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A Transformation Formula for Composite Appell’s
Hypergeometric Functions
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Mathematics Department, Faculty of Science (Qena) South Valley University (Qena, Egypt)

Abstract: This paper gives a transformation formula for composite Appell's hypergeometric functions of two
complex variables which satisfy an integer Pfaffian system. These functional equations for ¥ =1,¢ =1 are
established.
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. Introduction
We first recall the basic Eular integrals which define the beta function:

I'@Q)I
B(a,b) = j u?(1-u) " du _r@re)
I'(a+b)
For a and b with positive real parts, and Gauss hypergeometric function :

b1
= (a). (b 1 Lt (1-t)
2F1(a;b,C;Z)=z (@) ) I ( )a dt,
S niE), ~ pbc-by T (1-t)
where in the integral it is assumed that Z ¢[1,00) and that the real parts of b and c-b are positive, also, the
hypergeometric function satisfies the Gauss quadratic transformation formula:
1 1 4z
(1+z)*F|laa-b+Z,b+2;2% |=F|ab,20;———
27 2 1+2)?

which implies that the reciprocal of the arithmetic — geometric mean of 1 and X € (0.1) coincides with
1 1

F 1:1—x2 |, refer [12] .
22’

1 . .
when o == E ; this equality reduces to

1+7 (1 1 zf]

—F 1:1-z% |=F 11
2 2 2 2 2 1+z

It is shown in [5], [6] and [13] that transformation formulas of hypergeometric functions of several
variables imply expressions of common limits of multiple sequences.
And these transformation formulas are extended by introducing a parameter in [8].
Makky has related the study of the composite hypergeometric function in one complex variable in [2] as
follows:

F.(@b;a,pic,y;z,w) =f (a,b;c;z)g (e, B;7;w) |, since

@), ), (@), (B)u,
f (a,b;c;z) Z;n!(c)nz and g (a0, B;7:2) nZ;n'(y) ,
D,,Fa(@b;a, Bicyizw)=(zd, +wd, )F, +[@+b —C)z +(a+B-yW]F, +

zF, (c+)+

(c—al(c -b) WF, (74),

(y —a)(y - B)
4
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(D,, +a+a)F, =aF, (a+)+aF, (a+) and
2 o
D,,=d,+d,, d,=z,—.d, =2, .
‘ oz, oz,
Also, the composite Appell’s hypergeometric function of two variables which given in the form, refer [1] ; [3]
and [10]

Y(a,ab,b' B, B367:2,2,,2,,2,) = F(&b,b'¢;2,,2,)G(a; B, 557325, 2,)
b). (b’ ’
_ Z (a)nl+n2 (a)n3+n4( )n1( )n2 (ﬁ)n3 (ﬁ)n4 (Zl)nl(zz)ng (23)n3 (24)n4 ,

Ny.Nz.N3.N, nl!nZ!n3!n4!(C)nl+n2(y)n3+n4
since
@), n, 0), 0,
F(ab,b;c;z,,2,) = L2 (7)) (z,)",
( vt Z 0 IE),, )
(@), +n, (B, (B,

Gl B.B7:25,2,)= (Zs)ng(z4)n4

Ny "]3!"]4!(7/)n3+n4
D,,,.,¥Y(a,ab,b; B, p¢r.2,,2,,2,,2,) =

G(a; B, 5723, 24)D1,2F(a;b'b';0; 2,,2,) + F(a;b,b’;c; 2, ZZ)D3,4G(0(;ﬂ,,B';7/; 25,2,)
=zb Yo+)+z,0'" YO'+)+z,0¥Y(f+)+2, 0 Y (F'+)+

+%[zl(b+dl>+ 2,0 +d,) M (c+) + Z=L[2,(B+d,) + 2,(B +d,) [ (7+)
Ve

o 174 0 o
D1,2 =d1+d2 s D3’4 :d3+d4, dl = le’ d2 = 2252, d3 = 2353, d4 = 24&—4.
Il.  Transformation Formula
Suppose that
(@), (B, (B)
Flo; 8.87:2,,2,)= it L T (2. ) (2 ,)™
(e, 8,87 1 2) r]lznlz nl!nz!(]/)n1+n2 (1) ( 2)
, @)n,n, 0o, 0,
G(aib,b'iciz;,2,) = Y e (z,) " (z,)™,

