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Abstract: The objective of this paper is to study the dynamical behavior of three species syn-ecological models.
Type of three species mathematical model involving different types of ecological interactions is proposed and
analyzed. In the model Holling type —II functional response is a doubted to describe the behavior of predation,
for the model, the existence, uniqueness and boundedness of the solution are discussed. The existences and the
stability analysis of all possible equilibrium points are studied. Suitable Lyapunov functions are used to study
the global dynamics of the proposed model. Numerical simulations are also carried out to investigate the
influence of parameters on the dynamical behavior of the model and to support the obtained analytical results of
the model.
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. Introduction

Food chains and food webs depict the network of feeding relationships within ecological communities.
During the last few decades, a large number of food-chain and food-web systems have been proposed to
describe the food transition patterns and processes [1-8]. The basic sequence of energy movement from
producer to consumer to decomposer is a food chain. this concept is important in understanding the food and
energy relationships of organisms but is much too simplistic to describe the cycling of food in an ecosystem. On
the other hand the term food web is used to describe patterns of interlocking food chains. All the intricacies of
food cycles cannot be shown on paper even by the most adept artist, even so, food web models offer a picture of
the strands supporting the world around us.Living organisms enter into a variety of relationships, such as prey-
predator, competition, mutualism, commensalism and so on, among themselves according to the needs of
individuals as well as those of species groups. Food webs are one example of interactions between organisms
but there are other interactions that go beyond feeding relationships. Recently, number of researchers have been
proposed and studied the dynamics of food webs involving some types of these relationships, see for example
[9-12] and the references their in.In this paper however , an investigation is devoted to an analytical study of a
food web consisting of three species Syn-Ecological system involving a general predator with Holling type-11
functional response, in which N, is a general predator that preys upon the prey species N; and the host Nj,

the host N5 . The prey is a commensal to the host N;. Further Fig.(1) shows the schematic sketch of the system

under investigation. The model equations of the system constitute a set of three first order non-linear ordinary
differential equations.

I1.  The Mathematical Model:
Consider the three species Syn-Ecosymbiosis system consisting of the following interactions prey-
predator including commensalisms. It is assumed that the model consists of a prey (for example, Great Egret
Bird) whose population density at time T denoted by N;, the predator (for example, Crocodile) whose

population density at time T denoted by N,, the host (for example, Water Buffalo) whose population density
attime T denoted by N;. Now in order to formulates the mathematical model of the above Syn-Ecosymbiosis

system, the following assumptions are adopted:
1. The predator species preys upon the prey, host according to Holling type-1l functional response with
maximum attack rate a; >0 for i=12. and half saturation constant b; >0 fori=212.. While, in the

absence of the predator the prey species grows logistically with carrying capacity k; >0 and intrinsic
growth rate r; >0. Moreover in the absence of the prey the predator decay exponential with natural death
rate d, >0, however in the existence of prey the predator individuals competes each other with
intraspecific competition constant rate d, >0.

2. The existence of the host N5 enhance the existence of the prey species N; with the commensal constant
rate ¢ >0, while the existence of N, do not affect (positively or negatively) the existence of Nj.
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3. Finally the species N5 growth logistically with intrinsic growth rates r, >0 for i =12 and carrying
capacities k; >0 for i =1,2 respectively.

Therefore the dynamics of the above proposed model can be represented by the following set of
differential equations while the block diagram of this model system can be illustrated in Fig.(1):

N, _ rlNl(l—ﬁ]—al—N’\llNz 1N, N,

T kg ) b+ N,

ANy o ANy e @Ns g N, —d,N2

dT b +N; b, + N (1)
ONs o ny[1-Na | 2Ns

[N
(Prey) (Predator)

Fig.( 1):The block diagram of system (1).

Note that the above proposed model has thirteen parameters in all, which make the analysis difficult.

