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Abstract : In this paper we will introduce new type of representations of the symmetric groups we call them the
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I.  Introduction

When Prof. W.Specht was a student under the supervision of Prof. 1.Schur, he began investigating
representation theory of the symmetric group .During that time it was well known that standard Young tableaux
of a given partition A of a positive integer n form a basis of an ordinary irreducible representationspace of S,,.
The problem that W.Specht was facing in his investigating in that time is that the symmetric group acts in a
natural way on tableaux, but the result of the application of a permutation to a standard tableau can be a
nonstandard tableau, and it is by no means clear how a nonstandard tableau can be written as a linear
combination of standard ones. For this reason W.Specht introduced in 1935 polynomials corresponding to the
tableaux ( known nowadays as Specht polynomials ),and it is obvious how a given polynomial can be written as
a linear combination of other polynomials (see [1] ).

In 1962 H.K. Farahatstudied the representation which deals with the partitionA = (n — 1,1) of the
positive integer n and called it the natural representation of the symmetric groups [2].

In 1969 M. H. Peel renamed the natural representation of the symmetric groups by the first natural
representation of thesymmetric groups and studied the second representation of the symmetric group which deal
with the partition A = (n — 2,2)of the positive integer n [3].

In 1971 Peel introduced ther™ Hook representationswhich deal with the partitions A = (n —r,17); r>
1.[4]

Now in this paper we will introduce new representations of the symmetric groups we call them the
triangular representations of the symmetric groups and we will study the first of them which we call it the first
triangular representationof the symmetric groups.

Throughout this paper let K be a field of characteristic p (which may be zero or a prime number not equal 2),
and x4, x,, ..., x,, be linearly independent commuting variables over K.

Il Preminaries

Definition 1:Let S, be the set of all permutationst onthe set {xy, x5, ..., x,}andK[xy, x,, ..., x,] be the ring of
polynomials in x4, x,, ..., x,, with coefficients inK. Then each permutation T € S,, canbe regarded as a bijective
function fromK([xy, x,, ..., x,] onto K[xy, x, ..., x,,] defined by (f(xy, %z, ..., %)) = f(t(x1), T(x2), ..o, T(3))
Y f(xq, %3, o, %) € K[xq, X3, ..., x,]. ThenKS,forms a group algebra with respect to addition of functions,
product of functions by scalars and composition of functions which is called the group algebra of the symmetric
groupS,[3].

Definition 2: Let n be a positive integer then the sequence 1 = (4,4, 1,, ..., 4;)is called a partition of n ifA; >
Ay =224 >0 andd; + 2, + -+ A, =n.Then the set D, ={(i,Dli=12,..,;1<j<2} is called
A —diagram .And any bijective function t: D, - {x;,x,,...,x,} is called ai-tableau. Ai-tableau may be
thought as an array consisting oflrows and A,columns of distinct variablest((i,j)) where the variables occur in
the first A; positions of the i row and each variable t((i,j)) occurs in the irow and the j" column ((i, j)-
position ) of the array.

t((i, j))will be denoted by t(i, j) for each (i,) € D,.

The set of all A-tableaux will be denoted by T;. i.e Ty = {t|t is a A — tableau}.

DOI: 10.9790/5728-1202022734 www.iosrjournals.org 27 | Page



The First Triangular Representation Of The Symmetric Groups With P Divides (N-1)

Then the function g: Ty = K[xy, x,, ..., x,]which is defined byg(t) = [T}, Hﬁl(t(i,j))i‘l ,Vt€ETy.is called
the row position monomial function ofTj, and for eachA-tableau t, g(t) is called the row position monomial of
t .SoM (1) isthe cyclicKS,, —module generated by g(t) over KS,,.[5]

111 The First Triangular Representation of S,,
In the beginning we define some denotations which we need them in this paper.

1) Letal(n):Zn: X;.

2) Let o,(M)= > xx;.
I<i( j<n

3) LetC,(n) = x? (0,(n) — i xx);l=12,..,n

j=1
J#l

We denote Nto be the KS,,module generated byC, (n)over KS,.The setB = {C;(n)|i = 1,2,...,n} is a K-
basis for N = KS,,C;(n)anddimgN =n .

