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I.  Introduction
In this paper, we consider the oscillation and asymptotic behaviour of nonoscillatory solutions of the
second order neutral difference equations of the form

k
z PG (x(n — 5)) - Z aG(x(n-0))=0 (LD

SROEDWADECERD
i=1

where n € Ny = {ng,ny + 1,15 + 2, ...} and n0 €Z and A is the forward difference operator defined by

Ax(n) = x(n + 1) — x(n) and Azx(n) A(Ax(n)).

We assume the following conditions without further mention:
(i) l=m
(i) 14,72, e, Ty, 61,09, ...,0; a0d oy, 05, ..., G, are non-negative integers
(iii) {p;(M}_; and {g;(n)}™, are sequences of non-negative real numbers
(iv) G: R — R is nondecreasing and xG(x) > 0 forx # 0
V) p(m) —qn—-6;+0)=0for i=12,..,m

By a solution of equation (1.1), we mean a real sequence {x(n)} which is defined for n € n, — p where
p = max{ty, Ty, ..., Ty, 61,062, ...,8;,01,0,...,0, } and which satisfies equation (1.1) for all sufficiently large
values of n. The solution {x(n)} is said to be oscillatory if for every n € N,, there exists n; € Ny such that
XnXn4; < 0. The solution {x(n)} is said to be nonoscillatory if it is eventually of constant sign.

Asymptotic behaviour of solutions of first order and second order neutral difference equations with
positive and negative coefficients have been studied by many others. For example see [1,4-6,8-10,15,16,18] and
the references cited there in. It is recently that second order neutral difference equations with positive and
negative coefficients have been given a series of study. For the general theory of difference equation the reader
is refereed to [20,21].

In 1990, Ladas [7] and Chuanxi and Ladas [2] studied the oscillatory behaviour of solutions of the
equations with positive and negative coefficients of the form
ny1 = An T POy — Ay = 0. (12)

In 1999, Zhou [19] in 2000 Tang, Yu and Peng [13], in 2003 Chuang and Cheng [3] and in 2004 Shan
and Kleigao Ge [17] considered the neutral delay difference equation with positive and negative coefficients of
the form

A(xn - Cnxn—r) t PnXn—k = qnXn—1 = 0.
with and without the condition
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Z(ps - qs—k+l) = ®© (13)
no
In the year 2004, Pon.Sundar and V. Sadhasivam [11] considered the equation
Alx(n) —c()x(n—1r)]+p()x(n—1) —gqn)x(n—0) = 0 (1.4

and obtained some new results by establishing and using some new lemmas which are interesting in their own
right and which may have further applications in analysis.

Several authors including Chuanxi and Ladas, Ladas and Zhou have investigated the oscillations of
solutions of equations (1.4). They also considered the following equation

Alx() = c)f(x(n = )]+ p)g(x(n — 1) — q(W)g(x(n - 6)) = 0 (1.5)

and established some sufficient conditions for the non-existence of positive solutions of equation (1.4).

In 2002, Thandapani and Mahalingam [14] have considered the following neutral difference equation
of the form

A(CnA(xn + an—k)) T PuXnol = QuXn_m = 0 (16)
and obtained sufficient conditions for the existence of nonoscillatory solution.

Pon. Sundar and V. Sadhasivam [12] established some sufficient conditions for the oscillation of the
solutions of second order neutral delay difference equation of the form

1
A? [x(n) + Z c(m)x(n—c¢;)

We consider the ranges on ¥¥_, c;(n)
k

Wx(=6)= ) arn-0)=0.  (17)
i=1

4) OSZci(n) <c<1

i=1
k

(4) —-1<¢ SZCi(n) <0

i=1
k

(4) —cs < Zci(n) < —c,<—1

i=1
k

(4) 1< Zci(n) < ¢cs

i=1
k

(As) —c6 < ch(n) <0.

The following agsumptions are needed for use in the sequel:

(H;) lim infG(n)
| n

n|-ow

< B, where B >0 isareal number

m n-—1
() lim > [5i(s) = quls = 8, + o)) =
i= 1 nO
(Hy) limK {Z (pl (s)—qi(s—6; + O'L)) for some positive constant K
n—oo

(Hy) BZ Z q:;(0) <1 for everyi = 1,2,...,m when §; = g;

i=1s5-6;+0;
m 0

H) c+B). D a®) <1

i=1s-8;+0;
(Hg) &, =0 for every i = 1,2,....,m
(H;) o, =26; for every i = 1,2,....,m
m 0

H) B ) a@<1i+c,

i=1s-6;+0;
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The following result will be needed for our use [22].
Lemmal.l. Let —0o<a <0, 0<7t<ow, ny €Z and suppose that a real sequence {x(n)},>,,—, satisfies
the inequality
x(n) <a+ max x(s)
N—T<S<T

for n = ny. Then x(n) cannot be a nonnegative sequence.

