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Abstract:A labeling graph G which can be gracefully numbered is said to be graceful. A graph which admits a
fuzzy graceful labeling is called a fuzzy graceful graph. In this paper we introduced fuzzy vertex gracefulness
and discussed to wheel graphs and fan graphs.
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I.  Introduction

Zadeh introduced the fuzzy set as a class of object with a continuum of grades of membership. In
contrast to classical crisp sets where a set is defined by either membership or non-membership, the fuzzy
approach relates to a grade of membership between [0,1], defined in terms of the membership function of a
fuzzy number. Fuzzy relation on a set was first defined by Zadeh in 1965, the first definition of a fuzzy graph
was introduced by Kaufmann in 1973 and the structure of fuzzy graphs developed by Azriel Rosenfeld in 1975.
Fuzzy graphs have many more applications in modeling real time systems where the level of information
inherent in the system varies with different levels of precision.The concept of a graceful labeling has been
introduced by Rosa in 1966.This note is a further contribution on fuzzy labeling. Fuzzy labeling for fuzzy wheel
graph and fuzzy fan graph are called a fuzzy labeling wheel graph and fuzzy labeling fan graph respectively.

I1.  Preliminaries and Main Results

Definition:1

Let U and V be two sets. Then p is said to be a fuzzy relation from U into V if p is a fuzzy set of UxV.
Definition: 2

A fuzzy graph G =( o, nu) is a pair of functions 6 :V— [0,1] and p : VXV — [0,1], where for all u,v e
V, we have p (u,v) < o(u) A 6(v).
Definition: 3

A labeling of a graph is an assignment of values to the vertices and edges of a graph.
Definition:4

A graceful labeling of a graph G with q edges is an injection f: V(G) — {0,1,2,...,q} such that when
each edge xy € E(G) is assigned the label [f(x) — f(y)| , all of the edge labels are distinct.
Definition:5

A graph G =( o, u) is said to be a fuzzy labeling graph if 6 :V— [0,1] and p : VXV — [0,1] is
bijective such that the membership value of edges and vertices are distinct and p (u,v) < o(u) A o(v) for all u,v
eV.
Definition: 6

In the mathematical discipline of graph theory, a wheel graph Whn is a graph with n vertices (n> 4)
formed by connecting a single vertex to all vertices of an n-1 cycle.
Definition :7

A wheel graph with fuzzy labeling is called a fuzzy wheel graph.
Definition:8 L

A fan graph F,, is defined as the graph join ~ K'm +P,

where K'm is the empty graph on m nodes and P,, is the path graph on n nodes.
The case m=1 corresponds to the usual fan graphs, while m=2 corresponds to the double fan graphs,

etc.,
Definition : 9

In a fuzzy wheel graph if all vertices are distinct then it is called fuzzy vertex graceful labeling wheel
graph.

A wheel in a fuzzy graph consists of two node sets V and U with |V| = land |U| > 1, such that
p(v,u;) > 0, where i=1ton-1and p(u;ui.1) >0 where i=1 ton-2.
Example:
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Fuzzy vertex graceful labeling wheel graph Ws

Definition :10

In a fuzzy fan graph if all vertices are distinct then it is called fuzzy vertex graceful labeling fan graph.

A fuzzy graceful fan graph F;, consists of two node sets F and F, with |F| = 1and |F,| > 1, such that p(F,F) >
0, where i=1ton and u(F;,Fis1) >0 where i=1ton-1.
Note:

In the fuzzy fan graph F;, the vertex labeling 6:F—[0,1] satisfies the condition that if the values of F starts
only from n-1/10, n/10, n+1/10, etc., then the fan graph is a fuzzy vertex graceful labeling fan graph.

Example:

Fuzzy vertex graceful labeling fan graph Fy 3

Fuzzy vertex graceful labeling fan graph F 3
Preposition: 1

For some n>4, the wheel graph Wn is a fuzzy vertex graceful wheel graph, where the central vertex :v—[0,1]
and the vertices from the outer cycle o:ui—[0,1] and p(v,u;) =(0.01)x2"* , wherei=1to n-1.
Proof:

A wheel graph W, is a graph with n vertices if only n>4.

A wheel in a fuzzy graph consists of two node sets V and U with |V| = land [U] > 1, such that
p(v,u;) > 0, where i=1ton-1and p(u;ui.q) >0 where i=1 ton-2.

In the wheel graph v is the central vertex , u; denotes the vertices in the outer cycle.
Here when 6:v—[0,1] and 6:u;—[0,1] defined by
o(u) = o(v) — u(v,u;), where p(v,u;) =(0.01)x2"* , i=1ton-1 and

M(U;,Uir1) = p(v,u;) where i=1ton-2.

(or)

H(Un-2,Un-1) = H(V,Un-2)
but  p(Un-1,U1) = H(V,Un-1) — H(V,Us)
Example:1
Case (i) when o(v) starts from n-3/10 to n+3/10
Here when 6:v—[0,1] and 6:u;—[0,1] ,

o (u) =o(v)-0.01

o(u) =o(v)—0.02

o(uz) = o(v) —0.04

o(us) = o(v) —0.08 etc.,

o(u) = o(v) - (0.01)x2"" , where i=1ton-1.
ie, o(u)) = o(v) — u(v,u;), where p(v,u;) =(0.01)x2™ , i=1ton-1.
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Also

H(U1,Uz) = p(v,uq)

H(uz,us) = p(v,uy)

H(us,ug) = H(v,U3), etc.,

M(ui,Ui+1) = M(V,u) where i=1ton-2.