4) Letu;j(n) = C;(n)— C(); i,j=12,..,n.
we denoteN, the K S, submoduleof N generated by u,,(n).

n

5) Letas(n)= Y, XX X
]

Ki(j<n k=l
Thenzn: C,(n) =03(n) and dimg(Ko,(n))=dimg(Ko,(n))=dimg(Koz;(n)) =1. Ko;(n),Ko,(n) and

Kas(n) are all KS,,-modules, since o, (n) = o, (n) vk =1,2,3.
Definition 3:TheKS,,- module M (1. — WD b,y .../1)defined by
r+2)r+1
" (n G20+

- 2 2 3 +1
,r+1,7, ...,1) = KSpX1X5 e Xpp1Xf g e X5y 1 Xop 42 oo Xy

2

is called the r'" triangular representation module ofS,, over K ,where n >

Remark: The first triangular representation module of S,, over K is theKS,, —moduleM (n — 3,2,1), the second
triangular representation module of S, over K is theKS, —moduleM(n — 6,3,2,1) , the third triangular
representation module of S,, over K is theKS,, —moduleM (n — 10,4,3,2,1) ,and so on.
Lemma 1:The set B(n—3,2,1) = {xixjxlzl 1<i<jsnl1<l<nl+ij} is aK-basisofM(n — 3,2,1),
anddimyM(n—3,21) = (3)(n—2) ;n=6
Theorem1:The set By(n — 3,2,1) = { x;xjx7 —x;2,x3| 1 < i <j<n1<1<nl#ij
(i,j,D) # (1,2,3)} is aK-basis of My(n — 3,2,1) , anddimgMy(n —3,2,1) = (J)(n—2) —1; n > 6.
Proof: Since the KS,,-module M,(n — 3,2,1) consist of all polynomials of the form

i kijlxinleWith Z i kijl = 0and kijl eEK.i.e.

1<i(jen =1 1<i(jen =1
1, I#,]

(r+3)(r+2)

n

Mo(n - 3,2,1) ={ z z kiﬂxixjxﬂ z z kijl = 0, kijl € K}

1<i(j<n 1=l I<i(jsn 1=l
1%, 1,

itis clear that By(n — 3,2,1) € My(n — 3,2,1) .To proveB,(n — 3,2,1) generatesM,(n — 3,2,1) overkK.
Letx € My(n — 3,2,1).

n n
=x=) > kipxxgxl, Y Y k=10
1<icj<n I=1 1<ij<n i1
10, [
n n
=x= > Y kjxxgxl —00xxd); D Y k=0
I<i(j<n 1=l I<i(j<n 1=l
I, j I, j
n n
=x=) > kijxigxl =Y Y kij)xix,x3
1<ij<n i1 1<ij<n =1

1#i, 1=,
n

n
=x= > Y kyxxgxl— > Y kijixgx,x3

I<i(jsn 1=l I<i(jsn 1=
I=i,j 1=, j
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n

=x= > Y ki (gxxf —xx,x5) .

I<i(j<n 1=l
I, j

=x=(2 Y ki (xixjx} —x;x,x3 ))with the term 123 excluded from the double summation since

1<i(j<n 11
1#i, ]

kiz3 (x1x,%2 — x12,x2 ) = 0.Thus By (n — 3,2,1) generatesM,(n — 3,2,1) over K. By(n — 3,2,1)is linearly
independent since if
Z Z kijl(xixjxlz — x1X,x5 )=0
i<i(j<n 1=l
tio- a2
= Z Z kijlxixjxlz —( Z z kijl)x1x2x32:0
1<i(j<n 1=l 1<i(jsn 1=l
Tl a2 (k- 129
= Z z kijlxixjxlz = 0, Wherek123 = — Z Z kl]an:h Z Z kijl =0
I<i(jsn 11 1<i(jsn 1=l <i(jsn I=1
12, j I#i,j I(iflj',Jk)a 1.23)
Hence k;; =0 VijL1<i<j<nl<l<nl=ijsince B(n—321) is linearly independent by
lemma 1.
ThusBy(n — 3,2,1) isa K -basis of My(n — 3,2,1), and
] n nn—1n-2) n®—3n?+2n-2
dmeMo(n—3,2,1)=(2)(n—2)—1=f—1 = >
Theorem 2:N = KS,,C;(n)and M(n — 1,1) are isomorphic over K S,,.
Proof : Let ¢ : M(n—1,1) > N be defined as follows:
@(x;) = C;(n); i = 1,2, ...,n. Then for eacht = (x;x;) € S,such that t(x;) = x;we get thatp(tx;) = ¢(x;) =
Cj(n) =1C;(n) = to(x;) .