Il.  Main Results
The case when §; > a;, i =1tom:
In this section, we consider equation (1.1) when §; > 0;, i =1 to m. We shall obtain sufficient
conditions under which a solution of the equation is either oscillatory or tends to zero as n — c. We observe
that the result holds when G is either linear or sublinear. This is mainly due to the assumption (H,).

Theorem2.1. Let ¢c;(n), i =1 to k beasin (4;). If (H,), (Hs), (Hg) and either of (H,) or (H;) are satisfied,
then every solution of equation (1.1) is either oscillatory or tends to zero as n — .

Proof. Let x(n) be a solution of equation (1.1). If x(n) is oscillatory, then there is nothing to prove.
Let x(n) be nonoscillatory. Assume that x(n) > 0 eventually. There exists a n; =ny+ p > 0 such that
x(n) > 0,x(n—p)>0forn= nl Setting

m n—-1 s—

Aw(n) = x(n) — Z ¢(m) x(n —1,) Z Z Z 0:.(8) G(x(6 — 0)) 2.1)

i=1 ng s—6;+0;
Hence equation (1.1) can be written as
m

Bw) + ) () — q,(n = 6 + o)} G(x(n — 6)) < 0 22)

i=1
for n > n,. Hence A’w(n) < 0 forn > n,. Thus there exists a n, > n; such that Aw(n) > 0 or Aw(n) < 0
for n=mn,. Let Aw(n) <0 for n=n,. This inturn implies that w(n) <0 for n=n; >n, and
lim,_,w(n) = —. Then there exist mn,>n; and A>0 such that w(n) < -1 for n—p > ny.
Hence from (2.1)
m n—-1 s-1

x(n) = w(n) + Z () x(n—1,) + Z Z Z .(8) G(x(6 — 0))

i=1 ng s—8;+0;
m n-1 s-1

-1+ Zc(n)+zz z q,(6) r?ax x(s)

i=1 ng s—6;+o;

IA

IA
|
~
+
=i
)
>
=
Y
&

Then by Lemma 1.1, it follows that x(n) cannot be nonnegative, a contradiction. Hence Aw(n) < 0 is not
possible.

Next, Suppose that Aw(n) >0 for n>=n,. Then w(n)>0 or w(n) <0 for large n,
say m = ng = ny,. First, suppose that w(n) < 0 for n = ns. Then w(n) is bounded and

m n—-1 s-1

x(n) — Zc(n)x(n =) ) a®6(xO - ) <o. 2.3)

i=1 ng s—6;+o;
We claim that x(n) is bounded. If not, then there exists a sequence {T} T, > ng for every j such that

T

= o0 and x(Y}) — o0 as j — oo. In particular, for n = T; (2.3) gives

m n-1 s-1

x('I}) 1—0—322 2 q; ()| <0.

i=1 ng s—6;+0;
Letting j — oo, we obtain a contradiction. Hence our claim holds. Further, if lim,_,,, supx(n) = 1 > 0, then
summation of (2.2) from ns to n — 1 yields a contradiction, because G is nondecreasing and (H,) or (H3)
holds. Hence x(n) - 0 asn — oo.
Finally, suppose that w(n) > 0 for n > ng. From the increasingness of w(n), it follows that there
exists a real B, > 0 such that W(n) > B, for large n, that is

m n—-1 s-—1

w(n) = x(n) — ZC(n)x(n—r)—zz Z 4:(0) G(x(8 — 5))) > Bo (2.4)

i=1 ng s—6;+o;
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for n = ng > ns. This in turn implies that there exists a positive number ; such that
w(n) = fyw(n) o 2.5)
for > n; > n, . If this is not true, then there exists a sequence {T;'}, T, - o as j — o such that

w(r) = 2w(7)
(1 - ]1) w(T) <0

a contradiction for large j. Hence (2.5) holds. Consequently x(n) = g;w(n) for n > n,. Then from (2.2)
A*w(n) + G(fw(n—6)) <0 (2.6)
for n = n,. Let (H,) hold. Since w(n) > u for some u > 0. Summing (2.6) from n, to n — 1 and letting
n — oo, we obtain a contradiction.
Next, suppose that (H;) holds. Set r(n) = —Aw(n). Then Ar(n) = —A?w(n) and

nar(n) = G (B, ) {pi(n) = i(n = 8 +0)))

iz
for n = n,. Summing the above inequality from n, to n — 1 gives

n-1 m

G
> 66, “)ZZ{pl(s) ails — 8 + )

—-r(ny)

a contradiction. Hence w(n) > 0 is not possmle for large n. If x(n) < 0, for large n, then one may proceed as
above to prove the theorem. This completes the proof of the theorem.