So, in order to simplify the system, the number of parameters is reduced by using the following dimensionless
variables and parameters:

N N cN
t:I‘lT y X:—l , y:—2 s Z:_3 ,
ky ky n
a b a ch
U1=—1,U2=—1,U3=—2,U4=—2 f
n 1 n n
d; d, ky r, n ca, k;
u5:— s u6: ;U7:_|U8:_ , Ug = >
n n n ck, I

Then the form of non-dimensional system of system (1) can be written as:

ax = x{(l—x)—i+ z} =xf (X, y,z,w)
dt Uy, +X

dy g Ui X  e,UsZ

Loy A L 28Ty —y =vyf,(X,y,Z,W
dt y{u2+x+u4+z s ~UeY | = ¥R (x.¥.2.W) )
dz Ugy

— =7lu;(l-ugz) - =zf5(X,y,Z,W

dt {7( 82) u4+z} sy )

with x(0)>0,y(0)=0 and z(0)>0. It is observed that the number of parameters have been reduced from

thirteen in the system (1) to eleven in the system (2). Obviously the interaction functions of the system (2) are
continuous and have continuous partial derivatives on the positive region

R® ={(x,y,2) € R*:x(0) > 0,y(0) > 0,2(0) > 0} .
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Therefore these functions are Lipschitzian on R? , and hence the solution of the system (2) exists and

is unique. Further, in the following theorem, the boundedness of the solution of the system (2) in Rf is
established.

Theorem (1): All the solutions of system (2) which initiate in Rf are uniformly bounded.

Proof:
Let (x(t), y(t), z(t),) be any solution of system (2) with non-negative initial condition (X, Yq Zo) . Now

according to the third equation of system (2) we have

dz
a§u7z(1—u82)

So, by using the comparison theorem [11] with the initial point z(0) =z, we get:
Zp

z(t) < -
ZoUg +(L—2zoug)e™

Thus, [jmz® < e Therefore, Sup.z(t) < S , Vt>0.

tso0 Ug Ug
Finally, according to the first equation of system (2) we have
dx

pr <X(A-X)+xz
So, by using the comparison theorem [11] with the initial point we obtain:

. 1
x(t)<L ,where L=1+—
limx® "

t—owo
Therefore, Sup.x(t) <L, Vt>0.
Now define the function: M(t) = x(t) + y(t) + z(t), and then take the time derivative of M(t) along the

solution of the system (2) we get

d—MSH—SM
dt

where H:2[L+L+u—7J and s=min{Lug,u;}.
2Ug Ug

({j—'\tAHM <H , where

Again by solving this differential inequality for the initial value M (0) =M, we get:

M(t)sﬂJ{MO—EJe‘“
S S

then, |imM(t)sﬂ. So, 0<M(t) s% , Vt>0. Hence all the solutions of system (2) are uniformly
S
t—ow

bounded and therefore we have finished the proof.

I11.  The Existence Of Equilibrium Points
In this paper, the existence of all possible equilibrium points of system (2) is discussed. It is observed
that, system (2) has five equilibrium points, which are mentioned in the following:
The equilibrium points, E, = (0,0,0) known as the washout point always exist. The first two species equilibrium

point E; = (i 7,0) exists uniquely in Int. Rf of xy— plane if there is a positive solution to the following set of
equations:

1-x)-—1 _g (3a)
U, + X

R U —Ugy =0 (30)

U, +X

From equation (3a) we have,
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= (1—x)u, +x) @
U
By substituting (4) in (3b) and then simplifying the resulting term we obtain that
f(x) = x> +o,x* +o3x+0, =0 (5)
Where
o, =Ug >0

02 = UG(ZUZ +1)
03 = U —U;Us +USUg
o4 = U, (UyUs +U,Ug ) < 0
Not that Eq.(5) has a unique positive root, namely X , provided that the following condition :
EUf + U§U4 > UqUs (6)

The second two species equilibrium point E, :(7(,0, Z): (%Oi) always exists in the Int. Rf of xz— plane

where X and Z represent the positive solution of the following system:
1-x+z=0
u;(L-ugz)=0
The third two species equilibrium point E; = (0, ¥, 2) exists uniquely in the Int.R?of yz— plane if there is a
positive solution to the following set of equations:

(")

€alla? —Us—Ugy =0 (8a)
Uy +2
U, (L—ugz) ——2Y_ — 0 (8b)

Uy +2
From equation (8b) we have,
U7 (L UgUiy)Z —UpUgZ?® +Uguy,
y= Ug
By substituting (9) in (8a) and then simplifying the resulting term we obtain that
f(x)=p12° + foz+ f5=0 (10)

©)

Where

P =UglzUg >0

P> = €3U3Ug —UsUg —U7Ug +U7UgUgU,

Bz =—(Uguslg +U,Ugl;) <0
Not that Eq.(10) has a unique positive root, namely Z, provided that the following condition :

€,U3Ug + U,UgU,Ug > UsUg +UgUy (11)
Finally the positive (coexistence) equilibrium point E, = (x*, y*,z*) exists in the Int.R? if and only if there is
a positive solution of the following set of algebraic equations:

1-x—-Y 4,0 (12)
U, + X

elu_lx_,_M_us_uﬁyzo (13)

Uy +X Uy+2

u; (L—-ug) — YWY _g (14)

Uy +2
From (14) we obtain that
1

7= E[u7(1— UUg )+ \/u72(u4u8 —1) —4(ugu, + ugy)} (15)
z >0 provided that

U ug <1and u?(uuug —1)° > 4(usu, +Ugy) (16)

Then by using (15) in (12) and (13) yield the following two isoclines.
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fL(% Y) =Uy +X—UyX—X% —Ugy +

1
E[u7(l—u4u8)+\/u72(u4u8 -1)* - 4(u,u;, +u9y)}(u2 +x)=0

f, (X, y) = x(equy (uy +1))+ Ale,uz —(Uy +Us ))—U,us (uy +A)=0 (18)

A7)

where

A:%[U7(1_U4U8)+\/U72(U4U8 _1)2 —4u,u; }

Now from (17) we notice that , when y — 0 then x represent a positive root of the following second order
polynomial equation :
X%+ (U, — (A" + 1 —u, L+ A”))=0 (19)
where

A =%[u7(1—u4u8)+\/u$(u4u8 ~1y? —4u4u7}
Straight forward computation shows that eq.(19) has a unique positive root namely x if and only if the
following condition hold:

u, <A"+1 (20)

v [5)

Moreover , from eq.(17) we have & = , SO %<0 if one set of the following sets of conditions holds :

o dy

OX

%>0,%<0 OR%<O,%>O (21)
oy X oy oX

Further, from eq.(18) we notice that , when y — 0 , then
U, Us (u4 + A*)
X= A
e Uy (U, +1)+ A”(ep Us — (U, +U5)
>
In addition since we have ax = %
dy (of,
OX

of

, hote that x > 0 if and only if

, SO g—; > 0 if one set of the following sets of condition holds:-

Foso T2 oy

>0, >0 OR —=<0,—=<0 (23)
oy X oy X
The conditions occur provided that:-
u2u5(u4 +A ) <x (24)

ety (Uy +1)+ A™(eU5 — Uy +Us))
Then the two isoclines (17) & (18) inters at a unique positive point (x*,y*) inthe Int.R? of xy— plane.
Substituting the value of y"in eq.(15) yield that 2(y") = 2" which is positive order condition (16) accordingly ,
the positive equilibrium point E, = (x*, v, z*) exists uniquely in the Int.R? | if in addition to conditions (16) ,
(20) , (22) and (24), the isocline fl(x, y)= 0 intersect the x —axis at the positive value namely x; .