Hence ¢ is ak S,,-homomorphism. Alsoy = > k;C;(n) for any y € N.

i=l

n n

Thusvy eN, 3w= )Y kx;e Mn—11) s.t.oWw) =9( Y, kix;) =D olkix) =Y ko) =
i=1

i=1 i=1 i=1
> k;iC;(n) =y.Hence ¢ isan epimorphism.Thus dimy kerp = dimgM(n —1,1) —dimgN =n—n = 0.
i=1

= kerp = 0 .Then ¢ is monomorphism.Thus ¢ is a KS, — isomorphism. Hence M(n — 1,1) and N are
isomorphic overK S,
Theorem 3:N, = KS,u;,(n) and My(n — 1,1)are isomorphic overks,,.
Proof:From theorem (2) we have a KS,~homomorphisme : M(n —1,1) > N s.t.
o) =Cn); i=1.2..,n.Andsince My(n —1,1) = KS,(x, —x;) € M(n — 1,1) , then
P —x1) = o(x) — @(x1) = (i(n) — C1(n) = uy(n) € No.Leth = @ly n-321) -
Theny : My(n — 1,1) - N,
sty —x) =u(n) ;i =1,2,...,n. Whichis KS,, —homomorphism.
Also we have V u;; € Ny, 3 x; —x; € Mg(n — 1,1) s.t.
ll)(xi - xj) = 1/)(xi — X +x = xj) =P(x; —x1) — ll)(xj - x1) =u;(n) —uj;(n)
=G -G -G +GM) =G -G =u;().
Thusy is an epimorphism .SincedimMy(n — 1,1) = n — land dimyN, =n — 1.
Then dimy keryp = dimgMy(n —1,1) — dimgN, = 0. Hence keriyp = 0. Thusyy is a monomorphism.
Therefore is a KS,, — isomorphism .ThusM,(n — 1,1) andN, are isomorphic overs,, .

Corollary 1: TheKS,-moduleN, = KS,u,,(n) is irreducible overk s, if p does not dividen.
Proof: From theorem (3) we haveN, = M,(n — 1,1) .Since My(n — 1,1) is irreducible over KS,, ifp dose not
divide n by [ 4 ]. HenceN, is irreducible over K S,, ifp dose not divide .

Proposition 1: Ifp does not divide n, thenN = N,®Kos.
Proof: By theorem (3) we haveN, = M,(n — 1,1), and by corollary (1) we have N,is irreducible submodule
overK S, when p does not divides n and a;(n) ¢ Nywhen p does not divide n since the sum of the coefficients
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of the C;(n) in o3(n) is n. Since dimygKas;(n) =1. Then Kos(n) is irreducible submodule over KS,. Hence
NynKoz(n) = 0.Ko; c Nand N, c N.

But dimgN, + dimgKo; =n—1+1=n = dimgN.

HenceN,®Ko; = N whenp does not dividesn .

Proposition2: If p does not divide n, then N has the following two composition series

0 c N, € Nand0 c Ko3(n) c N .

Proof: Sincep does not divide n, then by proposition (1) we have N =N,@®Ko5, and by theorem (3) we
haveN, =~ My(n — 1,1) . Hence by corollary (1)we get thatN, is irreducible submodule when p does not divide
n.

= Do®Kos®) . N Thus—>— is irreducible module when p does not divide n.
Koz (n) Kos(n) Koz (n)

SincedimgKo3(n) =1 .Then o3 (n)is irreducible submodule overK's,, .

But NE = m =~ Kas(n) .Therefore Nl is irreducible module over KS,.Thus we get the following two
0 0 0

composite series

0OcNy,cNand0c Ko;(n)c N .