Theorem 2.2. Let Y¥_, c;(n) be in the range (4s5). If (H,), (H,), (Hy) and (Hg) are satisfied, then every
solution of equation (1.1) is either oscillatory or tends to zero as n — oo.
Proof. Let x(n) be a nonoscillatory solution of equation (1.1). Assume that x(n) > 0 and x(n — p) > 0 for
n>n, =ny+p>0. Setting w(n) as in (2.1) we obtain (2.2). Hence A’w(n) <0 for n>n,.
Then Aw(n) > 0 or Aw(n) < 0 for some n = n, = n,.
Let Aw(n) > 0 for n = n,. The summation of (2.2) from n, ton — 1 gives
m n-—1
aw(n) = D" (i) = ails = 8+ ) G (x(s = 8).
i=1 np
Letting n > oo, the above inequality, in view of (H,) yields G(x(n)) - 0 as n — «. Hence x(n) - 0
as n - oo,
Next, suppose that Aw(n) < 0 for n = n,. Thus there exists a n; = n, such that w(n) < 0 forn = ns

and lim,_,,, w(n) = —co. We claim that x(n) is bounded. If not, there exists a sequence {Tj};o=1 such that
T, = ng for every j, T, - o as j — oo, W('I}) — o and x(T}) — o as n — oo and MaX,, <o <7 x(n) = x(?})

Then we have

w(r) = x() - Y e (5) (5 ) - iz 40660 - )

|V
i

i M»

@.ﬁ

=

\_/

|

=
M=

=

o)

CD

p——4

Letting j — oo in view of (Hg), we obtain w(7;) - o as j » o a contradiction. Hence our claim holds.
That is, x(n) is bounded. Consequently w(n) is bounded, a contradiction.
If x(n) < 0 the proof of the theorem may be treated similarly. Thus the theorem is proved.

Theorem 2.3. Let ¥X_ 1€ ¢;(n) be in the range (4s). If (H;), (Hg), (Hg) and

(H) Z{n(n) a(n=8,+0)} = b,

b = 0 is a constant, hold then every solution of equation (1.1) is oscillatory.
Proof. Suppose that x(n) is a nonoscillatory solution of (1.1). Assume that x(n) > 0 and x(n — p) > 0 for
n=mny, =ny+p > 0. Then from (2.2), we have A?w(n) < 0 for n > n; and hence Aw(n) > 0 or Aw(n) < 0
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for some n = n, = n,. If Aw(n) < 0 for n = n,, then lim,,_,,, w(n) = —oo. Proceeding as in Theorem 2.2 one
may show that x(n) is bounded. Consequently, w(n) is bounded, a contradiction.

Next, suppose that Aw(n) > 0 for n = n,. Then summing (2.2) from n, to n — 1 we obtain
o > Aw(n,) = bz G(x(s - (SL-)).
ny

Therefore, G(x(n)) is bounded. Since G is nondecreasing, and since uG(u) >0 for u # 0 then x(n) is

bounded. Hence
k

zm)=x(m)— ) c(m)x(n—r;)
2
is also bounded. Thus

m n—1
Az(n) = Aw(n) + Z Z q;(s) G(x(s - 0,-)) >0
i=1n-6;+o0;
since {q;(n)} be a sequence of nonnegative real numbers which converges to zero. Then by Dirichlet's test, we
have

n—1
> 4 6(xis - )
n—6;+o;
converges and
n—1
lim Z q;(s) G(x(s — O'l-)) =0.
n—oo
n—6;+o;
Hence z(n) is nondecreasing and z(n) > 0, because for all large n, (4s) holds. Hence lim,_, z(n) = u.
If 0 < u < oo, then for 0 < € < u, there exists a n; > n, such that z(n) > u — € for n = n3. Hence z(n) is not
bounded, a contradiction. Hence x(n) » 0 for large n.
In a similar way one may show that x(n) <« 0 for all large n. This completes the proof of the theorem.