IV.  The Stability Analysis
In this section the stability analysis of all feasible equilibrium points of system (2) is studied analytical
with the help of linearization method.
Notation Ay, 4;, and 4;, represent the eigenvalues of J(E;) that describe the dynamics in the

x— direction, y—directionand z— direction respectively (where i =O,L2,3,4)
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Note that it is easy to verify that the Jacobian matrix of system (2) at the trivial equilibrium point E, =(0,0,0)
can be written in the form:

1 0 O
0 0 u

Thus the eigenvalues of J(E,) are Ao =1>0,4q, =—Us <0 and 4y, =u; >0. Then E, is a saddle point

(unstable).
The Jacobian matrix of system (2) at the first two species equilibrium point E; = (X, y,0) can be written as:

i W) -ux
(U, +X)* ) Up+X

I(E,) = &uyy Uy €aUqU3y
(up +%)° ug

0 0 u, -2y

Usg

Hence the characteristic equation of J(E;) is given by:-

[/12+A11+A2](u7 —uj—y— ]:0

4

Where
| u y _
=X -1+ —2—|+u
A ( (Uz +)_()j 6Y
= u y _\ euu, Xy
A, =X —1+1—y_2 (~ug y)+L2_3y
(up +X) (up +X)
So , either
U7 —M—ﬂ,:O
Ug
Which give the eigenvalue of J(E;) by:
Ug ¥
;{1 =u _9)
z 7 U4
Or

2+ AA+A, =0
Which gives the other two eigenvalues of J(E;) with respect to 4, and 4, provided that the following
conditions are satisfied:-

”1_3’2<1 (25)

(u2 + )'()

U, < “j—y (26)
4

So, E; is locally asymptotically stable. However, it is a saddle point otherwise.

The Jacobian matrix of system (2) at the second two species equilibrium point E, = (7(,0, Z):(Hu8 0, iJ

can be written as:
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. —U X .
—X — X
U, + X
e U X  e,UsZ
J(Ey)=| 0 22— 4 23° 0
Uy +X Uy+2Z
—UqZ -
0 Sl — U, UgZ
| Uy +Z ]

Hence the characteristic equation of J(E,) is given by:-
(cx-A) |2 +B 2+8B,]=0

Where
eu X  e,U.Z
Blz_|:1—lv+2—3v_U5:|+U7u87
Uy +X Uy+2Z
eU X  e,UsZ
B, =| 2= + =23 _yg |(—uqug Z
2 {u2+7< Uy +2 5( [ )
So, either
-X—-A=0
Which give the eigenvalue of J(E,) by:
/12x=—)?<0
Or

22 +BA+B,=0
Which gives the other two eigenvalues of J(E,) with respect to A4,, and 4,, provided that the following
conditions are satisfied:-
Uy +X Uy+Z
So, E, is locally asymptotically stable. However, it is a saddle point otherwise.
The Jacobian matrix of system (2) at the third two species equilibrium point E; = (0, Y, 2) can be written as:

<Us @7)

uy .
-9 o 0
Uy
eyl Uy y o A
J(Eg)=| —5= -—Ugy =
uj (uy +2)
—UgZ s Ugy2
0 9 —uyugZ +—9yA >
Uy +2 (u4+z) |

Hence the characteristic equation of J(E3) is given by:-

(1—”1—9+2—/1j [12 +clz+cz]=o

u;
Where
R y 7
Cl:—{—(u6y+u7ugz) yA }
( +1)
C2 =—U6)7 —U7U82+ eZU3UAugyZ
u4 + z
So, either
-4y y +2-1=0
u;
Which give the eigenvalue of J(Ej) by:
gy =142-99
u,

Or
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2 +CA+Cy=0
Which gives the other two eigenvalues of J(E;) with respect to A3, and A3, provided that the following

conditions are satisfied:-

. . Ugy?Z
Ug ¥ + U UgZ > (ugii) (28)
4
u7u82>LZ2 (29)
(U4+2)
1+7< Y (30)
u,

So, E; is locally asymptotically stable. However, it is a saddle point otherwise.
Finely the Jacobian matrix of system (2) at the positive equilibrium point E, can be written as:

I uly* i —ulx* <
U, + X ) u; +X
e U,y . e,usu,z
‘](EA): (l 1 2*)2 Uey (2 3 4*)
Uy + X Uy +2
—Ugz" . Ugy”
0 “_ 2 —u7u8+L*2
Ug +2 (u4+z )
Thus the characteristic equation of J(E,) is given by:
B HK A2 +KA+Ky=0 (31)
Where
. ugy'z" ux'y” . .
K, = x" + ) | — y*2+u7ugz +Ugy
(u4+z ) (u2+x )
* 2 * *
Ky =Ug X y'| -1+ uly* 5 +e1u1u2x*);
<u2+x ) <u2+x )
o x - Ugy”
-Xz —1+—u1y* - —u7u8+—9y*
1+ ) s

*\2

- u e,U3U,Ug(Z
—ugy"z| - uqug + oY N 2U3UgUg(Z )
(T o R T

—uS v U1y* _ Ugy* e2u3u4u9(z*)2
K, UgX Y Z [ 1+—(u2+x*)2]{ u7u8+(u4+z*)2}+ (u4+z*)3

CeufuXy'z g+ Ugy” €U U, UgX Y 2"
(u2+x*)3 (u4+z*)2 (u2+x*)3
So using Routh-Hawirtiz criterion equation (31) has roots (eigenvalues) with negative real parts if and only if
K;>0,K;>0 and A=KK, -K; >0
K; >0 If the following conditions satisfy:

uy”
- >1 (32)
u,Ug > (ujiyz*)z (33)
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K; >0 Always satisfy.
Now direct computation gives that:
A:Sl+82 +83 —S4 _85

Where

*

I Uy I R Uy’ _ e U, X"
ugy”

. —e,Ugu,z" . x Ugy”
S, =|—Ugy +2 | —u;Ug + — 23 Uy 2 —u7u8+—9y*2
(u4+z) (u4+z)3 (u4+z)
2 uyy” Ugy . Uy x Ugy”
S3=x1 _1+L2 —U7U3+L2 X1 > |+ {—u7u8+ gy*}
(u2+x) (u4+z) (u2+x) (U, +27)

e UoUgX Yz
(u2 + x*)z(u2 + z*)
So, A >0 under the following condition:
S +S,+S3-S,>S:; (34)
So, E, is locally asymptotically stable if and only if conditions (32), (33) and (34) are hold. However, it is a
saddle point otherwise.

85:

V.  Global Stability Analysis
In this section the global stability analysis of the equilibrium points, which are locally asymptotically
stable of system (2) is studied analytically with the help of Lyapunov method as shown in the following
theorems

Theorem (2): Assume that, the equilibrium point E; :(>‘<,)7,0) of system (2) is locally asymptotically stable
and the following conditions hold
u 'y
(uy +x)Yu, +X)

(e =2, )y <4u6[1_(uul—>7j (35b)

(u2 + x)(u2 + i) 2+ x)(u2 + >‘<)

eUy e,usu _
xpots ¥ | Eollsllz o (35¢)
Uy +2 Ug

<1 (352)

Then the equilibrium point E; of system (2) is globally asymptotically stable in the Rf .
Proof: Consider the following function

Vl(x, Y, z):[x—i—ilnéjJr[y—y—yln%}rz
X y

Clearly V; :R? ->R is a C!positive definite function. Now by differentiating \/; with respect to time t and
doing some algebraic manipulation, gives that:

dl{l—yJ() #lleg -1, e RI=I) gy

dt (up +x)u, +X (up +x)u, +X)
+(x—x)z +M tuy -0V 22
Uy +2 Uy +2

So by using the conditions (35a),(35b) and(35c) we obtain that
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U N R
- )

dt Uy + XUy +X Ug+Z  Ug

Then % is negative definite and hence V, is a Lyapunov function. Thus E, is a globally asymptotically stable

and the proof is complete.

