IOSR Journal of Mathematics (IOSR-JM)
e-1SSN: 2278-5728, p-ISSN: 2319-765X. Volume 12, Issue 2 Ver. | (Mar. - Apr. 2016), PP 50-55
www.iosrjournals.org

Some Common Fixed Point Theorems for Fuzzy Maps under
Non-expansive Type Condition

Ritu Sahu !, P L Sanodia?, Arvind Gupta®

'Department of Mathematics, People’s College of Research & Technology, Bhopal, India
2Department of Mathematics, Institute for Excellence in Higher Education, Bhopal, India
3Department of Mathematics, Govt. Matilal Vigyan Mahavidhyalaya, Bhopal, India

Abstract: The aim of this paper is to prove some common fixed point theorems for fuzzy mapping involving
non-expansive type condition. Our results extend and generalized several known results existing in the
literature.
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I. Introduction & preliminaries

The fuzzy set theory was introduced by L. Zadeh[16] in 1965 and fixed point theorems for fuzzy
mappings were obtained by Chang, Heilpern and others [2-4, 5, 7, 9-10, 12-15] .In [9] & [10] Lee et al.
obtained a common fixed point theorem for sequence of fuzzy mapping which generalized the result of [1].Som
and Mukherjee[14] extended the result of Heilpern for nonexpansive fuzzy mappings on a metric space and
gave a fixed point theorem for generalized nonexpansive fuzzy mappings to extend a result of Bose & Sahani
[1]. Lee et al [9,10] define g-nonexpansive and g-nonexpansive type fuzzy mapping satisfying certain conditions
on a Banach Space. In [12] Rhoades prove a common fixed point theorem involving a very general contractive
condition for fuzzy maps on complete linear metric space. Later, in [13] Rhoades generalized his own result for
sequence of fuzzy mappings on complete linear metric space. Recently, Saluja et al. [15] obtained a common
fixed point theorem for sequence of fuzzy mappings using a more general condition involving nonexpansive
self-maps in complete metric space. In this paper we establish some common fixed point theorems for fuzzy
mapping involving generalized nonexpansive type condition. Throughout this paper we will be using the
terminology and notations of Heilpern [7].
Definition 1.1 .A fuzzy set A in complete metric space X is a function from X into [0,1]. If xe X, the function
value A(x) is called the grade of member of X in A.The a-level set of A,denoted by A, = {x: A(x) = a}
ifael0,1],4, = {x: A(x) > 0}.

Definition 1.2 A fuzzy set A is said to be an approximate quantity iff A, is compact and convex for each
ae[0,1]and ;XRAX) =1

When A is an approximate quantity and A(x,) = 1 for some x,e X, A is identified with an approximation of x,.
The collection of all fuzzy set in X is denoted by F(X) and W (X) is the subcollection of all approximate

quantities.

Definition 1.3 Let A,B € W(X),a € [0,1].Then
Do(A,B) = sy yernd(x,9)

D(A,B) = "D, (A, B)

H,(A,B) = dist(A,, B,)
where “ dist’’ is Hausdorff distance.

Definition 1.4 Let A, B e W (X), then A is said to be more accurate than B,denoted by A c B iff A(X) < B(X)
for each x € X.
The relation “c” induces a partial ordering on the family W (X).

Definition 1.5 Let X and Y be two complete linear metric space. F is called a fuzzy mapping if F is a mapping
from the set X into W (X).

A fuzzy mapping F is a fuzzy subset of X x Y with membership function F(x, y). The function value F(x, y)is
the grade of membership of Y in F(X). Each fuzzy mapping is a set valued mapping.
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Definition 1.6 A mapping T: X — W (X) is said to be nonexpansive, if forall x,y € X,d(Tx,Ty) < d(x,y)
Lee[9,10] proved the following Lemma

Lemma 1.1 Let (X,d) be a complete linear metric space,F is a fuzzy map from X into W(X)and x, € X then
there exist an x; € X such that {x;} € F(x,).
The following two lemmas are given by Heilpern [7]

Lemma 1.2 Letd, B € W(X),a € [0,1] and Dy (4,B) = ,,_,cn d(x,y)where

Ay ={x:A(X) = a} Then D,(x,A) < d(x,y) + D,(y,A) foreachx,y € X.

Lemma 1.3 Let H, (A, B) = dist(Ag, B,) where “dist” is the Hausdorff distance. If {x,} c A then D, (x,, B) <
H, (A, B) foreach B € W(X).

