 (10)
In order to unify the isothermal heating and isoflux heating at one condition, we may write
0 =00rdo _ to,de . aty-oandy-oat y_,(11)
dy dy

where A, B and C are constants depending on the isothermal heating or isoflux heating.

For the isothermal heating: A=0, B=1 and C=0

while for isoflux heating: A=1, B=0and C= -1

Here we revisit equations (7) and (8) with R e # 0, Pe# 0 for imposition of wall suction/injection and

p# 0 for a reacting flow, and the analytical solution for (8) is obtained for the temperature fields using an
approximation (Ayeni, [3])

e™) 214 (e-2)0+06°
hence(8) becomes
d’e de )’ ,
;- — Pe —+Br| — =-pf1+(e-2)0+0") 12)
dy dy dy

with the boundary conditions (9) and (10).

Equations (7) and (12) are second order differential equations with constant coefficients. The solution of (7),
using the boundary conditions in (9) and (10) with the method of undetermined coefficients, could be easily
obtained as
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u(y)=ace" +a,e” +Da, (13)
Now using (13) in (12) we have
d’e de
——Pe —+Br (ra,e™ +ra,e™ )’=—p+(e-2)0+0° (14)
dy dy

Here, it is convenient to form a power series expansion in the Frank-Kamenetskii parameter g, i.e.

H:ielﬂ' @as)

i=0

Now putting (15) in (14) and expanding asymptotically using the following asymptotic variable

0=0,+p0,+B°0, +.. (16)
and equating the powers of £ to get the following sets of system of equations
, d?o, do, . Y
© —— - Pe :—Br(rlale‘y+r2a2e”) @a7)
dy dy

with the boundary conditions

Ad90+BHOZCaty:oand90:oaty:ﬁ, 0<ai<1 (18)
dy
and
1 dzgl gl 2
Y o -P y =@+ (e —2)0, +02) (19)
y y

with the boundary conditions

n2%  go _caty=oand g —oat y_s o<;< (20)
dy
and
, d’e, de, s
B 2 Pe =—f@A+(e—2)(0, +06,)+20,0, +0,) (21)
dy dy
with the boundary conditions
Ad92+Bgzzcaty=Oand62:Oaty:ﬁ,, 0<Ai<1 (22)
dy
Now solving (17) using (18)the solution gives
0,(y)=a,+a,ae”’ —ae’ +(a,e’""" —a.e’)a, (23)
Also solving (19) using (20), the solution gives
0,(y)=(aga, +a,y+a,)e™ +a, +a, +a,e”’ " —a, (@™ ) ra, (e"’) —a,e’ " va,e’ "
_ azg (e Pey )Z _ aszey(Pew,»rz) + aasey(Peer]) _ 334 (erzy)A n 335 (erzy)Z 4 a36ey(Pe>2rz) + a37ey(3r]wr7) (24)
And finally solving (21) using (22)the solution gives
Pe 2(2ry+1))y Ly 4 nLyy2 (Pe+2r,)y
0,(y)=(a,a, +ay)e y+a71+a72e P ta,(et) +a, (e +(a, —ag)e (A, tay,)
e(Pe+rl+rZ)y + 6.77 (Pe+4r,)y + a87e(3r1+r2)y " agoe(Pe+2rl)y + ags (e Pe y)Z 4 agse(2P5+rl+r2)y + aQQEZ(r1+rZ)y
" aloo (erly)A " aml e(Pe+3rl+rz)y 4 amz eZ(Pe+2r1)y " 3104 e(5r1+rz)y 4 aloﬁ e(Pe+4r1)y n alm e2(2r1+r2)y 4 aloe (erly)z
n alog e2(Pe+rz)y " alw e(r1+5rz)y + a,llle(rﬁrz)y _ 3.112 (erzy)e + y(am + a'7ge(Pe+2rl)y + 3.80 " asle(Pe+r1+rz)y
" 382 _ a83 (e Pey )2 + asAe(Pe+Zrz)y + aESePey + a86)+ aEae(Pe+2r1+2r2)y + 389 (r+3r,)y ~a, (Pe+2r)y
+ 3103 e3(r1+rz)y " ams e(Pe+rl+3rz)y + 3113 (ePey )3 _ 3114 (erly)e + ags yze Pey (25)