Definitions 4: Let K be a field of characteristic p # 2. Then

1. the KS,,—homomorphismd: M (n—3,2,1) - M (n—2,2) is defined in terms of the partial operators

by

Hence

n 62
d (xpxpx?) =Y — (xixjx}),
=y Oxp,
2. the KS,—~homomorphism d which is the restriction of d toMy(n —3,2,1). i.e.
d: My(n—3,2,1).> My(n—3,2).
3. theK S,—homomorphism : M (n—3,2,1) — K which is defined by

f( z Z ki,j,lxixjxlz)= Z Z ki,j,l-

I<i(jsn 1=l I<i(jsn 1=l

I1#i,j I, j
Theorem 4 : The following sequence of KS, — modules is exact
i d
0o Kerd >Mn—321)>Mn—22) -0 (1)

Proof: Itis clear that the map d isontosince V > k; x;x; € M(n — 2,2),

I<i(j<n

1 1
3 3 > kyjxixxf € M(n —3,2,1)for some l (1 #i,j) s.t. d(i > kijxixxl) = > ki xx; .
1<i(j<n I<i(j<n I<i(j<n
Since the inclusion mapi is 1-1 and Im i = ker d . Hence the sequence (1) is exact.
Theoremb: The sequence ( 1) is split iff p does not divide (n-2).
Proof: Assume p does not divide ( n—2 ). We can define a function
1
@: M(n—22)-> M(n— 3,2,1)by<p(xixj) = oD

n

> x;x;xfwhich is a K S,-homomorphism.
=1
14,

Since for anyt € S, then (7 (x;x))) = ¢ (T(xi)‘r(xj)) = 2(n1_2) D T(x)T(x)xf
)

=i, Jy

Where 7(x;) = x;, ,T(x]-) =X,

1 1 .
= @(1( xixj)) = —Z(n_z)f(xixszz) =17 (z(n—z) z xixszz) =19 (xixj)
I

-1
1%,

1 - 2 \_ 1 N 2 \— 1 _ ) — v.or. —
oD I; XX xf )= oD .; d(xixjxf )= s G = 2Dxix) = x%;. Thende =1on

1%, I#i,j

M(n — 2,2). Hence the sequence (1) is split .

Thus M(n —3,2,1) =L@ kerd ,where L = p(M(n —2,2))

Now assume that the sequence (1) is split . Then there exist a

KS,-homomorphism y: M(n —2,2) - M(n—3,2,1)s.t.dyp =1on(n—2,2).
ie. d I[J(xixj) = xixj .

And (p(xixj) =d(

Then l/) has the form w(xille) = z z kiﬂxixjxlz , 1< il <]1 <n
1<i(j<n 1-1
120,
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n n

Thus we getdl[}(xille) = d( Z z kiﬂxixjxlz) = Z (2 z kij,)xixj = xille

1<i(jsn 1=l 1<i( j<n 1=1
1%, j 1%, j
Which implies that 2( )" k) = 0 if (i,j) # (i, j2) and 2 (Y ki) = 1 if (i) = (g, ja) -
1=1 =1
I1#i,j I #iy, J;
Moreover if t = (), x;) ESp;1<r<s<ns.t. t (xille) =Qci1xj1 .
Then (T (xi,x;,)) =¥ (x;,%,) = TP (x,x;,) = P (x4, %) — TP (x3,%;,) =0

n

= z Z kiﬂxl-xjxlz - T( Z z kiﬂxixjxlz) =0= Z Z (kijlxixjxlz - kile( xixjxlz)) =0=

1<i(j<n :j,j 1<i(j<n :j,j 1<i(j<n :3,]
n n n n r-1 n s-1 n
Z Z (krjl - ksjl)xrxjxl2 + Z z (ksjl_krjl)xsxjxl2 + Z Z (kirl - kisl)xixrxlz + z Z
A v R = R P ot e
n-1 n n-1 n r-1
(kist = kiy))x;x5x7 + Z Z (kijr — keijs)xixx? + Z z (kijs — kijr)xix;x3 + z (kirs —
ors s rs  fars i
s-1 ( n n
kisr)xixrxsz + Z (kisr - kirs)xixsx1g + Z (krjs - ksjr)xrxjxsz + z (ksjr - krjs)xsxjer =0
= =
n n r-1 n
= ZHIZ: (krjl - ksjl)(xrxjxl2 - xsxjxlz) + Z Z (kirl - kisl)(xixrxl2 - xixsxlz) +
j=rl= i=L 1=
J#s l#rs,j I#r.s,i

r-1
Z (kijr — kijs) (pxpx? — xpxx2) + z (ks = kisr) (2,2 — x;xX7) +
1<i(j<n i1
i, j#r