(or)
H(Un-2,Un-1) = H(V,Un2)
While p(un.g,us) = p(v,un) —0.01
ie, u(uﬂ-llul) = |J(V,Un_1) - H(V,Ul)
Case (ii) when o(v) starts from n-3/100 to n+3/100
When o:v—[0,1] and 6:ui—[0,1]

o (1) =o(v) —0.001

o(up) =o(v)—0.002

o(uz) = o(v) —0.004

o(us) = o(v) — 0.008 etc.,

o(u) = o(v) - (0.001)x2" , wherei=1ton-1.
ie, o(u)) = o(v) — u(v,u;), where p(v,u;) ==(0.001)x2™*, i=1ton-1.
Also

H(uz,Uz) = p(V,uy)

H(uz,Us) = p(v,uy)

H(u3,Us) = p(v,u3), etc.,

M(ui,Uir1) = M(V,u) where i=1ton-2.

(or)

H(Un-2,Un-1) = H(V,Un2)
While  p(un.1,U;) = p(V,Up.1) —0.001

ie, H(Un.l,ul) = H(Vluﬂ-l) - P-(qul)
Like this for any values of 6: v— [0, 1], the labeling of all vertices in the outer cycle u; are distinct where i =1
ton-1.
ie, o(u) = o(v) — 1W(v,u;), where i = 1ton-1.
Therefore according to this condition the wheel graph W, is a fuzzy vertex graceful wheel graph.
Examples:2

U;0.42 0.04

U;0.49 U, 0.79

Fuzzy vertex graceful labeling wheel graph Wsg Fuzzy vertex graceful labeling wheel graph'W-

Preposition:2
Every fuzzy fan graph Fy , is a fuzzy vertex graceful fan graph.
Proof:
Consider the usual fan graph F;, when m=1.

If we take F as the central vertex (m=1) and F, be the other vertices in the fan graph with n nodes.

A fuzzy graceful fan graph Fy,, consists of two node sets F and F, with |F| = 1and |F,| > 1, such that w(F,F;) >
0, where i=1ton and u(F;,Fi:1) > 0 where i=1ton-1.

If the fuzzy fan graph is a vertex graceful then

M(F,Fri) - W(F,Fy) = 1(Fn,Frsr) , where n=1,2,3,...

Example : 3

Case (i) The value of F starts from n-1/10
Here

p(F,F;) =0.01

H(F,F;) =0.03 = p(F,Fy) +0.02
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M(F,F3) = 0.06 = u(F,F;) + 0.03

M(F,Fs) = 0.1 = p(F,F3) +0.04 etc.,

Therefore p(F,Fn+1) = W(F,F,) + (0.01) (n+1), where n=1,2,3,...
ie, W(F,Fn+1) - p(F,Fy) =(0.01) (n+1) , wheren=1,2,3,...
Similarly,

p(F;,F,) =0.02

|J(F2,F3) =0.03

M(F3,F4) = 0.04 etc.,

Therefore u(Fn,Fn+1) =(0.01) (n+1), wheren=1,2,3,...

So Y(F,Fus1) - W(F,Fy) = 1(Fy,Fret) , wheren=1,2,3,...
Case (ii) The value of F starts from n-1/100

Here

M(F,F,) = 0.001

M(F,F;) = 0.003 = p(F,F;) + 0.002

H(F,F3) = 0.006 = p(F,F;) + 0.003

M(F,F4) = 0.01 = p(F,F3) +0.004 etc.,

Therefore w(F,Fn.1) = W(F,F,) + (0.001) (n+1) , where n=1,2,3,...
ie, W(F,Fn+1) - u(F,Fy) =(0.001) (n+1) , wheren=1,2,3,...
Similarly,

H(F¢,F,) =0.002

H(F,,F3) = 0.003

H(Fg,F4) =0.004 etC.,

Therefore p(Fn,Fn+1) =(0.001) (n+1), where n=1,2,3,...
So W(F,Fus1) - W(F,Fy) = W(Fy,Fret) , wheren=1,2,3,...

Since all edge values p(F,F;) > 0, where i=1ton and p(F;,Fi+;) >0 where i=1ton-1
and which are less than the values of vertices, this fan graph is a fuzzy graceful fan graph as well as since all
vertices are distinct, this graph is a fuzzy vertex graceful labeling fan graph.

According to these conditions we can come to the conclusion every fan graph Fy, is a fuzzy vertex
graceful fan graph.

Examples:4

Fs 0.25 F; 0.39

FO0.3 Fuzzy vertex graceful labeling fan graph Fy s

Fuzzy vertex graceful labeling fan graph Fy 4

I11.  Concluding remarks
Fuzzy graph theory is finding an increasing number of applications in modelling real time systems
where the level of information inherent in the system varies with different levels of precision. Fuzzy models are
becoming useful because of their aim in reducing the differences between the traditional numerical models used
in engineering and sciences and the symbolic models used in export systems. In this paper, the concept of fuzzy
graceful labeling and fuzzy vertex graceful wheel graph, fuzzy vertex graceful fan graph has been introduced.
We are extending on fuzzy vertex graceful labeling in double wheel and double fan.
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