Now putting (23),(24) and (25) into (16) the general solution becomes
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+a,, (6™) —a, (V) va,ye™), (26)

I11. Results and Discussion
The dimensionless parameters governing the flow in the channel are suction/injection Reynolds, Re,
Darcy number, Da, ratio of the effective viscosity of porous region to the viscosity of the fluid, M, Brinkman
number, Br, Peclet number, Pe, and the Frank-Kamenetskii parameter, 3, due to Arrhenius kinetic term. The
outcome from the numerical computation is analysed in this section graphically with contour graphs for the
caseRe # 0Pe # O(for imposition of suction/injection walls)and j # 0(for a reacting flow) as against Lamidiet al.

[16].

Figure 2 illustrates the dimensionless temperature distributions for different values of Frank-
Kamenentskii parameter g, with other fluid flow parameters remain constant. it is noticed that an increase in the
Frank-Kamenentskii parameter § due to the Arrhenius kinetics causes a further increase in the fluid temperature;
this is due to combined effects of viscous dissipation and exothermic reaction. In addition, at one glance from
this figure, it is deduced that the sharp decay in the fluid temperature near the wall suction as against the mild
decay near the wall injection as g increases, this is due to the presence of suction/injection walls in the medium
since the wall suction is to take away the warm solute on the wall thereby causing a reduction in the temperature
of the fluid near the wall.

With isoflux case in figure 3, it was observed that the temperature is a decreasing function of p,
however, the heat transfer is negative for all values of f for isoflux case in the presence of Arrhenius term. This
implies that the heat transfer goes from the fluid to the wall.

In figured, the temperature of the fluid increases as Da increases in the channel with isothermal
condition. The magnitude of the temperature is reduced further due to the reacting nature of the flow. A
significant observation from this figure, also suggests that the enhancement of the fluid temperature near the
wall suction as against the wall injection is due to the imposition of wall suction in the medium.

Figure5 shows a contrary behavior of Da in isoflux case. It is noted that the temperature field decreases
across the channel but remains constant along the channelas Da increases. This negates in totality, the usual
trend in a non-reacting flow see Lamidi et al. [16]. This situation could be ascribed to the reacting nature of the
flow which reveals that the presence of Frank-Kamenetskii parameter S suppresses the effect of Da in isoflux
case.

Figure 6, for isothermal heating process, reveals that, the fluid temperature increases with a decrease in
M/ Also, due to the reacting nature of the fluid flow in the channel the parabolic nature of the flow was distorted
and the magnitude of the temperature produced are very small as compared to that of Lamidi et al.[16](non-
reacting flow). Also the rate of decay of the temperature near the wall suction is very high

Figure 7, in the case of isoflux heating process, however observes a steady situation of the temperature
of the flow along the channel but decreases across the channel towards the wall suction as M increases as
against the situations in figure 6 (isothermal case). This shows that the presence of the Frank-Kamenetskii
parameter suppresses the influence of M as against its effects in Lamidi et al.[16] (non-reacting flow.

Figure 8 reflects the combined effects of Da and M on the temperature fields in isothermal case;it
shows that the temperature increases with increase in Da and decrease in Mwhen £ is constant.

Figure 9 displays the combined effects of Da and M on the temperature field in isoflux case; with a
cursory look, it reveals the hidden effects of both Da and M in figures 5 and 7 respectively, itshows thatthe
temperature decreases with an increase in Da,and decrease inM.

Figure 10 is a plot of temperature fields against the dimensionless distance for different values of Peclet
number, Pe. The said figure displays that the Peclet number, decreases the temperature at all points of the flow
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fields with the usual trend of faster decay of the temperature near the suction wall as we also have in Amumeji
[3] (non-reacting flow), however the profile is more distorted and smaller in magnitude in comparison to
Amumeji [3] due to the reacting nature of the fluid. With the increase in Peclet number, the thermal conduction
in the flow field is lowered and the viscosity of the flowing fluid becomes higher. In consequence, the molecular
motion of the fluid elements is lowered down and therefore the flow field suffers a decrease in temperature as
we increase Peclect number Pe.