Theorem (3): Assume that, the equilibrium point E, =(X,0,Z) of system (2) is locally asymptotically stable
and the following conditions hold

1<4,/u; ug (36a)

UX | el X  €UsZ  Ug?Z

<Us (36b)
Up+X Uy+X Us+2Z Uy+z

Then the equilibrium point E, of system (2) is globally asymptotically stable in the R3.
Proof: Consider the following function

Vz(x,y,z)=(x—>‘<—ilnéj+y+(z—Z—Zlnéj
X z

Clearly V, :Rf —R isa C! positive definite function. Now by differentiating V, with respect to time t and
doing  some algebraic manipulation, gives that:

de -\2 - = =\2
T:_(X_X) ~(x=x)z-2)-uqug (z-2)

Uy X U X eU Xy e,ugyz UgYZ  UgyZ
_ WXy 1y+11y+23y—u5y—u6y2— 9¥Z | Ugy
Up+X Uy+X Uy+X Uy+2Z Ug+Z Uy+z
So by using the conditions (36a) and (36b) we obtain that

%g_[(x_x)_\/lhus(Z—z)]z—{Us—( WX, QX | GlsZ | UZ Hy

dt Up+X Uy +X Us+Z Us+2Z

Then ddltz is negative definite and hence V, is a Lyapunov function. Thus E, is a globally asymptotically

stable and the proof is complete.

Theorem (4): Assume that, the equilibrium point E; = (O, ¥, 2) of system (2) is locally asymptotically stable
and the following conditions hold

2

€Uz
—=2 | <4ugu-u 37a
((u4+z)(u4+2)J v (372)
Sy L SY (37h)
Uy +X Uy +X

Ug? o ux UgZ A (370)
Uy +zNus+2) up+x (ug+2z)u,+2)
7< 3 (37d)

Then the equilibrium point E5 of system (2) is globally asymptotically stable in the R3.
Proof: Consider the following function

Vs (%, y,z)=x+(y—§/—9In—¥)+(z—2—ilné)
¥ 7

Clearly V5 :R® >R isa C! positive definite function. Now by differentiating V; with respect to time t and
doing some algebraic manipulation, gives that:
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dv. . . 5 e,u 5
d_t3 =—Us(y—9) +(y-9Xz- Z)m_uﬂs(z —2) +x=x?
_ Uy Uy Uy Ugyz
Uy + X Up+X Uy +x  (ug+2z)uy+2)
B Ug Y2 Ug Yz UgYZ

+
(Ug+20uy +2) (ug+2z)us+2) (ug+2z)u,+2)
So by using the conditions (37a), (37b), (37¢) and (37d) we obtain that

<Rty ) a2 o 24T (B2

dt Uy +Xx Uy +X

_y X UgZ B Ug?
N, +x (ug+2z)us+2) (uy+2zNuy +2)
Ugy

S e e

(ug+2)uy +2

Then % is negative definite and hence V; is a Lyapunov function. Thus E; is a globally asymptotically

stable and the proof is complete.
Theorem (5): Assume that, the equilibrium point E, =(x*,y*,z*) of system (2) is locally asymptotically
stable and the following conditions hold

2
G2 <, (38a)
(up +x)u, +x

1<u,ug (38b)
2
€ally ~ | <ugu,Ug (38¢c)
(Ug +2)uy +2
y<y . 1<7 (38d)

Then the equilibrium point E, of system (2) is globally asymptotically stable in the Rf .
Proof: Consider the following function

V4(x,y,z):(x—x*—x*Ini*)+{y—y*—y*lnl*J+[z—z*—z*lni*)
X y

z

Clearly V, :R® >R isa C* positive definite function. Now by differentiating V, with respect to time t and
doing some algebraic manipulation, gives that:

e

e L

Uy +2Z)Uuy +2

Ug

_%@_ Z*)z +(X_ X*)z(y_ y*)(uz + xliu2 +X i_(y_ y*XZ _Z*)(u4 +2)fu,+77)

So, by using the conditions (38a), (38b),(38c) and (38d) we obtain
2 2
Bee | Lo b by )] | oo e
2
{ U?e(y_ y*)z —,/%(Z—Z*)} +(X—X*)2(y— V)mm
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Then ddit“ is negative definite and hence V, is a Lyapunov function. Thus E, is a globally asymptotically

stable in the R? and the proof is complete.