Proceeding as in the lines of Theorem 2.1, one may prove the following theorem.
Theorem 2.4. Let ¢;(n), i =1 to k be in the range of (4,) or (A4s). Further assume that (H;), (H,) and
(Hg) hold. If either (H,) or (H;) holds, then every solution of equation (1.1) is oscillatory or tends to zero as
n — oo,

Theorem 2.5. Let ¢;(n), i = 1 to k be in the range of (4,). Let (H,), (Hs) and
1

[e] S—

(Hyo) iz z q:(0) <o

i=1 ng s—6;+o0;
hold. If either (H,) or (H;) is satisfied, then every bounded solution of equation (1.1) is oscillatory or tends to
zeroasn — oo,
Proof. Since x(n) is bounded, then lim,,_supx(n) > 0 implies that Aw(n) - — as n — o and hence
w(n) - —owo as n — o. On the other hand, since x(n) is bounded and (H,) and (H;,) hold, then (2.1) yields that
w(n) - o as n — o, a contradiction. Thus the theorem is proved.

Remark 2.1. In the above results, the condition (Hg) forces us to assume (H;). The above result remain true
when G is linear or sublinear. The phototype of G satisfying the hypothesis of the above results is
Gw) =|ulYsgnu, y<1

I1l.  Main Results

The Case whena; > 6;, i=1 to k:

In the following theorems, we shall replace the assumption (Hg) by (H-). Hence the following results
remain true for all types of G.
Theorem 3.1. Let ¢;(n), i =1 to k be in the range of (4,) or (A43) or (As). Further assume that (H,) and
(Hg) hold. Then every solution of equation (1.1) is oscillatory or tends to zero as n — .
Proof. Let x(n) be a eventually positive solution of (1.1) then w(n) >0 or w(n) < 0 for all large n.
If win) <0 for all large n, then x(n) <0 for large n, a contradiction. If w(n) > 0 for all large n,
then Aw(n) > 0 for large n, say n = n,. Summation (2.2) from n, to n—1 and using (H,) and the
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nondecreasing property of G, we see that x(n) — 0 as n — . The above line holds when x(n) < 0 for all large
n. The proof is complete.

Theorem 3.2. Suppose that c¢;(n), i =1 to k be in the range of (4,). If (H,) and (Hg) hold, then every
solution of equation (1.1) is oscillatory or tends to zero as n — oo.

Proof. Let x(n) is an eventually positive solution of (1.1), setting w(n) as in (2.1), we obtain (2.2) for all large
n. Hence w(n) >0 or w(n) <0 for all large n. If w(n) > 0 for large n, then Aw(n) > 0 eventually.
The summation of (2.2) from t; to o, in view of (H,) and the nondecreasing property of G, we see that
x(n) - 0asn — . Let w(n) < 0 for all large n. Then

k
x(n) < w(n) + Z cm)x(n—1,) (3.1)

i=1
If lim,_,w(n) = -4, 4> 0, then we obtain, for large n
lim supx(n) < — 1 + ¢ lim sup x(n)
n—-oo n—-oo
or
(1-c)limsupx(n) < —1<0
n—oo

a contradiction to the fact that x(n) > 0 eventually. If lim,_,w(n) = 0, then taking lim sup on both sides
in (3.1), we have

lim sup x(n) < ¢ lim sup x(n)

n-—-oo n—oo
which ultimately yields that x(n) - 0 as n — o« eventually. The proof of the theorem is same if x(n) <0
eventually. This completes the proof of the theorem.

Theorem 3.3. Let ¢;(n), i = 1,2, ..., m be in the range of (4,). If (H,), (H) and

o S—1+6;+0;

(H11) iz > a®<1,
i=1 ng s

then every bounded solution of equation (1.1) is oscillatory or tends to zero as n — oo.

Proof. If x(n)>0 for large n, and bounded, then (H;;) implies that w(n) is bounded.
If lim,_,supx(n) >0, then summation of equation (2.2) from n, to «, n, large enough, we have
Aw(n) -» —oo, a contradiction to the boundedness of w(n). Hence x(n) - 0 as n — «. The proof of the
theorem may be treated similarly if we assume that x(n) < 0 for large n. Thus the proof is complete.

Remark 3.1. From the above results, it follows that when G (u) = u, that is in the linear case, the assumption
6, = o0; or §; < g; is not required though many authors have assumed it. It would be interesting if one removes
the condition (H;) on G for 6; > 0;, i=1 to k.
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