In figure 11 with isoflux boundary conditions, we also note a contrary view to figure 10. We show that
the fluid temperature is anincreasing function of Peclet number, Pealong the channel, and adecreasing function
across the channel. Furthermore, the temperature gradient is also observed to be exponentially higher near the
outlet of the channel when Pe is higher. We also discover that the presence of wall suction retards the rate of
increase in fluid temperature as Pe increases and decrease in temperature across the channel.

We present in figure 12 for isothermal heating process that, the fluid temperature increases with
increase in Br. Also, due to the reacting nature of the fluid flow in the channel, the flow was slightly distorted
and the fluid recorded lower temperatures in figure 12 compare to that of Amumeji [3] ( non-reacting flow).
Also the rate of enhancement near the suction wall is great, due to imposition of wall suction Reynolds number.
This investigated the effect of viscous dissipation in the presence of suction/injection walls with isothermal
process that the dimensionless temperature of a reacting fluid is higher near to the wall suction as Brinkman
number increases. This combined effects of Br and M on the temperature profile can as well be easily confirmed
in figure 14.

However, in the case of isoflux heating process, in figure 13, we observe a reverse situation where the
fluid temperature increases as Br decreases and remains constant across the channel as against the situations in
figure 12 (isothermal case). This effects could be easily noted in the simultaneous effects of Br and M on the
temperature profile in figure 15. This shows that the presence of the Frank-Kamenetskii parameter suppresses
the influence of Brinkman number Br as against its effects in Amumeji [3]. In thisisoflux case, the temperature
distributions are steadier across the channel towards the wall suction.

In figure 16 with isothermal condition, it is shown that the temperature of a reacting fluid increases
with increase in wall injection Re. It is also seen that the temperature is well distributed throughout the channel
but the temperature profile near the wall suction is more enhanced. It is also observed in the same figure that the
temperature is known to increase faster if injection rate increases. The combined effect of injection Re and M is
displayed in figure 18, where increase in injection Re and decrease in M increase the temperature distribution of
the reacting flow.

In Figure 17 for isoflux case, it is observed that with increase in injection Re,the temperature remains
constant along the channel up to a particular point near the channel outlet where there was a sudden sharp
increase in the temperature very close to the wall injection. It is also noted that the temperature decreases across
the channel.Figure 19, further reveals that the increase in both the injection Re and M increase the temperature
of the reacting flow. This is also a deviation from the usual trend for M due to the reacting nature of the fluid
flow in an isoflux case.

In figure 20, it is displayed that the fluid temperature decreases with increase in wall suction Re in
isothermal case. It is further seen that there is a spontaneous decay in temperature field near the wall with
suction. It is also observed in the same figure that the temperature is known to decrease faster if suction rate
increases. The combined effects of suction Re and M is displayed in figure 22, where increase in both suction Re
and M decrease the temperature distribution of the flow.

In an isoflux case in figures 21 and 23, an anomalous situation occurs where the temperature field
increases as suction Reynolds number Re increases. This is the reverse of the usual trend and is attributed to the
reacting nature of the flow. From figure 21, it is also observed that the temperature decreases across the channel
towards the wall suction. Consequently, the parameter produces an inward flow of heating that accelerates the
flux of heat to the wall suction.

IV. Conclusion
The theory of laminar flow in a channel filled with saturated porous media with isothermal and isoflux
heating walls have been extensively studied. The various combinations of emerging parameters reveal much
insight into the behaviours of the flow.

From our results, we established that:

(i) increase in the Frank-Kamenentskii parameter # due to the Arrhenius Kinetics causes a further increase in
the fluid temperature in isothermal case whereas the temperature is a decreasing function of £ in the case of
isoflux.