Rhoades [12] proved the following common fixed point theorem involving a very general contractive condition

for fuzzy maps on complete linear metric space.

Theorem 1.1 Let (X,d) be a complete linear metric space F,G are fuzzy mappings from X into
W (X)satisfying

H(Fx,Gy) < Q(m(x,y)) Forall x,y € X.

Where m(x,Y) = max{d(xiy)!Da(x! Fx): Da(}’; Gy):%[Da(xl GY) + Da(}’; Fx)]} (11)

Q is real valued function defined on D, the closure of range of d satifying the following three conditions:
(@ 0< Q(s) <sforeachs e D/{0}and Q(0) =0,

(b) Q innon decreasing on D,and

() g(s) =s/(s—Q(s)) isnon decreasing on D/{0},

Then there exist a point z € X such that {z} c FzNGz.
In [13] Rhoades generalized the result of Theorem 1.1 for sequence of fuzzy maps on complete linear metric
space .He proved the following theorem:

Theorem 1.2 Let g be a non expansive self mapping of a complete linear metric space(X, d).Let {F;} be a
sequence of fuzzy mapping from X into
W (X) for each pair of fuzzy mappings F;, F; and for any x € X,{u,} c F;(x),there exists a{v, c F;(y)} for all
y € X such that
D({uxd {v,}) < @(m(x, )
Where m(x,y) = max{d(g(x), 9(u)). d (9, 9(v,)),d(g(), g»). 2 [d (9(x), 9(v,)) +
d(g(y), g(ux)]}

Where Q satisfying the conditions (a) - (c) of theorem 1.1 then there exist {p} c N;en F;(p).

(1.2)

Main Result: Now we able to prove our main result

Theorem 2.1 Let (X,d) be a complete linear metric space F,G are fuzzy mappings from X into

W (X)satisfying.

H(Fx,Gy) < amax{d(x,y),De(y,Gy)} + bmax{D,(x, Fx), Dy (y,GY), Do (y, FX)} + c[ (x,Gy), D (y, FX)]}
2.1)

Where a, b, ¢ are non negative real numbers such that a + b + 2c = 1,then there exist a point zin X.which is a

common fixed point of maps F and G i.e. {z} ¢ FzNGz.

Proof : Let x, € X,then by Lemmal.l,we can choose x; € X such that{x;} c Fx,.choose x, such that
d(x1,x;) < H(Fx,,Gx;), continuing the process, we obtain a sequence {x,} such that {x,,,1}C
Fxyn{X2n42} © GXpyq and

d(X2n+1,X2n42) < H(FXpn, GXppne, ) Wheren = 1,2,3
Applying(2.1) and using triangular inequality, we have
d(Xzn, Xant1) < H(FX2n_1,GX2n)
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< amax{d(xzn_1,%2n ), Do (Xon, GX2p )}
+ bmax{Dy (Xzn—1,FXzn-1), Do (Xon, GX2n ), Do (Xon , FXon_1)}
+ C[ Da(xZn—l ) GxZn )v Da(xZn ) Fx2n—1 )]}

< amax{d(Xzn—_1,X2n ), d(Xon, X211 )}
+ bmax{d(xzn_1,%2n ), d(X2n, Xon+1 ), A(X2p , X2 )}
+ c[ d(X2n-1,Xan+1 ), d(Xan, Xon )]

< amax{d(xzp—1,%2n ), d(X2n , X2n4+1)}
+ bmax{d(xzn_1,%X20 ), A(Xon, X2n41 )} + €[ d(Xan_1,%20) + d (X200, X241 )]

< (a+ b)max{d(Xzp—1, %20 ), d(Xan , Xon+1)} + [ d(Xan_1, %20 ) + d (X200, Xo 41 )]

If d(Xon_1,%2n ) < d(Xop, Xnyeq ) TOr some n,we have
d(Xzn, X2n41) < (@+ b+ 20)d(xzn, Xon41)
= d(Xzn, X2n41)
A contradiction .Thus d(Xon » Xoma1 ) < d(Xgp_1,X2n )
Hence for all positive integer n,
d(xan, X2n41) < d(xg,%1) (2.2)
Again applying (2.1) and using (2.2),we get
< H(Fxy,Gxy)

d(xy,x3) < amax{d(x;,x; ), d(xy,x3)} + bmax{d(x;,x;),d(x;,x3),d (x5, %)} + [ d(xy,x3)
+ d(x3,x;)]
< amax{d(xy,x;),d(xe, %)} + bmax{d(xy, x;),d(xq,x, )} +
c[ d(xq,x3)] (2.3) Applying (2.1) again and using (2.2),we have
d(x1,x3) < H(Fxg,Gx3)