)

W A

Z (krjs - ksjr)(xrxj xs2 = XsXj xrz) =0

j=r+l

j#s
Then by equating the coefficient of the above equation we get
kyi=ksyVr<j<naj#sandvV1i<l<n3l#rs,j
kmm=kigV1<i<randVvV1<I<n3l#r,s,i
kijp =kijsV1<i<j<n3 ij#r1,s
ki.rs:kl‘srv 1<i<r
krjs=ksppVr<j<sn,j#s.
Soforany r,s;1<r <s<nwegetk,;; = ksjy = kip; = Kist = kirs = Kisy = kyjs = ksjpr = kforanyi, j, 1
Butwe have Y k;j; = 0 when(i,)) #(iy,j;) which impliesthat > k;;; = > k=0.

1=1 1=1

1=1
I#i,j l#i,j l#i,j

ie. m—2)k=0 =pl(n—2)or k=0

From other side we get for anyr,s;1 <r <s <n that k;;. = k;;, = k, .But we have z kij; =1 when

=
1#i,j

(i,/) = (iy,j1)-Which implies that >° k= > ki =1 ie. (n—2)k; =1=pt(n—2)andk, # 0.
=1 1=1
1, j 1, j

Hence we getthatp t (n —2) k; # 0 andk = 0.

i.e. if the sequence (1) is split,then p t (n —2).

Corollary 2: The dimension of kerd over K of the KS,, —homomorphism

d:M(n—3.2.1) > M(n — 2,2) is 2=0=3)

Proof: Sinced: M(n — 3,2,1) - M(n — 2,2) is onto map .Then we have

M(n-32,1
¥ ~ M(n — 2,2) .Thus dimy kerd = dimgyM(n — 3,2,1) —dimy M(n — 2,2)

kerd
_ n(n-1)(n-2) _ n(n-1) _ nn-1)(n-3)
5 .

2 2
Lemma 2:dimy S(n — 3,2,1) = 222208

Proposition 3: S(n — 3,2,1) is a proper submodule of kerd .
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Proof: Recall that S(n — 3,2,1) = KS,, A (xq, x5, x3)A(x4, X5).

Lety = A(xy,xg,x3) Alxy, X5). = (32 — 1) (3 — x1) (X3 — X2) (X5 — X4)

= (X3 — %1% — X1 X3 + X7) (X3X5 — X3Xy — XpX5 + X2%X4)

=Y = XpXsXZ — XpX4 X2 — X3XsX2 + X3X4X2 — X1 XpX3XgH+X1 XpX3Xy + X1 X5 X2 — X1 X4 XE — X1 XgX2 +

X X4X2 + X1 XpX3Xs — X1 XpX3X, + X3XsX?Z — X3XqX? — XpXsX2 + XpXa X2 .

Then d(y) = 2x,%5 — 2 X%, — 2 X3Xg + 2X3X, + 2 Xy X5 — 2X1X, — 2X1Xs + 2 Xy%4 + 2 X3X5 — 2 X3X4 —
2 XoX5 + 2x,%,=0.

Theny € ker d . HenceS(n — 3,2,1) < kerd.

Butdim, S(n—321)= 2208 o n@- “(" 3

ThereforeS(n — 3,2,1) is a proper submodule ofker d.

Corollary 3: The following sequence ofKS,, — modules is exact

0 > Kerd - My(n— 3,2,1) > Mo(n — 2,2) - 0 .2
Proof: Since My(n —3,2,1) € M (n — 3,2,1) and the K- basis of
My(n—3,2,1) is{xixjxl —xppxil<i<j<n,1<i<n;l#ij,Gj40D #(123)}
Then (x;xx? — xlxzxgz) = 2x;x; — 2x,%; € Mo(n—2,2).
Hence d|y,(n-321) * Mo(n—3,21) — M, (n—22). Letd = dly,m-321)-
Thend : My(n—3,2,1) — M, (n— 2,2) such that J(xix]-xlz — X1 X,X3) = 2x;x; — 2x1%5 .
Va (xxj — x1%,) € Mo(n —2,2), 3 %(xixjxlz —x;%,%2) € My(n — 3,2,1) sit.

