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Abstract:In this paper, we have studied the absolute convex fuzzy set over a fuzzy vector space. We examine the
properties of absolute convex fuzzy set, and established some independent results under the linear mapping from
one vector space to another one.
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I.  Introduction
The concept of fuzzy set was introduced by Zadeh [6], and the notion of fuzzy vector space was
defined and established by KATSARAS,A.K and LIU,D.B [2]. Using the definition of fuzzy vector space,
balanced fuzzy set and absolute convex fuzzy set over a fuzzy vector space, we established the elementary
properties of absolute convex fuzzy set over a fuzzy vector space, using the linear mapping from one space to
another one.

Il.  Preliminaries
FUzZzY VECTOR SPACE
Definition 2.1 : Let X be a vector space over K ,where K is the space of real or complex numbers, then the
vector space equipped with addition (+) and scalar multiplication defined over the fuzzy set (on X ) as below is
called a fuzzy vector space.

Addition (+) : Let A.,... , A be the fuzzy sets on vector space X , let f : X" — X', such that
L G- X)) =X s + X, ,we define

A+ +A = (AL, ....... An) , by the extension principle

uf(Al '''''''' m(y)z Ssu {uAi(Xl), ....... ,,qu(Xn)}

Obviously, when sets A, ....... , A\ are ordinary sets , the gradation function used in the sum are taken
as characteristic function of the set.
Scalar multiplication () : If «is a scalars and Bbe a fuzzy set on X andg: X — X ,such that

g (X) = aX ,then using extension principle we defineaB as aB=( (B) ,where

Hyey (V)= SUD e}, iy = enx holds

y=ax

‘ug(B)(y):O, if y=# ax, foranyxeX
ﬂaB(y):SupﬂB(X)

i.e v

‘u“B(y)ZO, ify;tax,forany X

THEOREM 2.1 :If E and F are vector spaces over K,f is a linear mapping from E to F and A,B are fuzzy sets
on E, then

’ifyeX
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0 f(A+B)=f(A)+f(B)

(ii) f (aA) =af (A) , for all scalars a
o (aA+pB)=af (A)+4f(B)

Proof: Proof is straight forward.

, where a, B, are scalars

Definition 2.2:  If Ais a fuzzy set in a vector space E and x € X, we define x+Aas x+A={x} +A.

THEOREM 2.2: If f,: E — E (vector space) such that fy(y) = X + Y, then if B is a fuzzy set in E and A is an
ordinary subset of E, the following holds

x+B=f(B)

4ux+B(Z)::uB(Z_X)
A+B=uU(x+B)

xeA
Proof : Proof is straight forward.

THEOREM 2.3: If A4,........ An, are fuzzy sets in vector space E and ay,.........., o, are scalars
T A < A iffor all x; . x,inE,we have
TN (2 7 S, +anxn)2min{y,\(x1), ........ My (xn)}

Proof : Proof is obvious.

I11.  Fuzzy Subspace
Definition 3.1:A fuzzy set F in a vector space E is called fuzzy subspace of Eif () F + F c F (i) a F c F, for
every scalars o.

THEOREM 3.1:If F is a fuzzy set in a vector space E, then the followings are equivalent
(M F is a subspace of E
(i) For all scalarsk,m, kF+mF cF
(iii) For all scalars k,m ,and all x,y € E

e (ocmy) 2 min{ . (x), 42 (y)

Proof : It is obvious

THEOREM 3.2 :If E and F are vector spaces over the same field and f is a linear mapping from E to F and A
is subspace of E. Then f(A) is a subspace of F and if B is a subspace of F. Then f*(B) is a subspace of E.

Proof : Let k, m, be scalars and f is a linear mapping from E to F, then for any fuzzy set A in E
kf (A)+mf (A)=f (KA)+ f (MA) = f (kA+mA) < f (A)

As kA+mAc A, since A s a subspace.
~f(A) is a subspace of F

o ey (ocrmy) = g (1 (focemy)
yf,l(B)(kx+my):yB(kf(x)+mf(y)) o _
, since f is a linear mapping

s o) i 10 ()

, as B is a subspace.

’uf’l(B) (kX+ my) 2 min {'uf’l(B) (X)"uf’l(B) ()/)}

i.ef'(B) , is a subspace of F

THEOREM 3.3 : If A, B, are fuzzy subspace of E and K is a scalars. Then A + B and K A are fuzzy subspaces.
Proof: Proof is obvious.
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IV.  Convex Fuzzy Set
Definition 4.1: A fuzzy set A in a vector space E is said to be convex if for all ae [0,1], 24 + (1 — @)A C A.