< amax{d(xg, x5 ), d(x3,x3)} + b max{d(xy,x;),d(x,,x3),d(xz, %)} + c[ d(xg,x3) + d(x3,x1)]

< 2a d(xg,x1) + b d(xg,x;) + 4c d(xg, x1)

<[2(a+ b+ 2c)— bld(xg,x1)

< (2 -=0b) d(xg,x,) (2.4)
Using (2.3) & (2.4) we get

d(xz,x3) < ad(xy,x,) + b d(xg,x;) + (2¢ — bc)d (xg, x1)

< (1= bc)d(xy, x1)

It is easy to show that
(41, Xn) < (1= bO/2)d (xo, 2,)
Where [”/z]means the greatest integer not exceeding n/z
We conclude that {x,,} is a Cauchy sequence.Since X is complete, therefore {x,} converges to the point z(say).
Since a € [0,1] then using Lemma 1.2, 1.3 and (2.1) we have
Dy(z,Fz) < d(z,X2n42) + Do (Xan+2, F2)

< d(z,Xan42) + Ho(FZ, GXpn 1)
< d(z,x2n42) + H(FZ,GXpn41)
Letting n tend to infinity,we get
D, (z,Fz) < lim d(z, X3n42) + lim H(Fz, GX5p11)
n—-oo n—-oo
< lim H(Fz, GX3141) (2.5)

n—-oo

Again using (2.1),we have
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H(Fz,Gxpy1) < amax{d(z, X2n41), Da (C2ns1, GXoni1 )}
+ b maX{Da(zv FZ)! Da(x2n+1 ’ Gx2n+1 )! Da(x2n+1 ’ FZ)} + c [Da (Z: Gx2n+1)
+ Da(x2n+1 :FZ)]

H(Fz, Gxyy1)

< amax{d(z, X2n41), A(X2ns1, Xon42 )}
+ bmax{d(z, Fz),d(xn4+1,X2n+2 ), Ad(X2n41, F2)} + ¢ [d(Z' Xon+z2) + d(Xan41, FZ)]

< amax{d(z, xan41), d(X2n41, Xons2 )} + b max{d(z, Fz), d(Xzn+1, X2n42), d(X2n41, F2)} +
c[d(z, x2n41) + d(Xant1, X2n42) + A(Xan41, F2)]}

Letting n — oo,we have
lim H(Fz,Gxyn41) < (@ + b + 2¢)d(z,F2)

n-o
=d(z,Fz) (2.6)
Using (2.5) & (2.6) we have
D,(z,Fz) < d(z,Fz).

a contradiction. Hence we must have D, (z,Fz) = 0. since a is an arbitrary number in [0,1] it follows that
D(z, Fz) = 0 which implies that {z} c Gz
Similarly it can be shown that {z} c Fz i.e. z is common fixed point of set valued maps F and G.
Next we prove a common fixed point theorem for sequence of fuzzy mappings.

Theorem 2.2 Let g be a non expansive self mapping of a complete linear metric space(X,d).Let {F;}be a
sequence of fuzzy mappings from X into W (X).For each pair of fuzzy mapping F;, F; and for any x € X, {u,}
F;(x),there exist {v, } c F;(y)for all y € Xsuch that

D({w} {v,}) < amax{d(g(x), g»)),d (90, 9(v))} +
bmax{d(g(x), 9w)),d (9, (), d(9(), g(w))} +
el d (90, 9(v)) + (90, 9]} @7)

Where a, b, ¢ are non negative real numbers such that a + b + 2c = 1,then there exists {p} € Nien Fi(p). i.e.
p is a common fixed point of sequence of fuzzy mappings.

Proof : Let x, € X,then by Lemmal.1,we can choose x; € Xsuch that {x;} c F(x,).similarly for x; € X we can
choose x, € X such that {x,} c F(x;). In general {x,;,1} € Fy41(x,,).
Applying (2.7) and using triangular inequality, we have
d (X, Xni1) = D({x,}, {x0044))
< amax{d(g(xp-1), 9 (1)), d(g (xn), g (xn+1))} +
b max{d (g (xn—1); g(xn))l d(g (xn)! g(xn+1))! d(g (xn)l g(xn))} +