[
d (— (xixjxf — xlxzxg)) = a (xx; — x1%;)
and by linearity ofdwe get d is on to. Thus the following sequence

0—>Kerd—>M0(n 321)—>M0(n—22)—>0
is exact since the inclusion mapi is one-to-one and Im i = Ker d.Moreover Kerd < Kerd. So by counting the
dimension of Kerdwe get
dimyg Kerd=dimgMy(n — 3,2,1) — dimgM, (n — 2,2)=
Hence erd = Kerd . Thus we get the followmg sequence

dimy ker d

n(n-1)(n-2) 1 n(n-1) n(n-1)(n-3)_

2 2

+1= =dimg Kerd

0 - Kerd —>M0(n—321)—>M0(n—22)—>0
which is exact sequence
Corollary 4: The sequence (2) is split iffp dose not divide (n-2).
Proof: Assume p dose not divide (n-2). By theorem (5) we have aK'S,, -homomorphism
o:M(n—22)->Mmn-321) s.t.

(p(xl-xj) 2(n 2 | Z XiXjX] ZThen (p(x (X — xlxz) = <p(xix]-) — @o(x1x5)
I¢| j

n

_ Y 2 1 Y 2 _ 1 - 2 2
=0 I; XXX = o Z’ X X x7 = ( ; Xixxf — Y x1x,x7) € My(n — 3,2,1)

14, 141,2 14, 141,2
i.e. (leO(n_zlz) : Mo(n - 2,2) d Mo(n - 3,2,1) .
Let @ = @lyy(n-2,2) -Hencep is aK's, -homomorphism s.t.

n

_ _ 1 n n 1 __n
A @lx; = xix) = Aoy (3 xoxd = 3 xaxoxt ) = o (@0 xaga? = 3 xxxd))=
I4i.j 11,2 Iii,j 1412

z(n 3 QM —2)x;x; —2(n — 2)x1x, = ﬁ(Z(n - 2)(xix]- —x1%,)) = XiXj — X1X3.
Then d® = I on My(n — 2,2) .Thus the sequence (2) is split i.e.
My(n—3,21) = Kerd @ @(My(n—2,2)).
Now assume the sequence (2) is split .Then there exist a KS,, -homomorphism 1 = 1|y, -2,y Where y as its
defined in Theorem (5) s.t.dy = 1. i.e.
xixj — x15 = dP(xix; — x,2,) = dip (% — x1%,) = dyp (x,%) — dip (x1x5)

=d( Z k x;x;xf) — d( z kyxyx,xf) = 2(n — 2)kx;x; — 2(n — 2)kyxy X,
1=1
|#I j 11,2

Then by equating the coefficient we get 2(n — 2)k = 1 and2(n — 2)k; = 1. In each case we get that p dose
not divide (n — 2).
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Corollary 5:If p# 2 and p|(n —1) then we get the following composition series

1) 0cNycNcl,

2) 0c Koz(n)c Nc L,

where Ly = My(n — 2,2)

Proof: Since p|(n—1).Then p+tnandpt (n— 2).Since p + (n — 2).Then by corollary (4) we have
My(n —3,2,1) = kerd @ L, where Ly = My(n —2,2).

Ny = KS,C;(n); Ci(n) = > xx;xf .Then the sum of coefficients of C;(n) is

(n-1)(n-2)
Li(j=n 2

and since

pl(n — 1) then Ny € My(n —3,2,1) .But d(C;(n)) =2 > xx#0 .
Wij<n
Hence N, nkerd = 0 , which implies that N, c L,. Since p tn. Then by proposition (1) we have
N = Ny®Ko;(n);N, = KS,u;,(n).and by theorem (3) we get N, =N, = My(n—1,1), where
Ny = KS,bi,(n) € My(n —2,2).
Let g,: K - Ko,(n) defined by g, (k) = ko,(n) theng, is aKS,, —isomorphism. Thus K = Ko, (n).
Let g,: K = Kas(n) defined by g, (k) = kos(n) theng, is a KS,, —isomorphism. Thus K =~ Ko5(n).
Hence Kos3(n) =~ Ka,(n) . Since Ny = My(n — 1,1)(see [4] ) andN, = M,(n — 1,1) by theorem (3),
then N = Ny®Ka;(n) = Ny@®Ko,(n), which implies that

Lo _ Lo - My(n-22) _ Ne®S(n-2,2) _ S(n-22) s(n-2,2) . . . _
T = NedKoat) = No®Kag(m) V@Rt~ Ko o) is irreducible overKS, whenp|(n—1)
(see[3]).