N3,Ny n3!n4!(c)n3+n4
are two Appell’s hypergeometric functions of two variables, then the composite of these function of two
variables gives as follows :

\P(a;an&ﬂ';b,b';?’;C;21122123124) =F(a; 5. 87.2,,2,)G (a;b,b’;c;23,24)
(@)1 10, (B, (B, @)y, 10, (0),, (D)

= Nq Z n Z Ny 7 N3 7 nzll
nl,nﬁ,n“ r]1!r]2!(7/)n1+n2 n3!n4!(c)n3+n4 ( 1) ( 2) ( 3) ( 4)
where z :(21,22,23,24)satisfies |Zi|<1 ;] =1234; c#0,-1-2,-3....
y#0,-1,-2,-3,...........
and
I'(a,n)

(a,n)=a(a+1)....(a+n-1)= M)

This function admits the integral representation of Euler type :
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B B T ety (1ot A (1) A
Flai B Bir2at)) = e~ [ty (@-z4)"(1-z) D

. (AP _& 1. a C+\R g -by _ -b, dt
G(a,b,b,C,ZS,ZA)—F(a)F(C_a) [ @t @-z) " (1-2) -

For properties of Appell’s hypergeometric function F ;G ; refer to [4] and [11].

Also, transformation formulas for F(e; 3,8 7:2,,2,)and G (a;b,b’;c;z,,2,) are written in
the form refer [7]:

1-y 7
(lez)z(zlzzzj F(3+)/ 1+y 1+y 3+3)/;1_21211_222j

4 4 4 4

z,(1+z z,(1+z
:F ,1+711+7’3+37/’1_ l( + 2)’1_ 2( + 1) (21)
4 4 4 z,+z, z,+z,
and
1c C
(z2.)2 24 ) 3+C,1+C,1+C,3+&;1—z§,1—zj
2 4 4 4 4

22)

G C’1+c 1+cC 3+3c;1_23(1+z4)’1_24(1+zs)
4 4 4 Z,+2, Z,+2,

where (Zl, z 2) and (Z i 4) are in a small neighborhood of (1,1) and the values of :

2

(zlzz)l_Ty; (%)y;(z324)1;; (ﬁjc at (z,,2,)=(L1) and (z5,2,)=(11) arein1.

Also, the following vector valued functions:

(28 (22
oz, oz, oz, oz,
where F, (Zl, z 2) and F (23, z 4) are left and right hand sides of (2.1) ; respectively.
And
o2 oo
oz, oz, oz, 0oz,

where G0 (Zl, z 2) and Gl(z 31 Z 4) are left and right hand sides of (2.2) ; respectively.
Thus, the transformation formulas of composite hypergeometric functions is formulated as follows:

Theorem (2.1)
The transformation formulas of composite hypergeometric functions for

3+y 3+Cc 1+y 1+y 1l+c 14+c 3+3y 3+3c.

1777/ lﬁic 7 ¢ i) i) i) 1 1 1 ) )
(2122)2 (2324)2 ZiZ, | [ 2324 ¥ 4 4 4 4 4 4 4 4
2 2 2 2 2 2
1-z;/1-z,1-z;1-z,
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o 1ty 1+y 1+c 1+c 343y 3+3c_1_21(1+22)

474747 47 4 4T 7,47,
=y (2.3)
Z,(1+zy) 1_23(1+z4) 1_24(1+23)
z,+2, = 1,41, = 1,+1Z,

where (Zl, 7,242 4) are in a small neighborhood of (1,1,1,1) and the values of :

trd o (z.2,Y 2,2,
(z,2,)2 ., (22,)2 (1sz and [%) at (2,,2,,25,2,)=(L111) arein1.