(i) in isothermal case of a reacting flow, the temperature increases with increase in Da or Br or injection Re
and decrease in Pe or M or suction Re.
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(iii) in isoflux case, the temperature of the reacting flow increases with increase in Pe or M or both
suction/blowing Re and decrease in Br or Da, thereby creating reverse trends in the effects of Da, Br, M and
suction Re in the presence of Arrhenius term.

(iv) due to reacting nature of the fluid flow in the channel, the magnitude of the temperature produced,
generally in the channel, are extremely small as compared to non-reacting flow.

(v) the effect of some emerging parameters are suppressed in a reacting fluid flow due to the presence of the
quadratic heating term.

(vi) there is a scenario portraying the fluid temperature distributions of two heating processes at the boundary
namely isothermal and isoflux, with the channel in the presence of wall suction/injection as well as reacting
fluid flow.

Appendix
List of constants used to define the steady velocity and temperature
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Figure 12: Contour graph of temperature
0(y) at various values of Br with = 0.04
Re=5.0,Br=0.3,Pe=7.1,Da=0.1

(isothermal) for equation (25)
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Figure 11: Contour graph of temperature
6(y) at various values of Pe with f = 0.04
Re=5.0,Br=0.3, M=10,Da=0.1
(isoflux) for equation (25)
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Figure 13: Contour graph of temperature
0(y) at various values of Br with B = 0.04
Re=5.0,Br=0.3,Pe=7.1,Da=0.1
(isoflux) for equation (25)
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Figure 14: Contour graph of temperature
0(y) at various values of Br and M with

B=0.04,Re=5.0,Da=0.1,Pe="7.1,

y = 0.5, (isothermal) for equation (25)
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Figure 16: Contour graph of temperature
0(y) at various values of injection Re with

isothermal injection Re

f=0.04,M=10,Br=0.3,Pe="7.1,

Da = 0.1 (isothermal) for equation (25)
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Figure 15: Contour graph of temperature
0(y) at various values of Br and M with
B=0.04,Re=5.0,Da=0.1,Pe="7.1,
y = 0.5, (isoflux) for equation (25)
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Figure 17: Contour graph of temperature
0(y) at various values of injection Re with

B=0.04, M=10,Br=0.3, Pe=7.1,

Da = 0.1 (isoflux) for equation (25)
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Figure 18: Contour graph of temperature Figure 19: Contour graph of temperature
0(y) at various values of injection Re 0(y) at various values of injection Re
and M with § =0.04, Br=0.3, Pe = 7.1, and M with f =0.04, Br=0.3, Pe = 7.1,

Da = 0.1 (isothermal) for equation (25)  Da = 0.1 (isoflux) for equation (25)

R e e e 1 1‘ C o

ogF/eoooz—ﬂo 02— T (—15.49134 15.49134 15.49134

 — 000 N % 0% [~30.98269 30.98269 30.98269

08l / J " 146.47403 46.47403 46.47403

61.96538 61.96538 61.96538

orr 1 0.9} 77.45672 77.45672 77.45672 k|
- 0.6 1 =
2 f 92.94807 92.94807 92.94807
c
S 05f 1 S 085¢ 1
2 ‘@
I 04l | g —108.4394 108.4394 108.4394

08t 4

o
w

o
™

| / 000/ 1239308 1239308 123.9306—]
“Fooo / 075} |
01— ooo/

S T T B B L A
isothermal suction Re isoflux suction Re
Figure 20: Contour graph of temperature  Figure 21: Contour graph of temperature
0(y) at various values of suction Re with 0(y) at various values of suction Re with
p=0.04, M=10,Br=0.3,Pe="7.1, =0.04, M=10,Br=0.3,Pe=7.1,

Da = 0.1 (isothermal) for equation (25) Da = 0.1 (isoflux) for equation (25)
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Figure 22: Contour graph of temperature
0(y) at various values of suction Re
and M with =0.04, Br=0.3, Pe=7.1,
Da = 0.1 (isothermal) for equation (25)
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Figure 23: Contour graph of temperature
0(y) at various values of suction Re
and M with B =0.04, Br=0.3, Pe = 7.1,
Da = 0.1 (isoflux) for equation (25)
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