THEOREM 4.1 :Let A be a fuzzy set in a vector space E. Then the following assertions are equivalent
M A is convex

(ii) JIn (aX+(l—a) y) >min {,uA (X),,uA (y)} ,forall x,y € E, and for all ae [0,1],
(iii) For each ae [0,1], the crisp set A, = {X ek, (X) > a} , is convex
Proof is obvious.

V.  Balanced Fuzzy Set

Definition 5.1: 4 fuzzy set A in a vector space E is said to be balanced if o A C A, for all scalars o with [ a I <
1.

THEOREM 5.1 :Let A be a fuzzy set in a vector space E. Then the following assertions are equivalent.
0] A is balanced

X)= X
(i) Ha (a ) /JA( ),for all scalars a with I a I <1
(iii) For each a € [0,1], the ordinary set A, given by

A, :{XeE:ﬂA(X)Za},isbalanced

Proof: (i) = (ii)
Suppose A is balanced i.e o A C A, for all scalars o with[ o 1< 1.

i.e Ha (X) > Han (X) , for all scalars o with I o I < 1, taking a x for x
S (o) = g, (00X) = g, (X)
e, (ax)= u, ()
If o= 0,from (i)
Ha (aX) Z My (ax) = Hon (OX) = SUE Ha (y)
ye

,where a0 ................. (1)

, for all scalars o,with I o I< 1 and x€ E

S (@X) > 1, (X)
Suppose, (ii) = (iii)

, where =0

i'equ(aX)Z'uA(x), forallawithloa I<landx €E
Lot A=1XeEim(X)2zafac[0]]

Now, tA”:{tX:XGA"‘},withItlsl,let Xxeh,

Since ’uA(aX)Z'uA(X)Za,withlalsl

tXEA“,when]tISI

"‘tAaCAa,withItlsl

= A“ , is balanced

X ) a
(i) = (i) Let x€ E, and let ﬂA(A ,where [k I< 1

.‘.leA(Z _fy-
k Aa—{y.,uA(y)Za}

, Where

DOI: 10.9790/5728-1202061724 www.iosrjournals.org 19 | Page



Convex Fuzzy Set, Balanced Fuzzy Set, And Absolute Convex Fuzzy Set In A Fuzzy Vector Space

leA kieA
Nokaa:{kX'XEA“},Sincek o K ai,eXEAa."kAaCAa,a

i'eﬂkA(X) Z Hp (%) =

X)< X
/ukA( ) 'uA( ),forallscalarskwithIkISl,andXEE
~KAC A A s balanced.

S Aa is balanced

THEOREM 5.2 : Let E, F be vector spaces over k and let f: E — F be a linear mapping . If A is balanced fuzzy
set in E. Then f(A) is balanced fuzzy set in F. Similarly f*(B) is balanced fuzzy set in E, whenever B is balanced

fuzzy setin F.

Proof : Let E, F be vector spaces over k and f: E — F be a linear mapping. Suppose A is balanced
fuzzy set in E.

Now o.f(A)=f(aA) cf(A), for all scalars o withl o 1<1

ie af(A) c f(A)hence f(A) is balanced [~ a A c A]

Again suppose B is a balanced fuzzy set in F

~aB c B, forall scalarsawithlaI<1

Now, let M=o f%(B), therefore, M) = f (a f(B))=a f(f}(B)) ca B c B

~ M c fY(B), hence o f'(B) c f1(B), therefore f*(B) is balanced fuzzy set in E.

THEOREM 5.3 : If A, B are balanced fuzzy sets in a vector space E over K. Then A + B is balanced fuzzy set in

E.
Proof : Let A,B are balanced fuzzy sets in E. Therefore o A € A, and a B c B, for all scalars a with I a

I<1,Nowa(A+B)=0aA+aBcA+B,hence A + B is balanced fuzzy set in E.