Proof :

Consider the following vector valued functions:

(2.4)

t o 0o O ¥, ) ‘ p 0¥, 0¥, oY, o,
"oz, "oz, oz, oz, )’ Yoz, oz, oz, ez,

where W((2,,2,,25,2,) and W,(Z,,2,,2,,2,) are left and right hand sides of (2.3) ; respectively .
Each of them takes the value :

t
[1,1,—_7,—_7,i,ij
6'6 66

atthe (z,,2,,2;,2,)=(111,1)and satisfies an integer Pfaffian system :

d¥(z)=dF (z,,2,)G (z,.2,) =G (2,,2,)dF (z,,2,)+F (2,,2,)dG (z,.2,)
=G (z52,)(Qdz, +Q,dz,)F (z,,2,)+F (2,,2,)(Q0z,+Q,dz,)G (z,,2,)

where Q, ; Q, ; Q, and Q, are respectively as follows:

0 1 0
y@+9z,(1+z,2,) (1+7)((2212 —l)(ZZlZ _222)_212222)+ 2y (1"'7)22(1_222)
221(1—212)(zl+zz)2 221(1—212)(zl+22)2 Z2,+2, 2(1—212)(212—222) ’
(4D z,((1-7)z,+2y2,) ~2,((1-7)2,+2y1,)
2(z,+2,) 22, (2] -23) 2,(2{-2})
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1

z,((1-7)z,+2y2,)

cc+)z,1+z,z,)

Zzl(zf—zj)

~(+p)((225 -1) (227 -20)-

2,2

Z,

)

0 0
—y(1+7) 2,((1-7)z,+277,)
2(z,+2,) 22,(2{ -2;)
YU+ 7)2,0+2,2,) ~(L+7)z,(1-27)
22,(1-23)(z,+12,) 2(1-27)(z7 -23)
0 1

(1+c)((2232—1)(225—2})—252})
+

222(1—222)(zl+22)2

0

(-

2% (d+c)z

2{)

22,(1-22)(z,+2,)

22,(1-22)(z,+2,)

4
23+2, 2(1-23)(z3

zf)

(
-z,((1-c)z,+2z,)

Thus, Wo(2,,2,,25,2,)=Y,(2,,2,,25,2,).
By putting C =1 and y =1 for the equality (2.3) in the above theorem , the following is obtained:

Corollary

For (Zl, 7,242 4) are in a small neighborhood of (1,1,1,1) , it is found that:

—<(c+1) z,((1-c)z,+2cz,)
2(z,+2,) 22,(23-27) 22,(2;-12})
0 0 1
—c(L+c) z,((1-c)z,+2cz,) -2,((1-c)z,+2z,)
2(z,+12,) 22,(23-27) 22,(25-127)
c@+c)z,(1+2,2,) ~(1+c)z4(1-23) _(1+C)(( 2i-1)(227-23)-252 2)
22,(1-27)(z,+2,) 2(1-27)(z3 -27) 22,(1-27)(z,+2,)

_gplgg111133 (1+z) 22(1+zl) 1 23(1+z4) 1 z,(1+2,)
2'2'2'2'2°2 z,+2, z,+2, = 1,4z, = 1,+1, |
Also, the transformation formulas of the composite hypergeometric function

Y(a;a,8,6b,b"y;c52,,2,,2,,2,) isformulated in the following:

Theorem (2.2)
The composite hypergeometric function ¥'(e;a, B, #';b,b";y;,¢;2,,2,,2,,2,) satisfy the transformation
formula :
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y c y ¢ y+1 y+1lc+lc+1l y+1 c+1,
(1"‘214‘22} (1+Z3+Z4j \}’ giga 6 ) 6 ) 6 ’ 6 ’ 2 ’ 2 ’
1

3 3 -z221-231-231-27;
:\P(Z1E,]/+l1]/+lyc +1’c+1’7/+5’c+5;21,122,’23,,24,j
33 6 6 6 6 6 6

1+z,+2, Y
where 7 =(Zl,22,23,24)are in a small neighborhood U of (ZI.,ZLl,l), a branch of [#j and