By proposition (2) ifp + n we have the following composition series

0 c N, c Nand0 c Kaz(n) c N. Hence we get the following two composition series
0OcNycNclyand0 c Kaz(n) € N c L,

Theorem 6: The following sequence over a field K isexact.

f
0 My(n—321)>Mn—-321)5K -0 .03
Proof: Since the inclusion map i isone —tooneand f : M(n — 3,2,1) - K s.t.

f ( Z Z kijl X x]'x,%) = z Z kijl isontosince Vk € K, 3 kx,-x]-xlz € M(Tl - 3,2,1) S.t.
1<i( j<n k=1 Li(jsn 121
ki, j 1=, ]

f (k x; xjx2) = k .Moreover we have ker f = {y € M(n — 3,2,1)|f(y) = 0}
={ D X kypxxxg [fCY D kpxxx) =0} ={ > > ki xxxp | )
k=1

I<i(j<n = =<i(jsn 1=l I<i(j<n k=1 Ki(jsn 1=l
k=i, j 1£1,2 k=i, j 1#1,2

n

ki =0}

= M,y(n — 3,2,1) = Im i.Hence the sequence (3) is exact .

Theorem 7: If p # 2 and p divides (n — 1) then we have the following series:
1)0cNycNc N@®kerd c My(n—3,21) c M(n—3,2,1).

2)0c Ny c Ny®kerd c N®kerd c My(n—3,2,1) € M(n—3,2,1)

3)0 c Koy c Kos® kerd c N®kerd c My(n—3,2,1) ¢ M(n—3,2,1).
4)0cKoscNc N®kerd c My(n—3,21) c M(n—3,2,1).

5)0 c kerd c Ny@kerd ¢ N® kerd c My(n—3,2,1) c M(n— 3,21) .
6)0 ckerd c Kos@kerd c N®kerd c My(n—3,21) ¢ M(n—3,2,1) .
7V0cNycNclycMy(n—321)cMn-321).

Proof : Since N = KS,,C,(n) where C,(n) = x(o,(n) — Zn: Xixj) = Y xxx}

j=2 Ki(j<n

Then the sum of coefficient of C;(n) is (n_l)zﬂ which implies that C; (n) € My(n — 3,2,1) when

p divides (n — 1). Thus we get that N ¢ My(n — 3,2,1) . Since u;,(n) = C;(n) — C,(n) .Then

Ny = Kuy,(n) = KS,,(C;(n) — C,(n)) and hence N, c N .Since p # 2 and p divides (n — 1).
Then p does not divide n which implies by corollary (1) that N, is irreducible submodule over

KS,, ,and p does not divide (n — 2) which implies that Ka; ¢ kerd .

Since N = N,@®Ka; when p does not divide n by proposition(1) ,and both N, and Ko are irreducible
modules.
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Then N nkerd = 0 .Therefore we get the following series if p #2 and p |[(n — 1)
1)0c Nyc Nc N®kerd c My(n—3,2,1) c M(n—3,2,1) .

2)0c Ny, c Ny@kerd c Ndkerd c My(n—3,2,1) € M(n — 3,2,1)

3)0 c Ko; € Koy kerd c Ndkerd c M,(n—3,21) c¢ M(n-3,2,1).

4) 0c Koyc Nc N®kerd c M,(n—3,21) c M(n—3,2,1).

5)0 c kerd c NN®kerd c N®kerd c M,(n—3,2,1) c M(n—3,2,1).

6)0 ckerd ¢ Kos@kerd c N®Okerd c M,(n—3,2,1)c M(n—3,21).
7V0cNy,cNclycMy(n-321)cMmn-321).

[11.

[2].
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[4].
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