THEOREM 5.4 :1f {Ai}ia ,is a family of balanced fuzzy sets in vector spaces E. Then A = N 4; , is balanced

fuzzy setin E
Proof : Since {Ai}ic, is a family of balanced fuzzy sets in E

o A;c A;, for all scalars oo withT o I< 1

. ax) = X
that is, Ha ( ) Ha ( ) , for all scalars o with [ a I< 1
Now let, A=N A;

,uA(y) = iire]T Hp (Y)

,forally e E
iy (ax) =inf M (ax)
iel ,take y = o x
Ly (axX)>inf u, (X)=p, (X
A( ) iel A‘( ) A( ),forallscalarsawithlalsl,andXEE
A=
isl " is balanced fuzzy setin E

VI.  Absolute Convex Fuzzy Set

Definition 6.1: A fuzzy set A in a vector space E is said to be absolutely convex if it is both convex and
balanced.

THEOREM 6.1:Let A be a fuzzy set in a vector space E. Then the following are equivalent
Q) A is absolutely convex

(ii) aA+ SAc A, forall scalars &, 5 with |a| +|ﬂ| <1
(iii) y7N (ax+ﬁy) >min {,uA (X),,uA (y)} forall X,y e E andall scalars «, £ with
o] +|B <1
(iv) For each o €[0,1] the crisp set A = {X eE:u, (X) > a} is absolutely convex fuzzy set
in E.
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Proof : (i) = (ii)
Let A is absolutely convex fuzzy set in E i.e A is convex as well as balanced.

aACA. . (I) for all scalars o with |a| <1
And aA+(l—a) AcCA............ (IT) for all scalars o with 0 < ax <1
Now putting & = % in (1) we get

% A4ZACA (1)

Now for all scalars « , 3 with ‘a"+‘ﬂ" <1 we have ‘a" <1 and ‘,B‘ <1

From(l) o Ac A and ﬁ'Ac A

la'AcA

Also 1 (a)
ZBACA
> B

Adding (a) we get

1Ot'A+%ﬂ'AC%A+%ACA .......... from (111)

2
Let a=%a' and ﬂ=%ﬂ' then |a|£l and |ﬂ|£1

oA+ fA c Aforall scalars «, f with |a|+|ﬁ| <1
(ii) = (iii) This follows from theorem 3.1

(i) = (iv) Suppose yA(aX+,By)2min{yA(X),yA(y)} forall X,y € E and all scalars

a, B with |a]+|4<1

Wetake a €[0,1] and f=1—« then |a|+|ﬁ|:1
.'.,uA(aXJr,By)Zmin{yA(X),yA(y)}forall X,y €E with ¢ €[0,1] and f=1-«

Let A :{Xe E:,uA(X)Za} a €[0,1]

If XeA, and yeA,

= ,uA(X)Zaand,uA(y)Za ......................... (©

oty (@x+ BY) Zmin{ s, (X), 11, (¥)} 2, from (2) & (b)

YN (ax+ﬂy) >

= ax+pyeh, ieax+(l-a)yeA,

-~ A, is convex.

Again putting @ =0,4=0 in

ﬂA(ax"'ﬂy)Zmin{,uA(X)uuA(Y)}

#4(0) = min {21, (%), 1, (¥)]

ie. 1£,(0)> 11, () forall xe E

Ifweput y=0 in ,uA(ax+ﬂy)2 {,uA( ),,uA(y)}
,uA(aX)>mln{,uA } lo|<1
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J7N (ax) 2 U, (X) 2, forall Xe A, and for all scalars |a| <1

saxeA, ah, < A, with|a| <1

Hence A, is balanced.

i.e. A, isconvex as well as balanced , implies that A is absolutely convex.

(iv)=(i)

Since A, = {X eEu, (X) > a} , is convex for every a €[0,1]. Therefore fuzzy set A is convex
by theorem 4.1. Again A, is balanced for every o € [0,1]. Therefore fuzzy set A is balanced by

theorem 5.1. Hence A, is absolutely convex.

Theorem 6.2 :Every fuzzy subspace F of a vector space E is absolutely convex (i.e. convex as well as
balanced )

Proof : Suppose F is a fuzzy subspace
LF+FcF
And aF c F forall scalars o

(1—a) FcF
=aF+(1-a)FcF+FcF, with |¢|<1
Then F is convex, since aF < F | for all scalars & with |OC| <1

.. F is balanced, therefore F is absolutely convex as it is convex as well as balanced.