1+z,+2, )
(%j on U is given by assigning 1 to its value at (21,22,23,24)=(L1,1,1),and

2, 3 2 3 J3
20 1+wz,+0°2, | 2 I+, +wz, and a)—_1+ 3
! 1+2,+12, ' ? 1+2,+12, 2

Proof :
Let f (z)and g (z) be the connection 1- forms in Fact 1 for

t

of of
fo(Zl’z2’23’24)’218_0(21122’23,24)1226_0(21,22,23,24),
f(z)= 21 Z, ;
23%(21’22’23124)124%(21,22,23,24)
0z, oz,

fo(21!22123124):‘P(a;a’ﬂlyﬂz;bybz;y;mzll22123124)

and
t
0 0
90(21122'23'24)’21 ago(21122723,24)’22&(21’22,23’24)’
- Z, oz,
dg(z)= o o
Z, 822(21’22’23’24)124 622 (21’22’23124)

00(21:25,25,2,)=V(@3@, B, b0y e 2,,2,,25,2,)
respectively. It is easy to see that the vector valued function
t t
of, of, of, of a9, 99, 09, O
f(2)- {fm o oy oy oj nd ()= [go, 9o 09, 09y goj
oz, 0z, 0z, 0z, oz, o0z, 0z, 01,
satisfy the Pfaffian systems :

df =Q, (z)f ; dg =Q,(z)g
respectively, where

Q (2)=PQ.(z)P*+d PP™*;

-1 -1
Q,(2)=P Q,z)P*+d PP and
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1
1
Zl
P =diag 11iii = L
2,2, 25 2, z,
1
Z3
1
Z4
Consider the vector valued function
t
F(x)= F'aF ,GF ’aF '6F
OX, OX, OX; OX,
for
T+X, 4%, Y (14X, +%, ) . . . .
F (X3 X5 XX, )= : : F(1-x71-%5,1-x3,1-x7)
F(1111)= 1,1,1_30‘@,1_30‘52,E_3ab118_3abz 2.5)
y 3 y 3 ¢ 3 ¢

and the Pfaffian system: dF =Q_ (X )F where

O (x)=Q[J, & ()3, +d3 3 [Q*+d QQ ™
since:
-3x.

J, = -3x
-3x3

3
-3X;

DOI: 10.9790/5728-1202031725 www.iosrjournals.org 23| Page



A Transformation Formula for Composite Appell's Hypergeometric Functions

& 1
da¢ £ _r 1
dx, 1+Xx, +X,
d& /4
= —_— = —_— 1

Q dx, g g 1+Xx,+X,
d¢& /4
— — 1
dx, g 1+X,+X,
d& /4
— —_— 1
dx, c 1+X,+X,

since

gg:(l+x1+x2jy T+X,+%, )
3 3
and € (X) isthe pull — pack of € (Z ) under the map

Consider the vector valued function:

t
G2 (GO'aGO oG, G, 8GOJ

ox, X, ox, X,
for the pull — pack Gy (Xy,......, X4 ) Of Qg (ZgseeensZ,)  under the map

3 3 3 3
B [1+a’21+(0222j £l+wzzl+a)zzJ (1+wz3+a)zz4] [1+m223+a}z4j
1+z,+z, 1+z,+z, 1+z,+2z, 1+z,+2,

It satisfies :

G(111)="(10,0,0,0) (2.6)
and the Pfaffian system: dG =Q; (X )G where
1
QG(X):‘]ZQQ(X)‘]z_l"'d Jz‘]z_l’ ‘]2:( tJJ’

Q, (x) isthe pull —pack of € (z)under themap & and J is the Jacobi matrix of the map & .
Note that Fy(X) =G, (X ) on U if and only if

FLL1L)=G@LLL1) and Q(X)=CQ5(X).
By (2.5) and (2.6) , it is established that:

Z_3aﬁ1 _Z_Baﬂz _E_?;ab1 c 3ab,
C

3 vy 3 14 3 3 ¢
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