C[ d(g (xn—l)' g(xn+1)) + d(g (xn): g(xn)) ]
Since g is non expansive and D ({x,,}, {x,+1}) = d(xp, x541),We get

d(xn, xn+1) <a max{d (xn—l' Xn), d(xn' xn+1)}
+ b max{d(x,_1, %), d (X, X 1), A, %)} + [ A1, X 41) + d(Xy, X)]
< (a+b)max{d (x;-1, Xn), d(Xn, Xn+1)} + c[ d(Xn-1,x0) + d(xn, Xn41)]
If  d(xp—1, %) < d(x,, Xp41) for some n,then we have

d(xn' xn+1) < (a +b)max{d(xn: xn+1): d(xn; xn+1)} + C[ d(xn: xn+1) + d(xn; xn+1)]
=(a+b+2c)d(xp, %n51)
= d(xn' xn+1)
A contradiction. Thus d(x,, xp41) < d(xp_1, %n),
Hence for all positive intgers n,
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d(xp, Xpe1) < d(xg,x1) ..(2.8)
Again applying (2.7) and (2.8),we get
d(xz,x3) = D(x3, x3)
< amax{d(g(x1), 9(x2)), d(g(x2), g (x3))}
+ bmax{d(g(x,), g(x2)), d(g(x2), g (x3)), d(g(x2), g(x2))} + c[ d(g(x1), g(x3))

+d(g(x2), g(x2))]
Since g is nonexpansive ,then

d(x,,x3) < amax{d(xy, x3),d(xz,x3)} + b max{d(xy, x,), d(x;, x3), d (x5, x2)} + c[ d(xy,x3) +

d(xz, x2)]
< amax{d(xy, x1), d(xy, x1)} + b max{d (xg, x1), d(x9, x1)} + c[ d(xq,%3)]
< (a + b)d(xg,x;) + cd(xq,x3) ...(29)

Again applying (2.7)& (2.8),we have
d(xqy,x3) = D({xl}' {xs})
< amax{d(g(xy), g(x2)), d(g(x2), g(x3))}
+ bmax{d(g(x), g(x1)), d(g(x2), g (x3)), d (g (x2), g(x1))} + c[ d(g(x), g(x3))
+d(g(x2), 9(x1))]

d(xy,x3) < amax{d(xg, x;),d(xz, x3)} + bmax{d(xg, x1), d(x3, x3), d(x5, %)} +
c[d(xq, x3) + d(x2, x1)]
< amax{d(xg, x1) + d(x1, x3), d(x2, x3)}
+ b max{d (xg, x1), d(x2, x3), d(xz, x1)} + c[ d(x0,x1) + d(x1, %3) + d (%2, %3) + d (22, %1)]

< amax{d(xy, x;) + d(xg, x1), d(xg, x1)} + b max{d (xg, x1), d(xg, x1), d(xg, x1) } +
c[d(xo, x1) + d(xg, x1) + d(xg, x1) + d(x0, %1)]
< 2a d(xy,x1) + bd(xg,x1) + 4c d(xy, x1)
< Qa+b+4c)d(xgy, x;)
= [2(a+ b+ 2¢) — bld(xy, x1)
= (2 — b)d(xg,x,) ..(2.10)
Using (2.9) & (2.10),we get
d(xy,x3) < (a+ b)d(xy, %) + (2¢ — bc)d(xg, x1)
<(a+b+2c—bc)d(xy x1)
= [1 — bc]d(xo, x1)
It is easy to show that

(1, %) < (1= bO/2ld (xo, 2,)
Where [”/Z]means the greatest integer not exceeding "/2
Since bc < 1,therefore {x,} is a Cauchy sequence and hence converges to the limit p(say).
Let E,, be an arbitrary member of {F;}.Since {x,} c E,(x,,—1) by Lemma 1.1 there exists a v, €
X.such that {v,} c E,(p) forall n .
Applying (2.7) again and using (2.8),we have
d(xn, vn) = D({xn}, {vn})
<a max{d (xn—l: p)’ d(P' Un)} +b max{d (xn—ll xn): d(P' 17n)‘ d(P' xn)} +
C[ d(xn—l ’ Un) + d(p: xn)]
If 11115510 v, # p letting the limit n — o,we have

d(p,v,) < amax{d(p,p),d(p,v,)} + bmax{d(p,p),d(p,v,),d(p,p)} + c[ d(p,v,) + d(p,p)]
<(a+b+c)dp,v,)
<d(p,vn)
A contradiction .Hence lim v, = p.

n-—-oo
Since F,, is arbitrary, therefore {p} = NI, £, (p).
This completes the poof.
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