Theorem 6.3 :If A, B are absolutely convex fuzzy sets in a vector space E. Then A + B is absolutely
convex fuzzy sets in a vector space E

Proof : Let A,B are absolutely convex fuzzy sets in a vector space E
i.e. A, B are convex as well as balanced fuzzy sets in a vector space E
Since A, B are convex fuzzy sets in E

aA+(1—a) Ac A, wherex €[0,1]

Also aB +(1—a) B < B, forall scalars o €[0,1]

Now, (A+B)+(1-a)(A+B)=aA+(1-a)A+aB+(1-a)B
= a(A+B)+(1-a)(A+B)c(A+B)

(A+ B) is convex fuzzy set in a vector space E.

Also, A,B are balanced fuzzy sets in a vector space E
S.aAc A, forall scalars o with |a| <1

And aB c B, forall scalars & With|0{| <1
~a(A+B)=aA+aBc A+B
ie.a(A+B)c A+B

= (A+ B) , iIs absolutely convex fuzzy sets in a vector space E, since it is convex as well as
balanced.
Theorem 6.4 :If{A }iel is a family of absolutely convex fuzzy sets in a vector space E. Then

A =N A isalso absolutely convex fuzzy set in E
iel

DOI: 10.9790/5728-1202061724 www.iosrjournals.org 22 | Page



Convex Fuzzy Set, Balanced Fuzzy Set, And Absolute Convex Fuzzy Set In A Fuzzy Vector Space

Proof : Since {A }iel is a family of absolutely convex fuzzy sets in a vector space E. This means that
{A }iel is a family of convex as well as balanced fuzzy sets in E.

Let {A }iel be a family of convex fuzzy sets in E

Then aA+(1-a)A <A, forall a<[0,1]

L. 1y (@x+(1=ar) y) zmin{p, (%), 5 (¥)}]

Now let, A= ,Q,A , Then /JA(y)zinf N (y) forall ye E

cp(ax+(1-a)y)= inf 1, (ax+(1-a)y)

o (ax+(1-a)y)z inf {min(,u,31 (X), 2 (y))} = min{iirglf #s (X),inf 1, (y)}

o g (@x+(1=a) y) = min{u, (X), 1, ()}

Hence A= N A is convex fuzzy setin E.
iel

Also {A }iel is a family of balanced fuzzy sets in E

.alA < A | forall scalars & with |a| <1

ie. 1, (aX)> g1, (X)), forall scalars & with || <1 ..., (i)
Now let A=A

,uA(y): iirellf Ha (y) forall yeE

St (ax) = inf s, (ax), take y = ax

From (i) ,uA(aX) > iirEIT o (X) = ,uA(X) , for all scalars ¢ with |a| <land XeE

. A=A jis balanced fuzzy set in E, hence A=A is absolutely convex fuzzy set in E.
Theorem 6.5 : Let E, F are fuzzy vector space over K and f : E — F be a linear mapping

0] If Ais absolutely convex fuzzy setin E . Then f (A) is absolutely convex fuzzy setin F .
(i) If B is absolutely convex fuzzy setin F . Then f - ( B) is an absolutely convex fuzzy set in
E.

Proof (i) :Let A be absolute convex fuzzy setin E ,i.e. Aisconvex as well as balanced fuzzy set in
Lif o €[0,1] and A be convex fuzzy setin E , then

af (A)+(1-a) f (A)=f(aA+(1-a)A)c f(A)

Hence f (A) is convex fuzzy setin F

Again A is balanced fuzzy set in E

~af (A)=f(aA)c f(A), forall scalars o with o] <1

L f (A) is balanced fuzzy set in F

Therefore f (A) is convex as well as balanced fuzzy setin F , hence f (A) is absolutely convex

fuzzy setinF .

(i) let B is absolute convex fuzzy set in a vector space F implies that B is convex as well as
balanced fuzzy set in F

Since B is a convex fuzzy setin F and let  €[0,1]
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M =af?(B)+(1-a) f*(B)

Then f(M)=af (f*(B))+(1-a)f*(B)
f(M)=aB+(1-a)BcB

Hence M f_l(B) is convex fuzzy set in E

Again B is a balanced fuzzy setin F
.. aB c Bforall scalars & with |a| <1

Now let M zaffl(B)
~f(M)=af(f*(B))caBc=B
~Mct(B)

e.af*(B)c £(B)

" fﬁl(B)is balanced fuzzy set in E

Therefore, f -+ ( B) is convex as well as balanced fuzzy setinE ie., f - ( B) is absolutely convex

fuzzy setin E .
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