VI.  Numerical Simulation

In this paper the dynamical behavior of system (2) is studied numerically for different sets of
parameters and different sets of initial points. The objectives of this study are: first investigate the effect of
varying the value of each parameter on the dynamical behavior of system (2) and second confirm our obtained
analytical results. It is observed that, for the following set of hypothetical parameters that satisfies stability
conditions of positive equilibrium point, system (2) has a globally asymptotically stable positive equilibrium
point as shown in Fig. (2).

Note that, from now onward the blue, green and red colors are used to describing the trajectories of
the prey X, the predator Y and the Host Z.

u; =0.6,u, =025, u3=3.9,u, =0.05,u; =2,us =0.5,u; =2

(39)
US =075,UQ =08 ,el =05 ,62 =05
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Fig. (2): Time series of the solution of system (2) that started from two different initial points (0.8, 0.7,
0.6) and (0.9, 0.3, 0.1) for the data given by Eq. (39). (a) trajectories of x as a function of time, (b) trajectories
of y asa function of time, (c) trajectories of z as a function of time.

Clearly, Fig.(2) shows that system (2) has a globally asymptotically stable point as the solution of
system (2) approaches asymptotically to the positive equilibrium point Eg = (x*,y*,z*) starting from two
different initial points and this is confirming our obtained analytical results.

Now in order to discuss the effect of the parameters values of system (2) on the dynamical behavior of
the system, the system is solved numerically for the data given in Eq. (39) with varying one or more parameter
each time. It is observed that for the data as given in Eq. (39) with u; <0.1, the solution of system (2)

approaches asymptotically to E, =(X,0,Z) inthe xz— plane as shown in Fig. (3)
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Fig.(3): Time series of the solution of system (2) for the data given by Eq.(39) with U7 < 0.1, which
approaches to (2.33,0,1.33) in xz— plane
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For the parameters values given in Eq. (39) with 0.2<u; <1.5, it is observed that the solution of
system (2) approaches asymptotically to E, = (x*,y*,z*) in the xyz —space as shown in Fig. (4)

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Fig.(4): Time series of the solution of system (2) for the data given by EQ.(39) with 0.2<u; <15,
which approaches to (0.93,0.79,0.87) in xyz —space.

For the parameters values given in Eq. (39) with 5<u, <8.8, it is observed that, the solution of system
(2) approaches asymptotically to E; = (0, ¥,2) inthe yz—plane as shown in Fig. (5).
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Fig.(5): Time series of the solution of system (2) for the data given by Eq.(39) with 5<u,; <8.8, which
approaches to (0,0.77,0.6 ) in yz—plane.

\
For the parameters values given in Eq. (39) with ug =0.01, it is observed that the solution of system

(2) approaches asymptotically to E; = (X, y,0) in the xy—plane as shown in Fig. (6).
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Fig.(6): Time series of the solution of system (2) for the data given by Eq.(39) with us =0.01, which
approaches to (0.34,1.71,0) in xy—plane.

Keeping the above in view we will summarize our obtained numerical results in the form of table as
shown below.
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Table (1): numerical behavior of system (2) as changing in a specific parameter keeping other parameters fixed
as in Eq.(39)

Parameters varied in system (2) Numerical behavior of system (2)
16< u, < 4.9 Approaches to periodic.

U, >8.9 Approaches to stable point in Int.Rf .
0.01<u, <6 Approaches to stable point in Int.Rf .

U = 7 Approaches to stable point in XZ — plane
0.01<uz; <35 Approaches to stable pointin Xz — plane.
36<u; <48 Approaches to stable point in Int.Rf )
49<uy; <12 Approaches to periodic.
ug > 12.1 Approaches to stable pointin Xy — plane.
u, =0.01 Approaches to stable pointin Xz — plane.
0.02<u, <02 Approaches to stable point in Int.Rf .

u, >0.3 Approaches to stable pointin Xz — plane.

05<ug <15 Approaches to periodic.

1.6< Ug < 21 Approaches to stable point in Int.Rf .

Us >2.2 Approaches to stable pointin XZ — plane.

0.01< Ug < 13.6 Approaches to stable point in Int.Rf .

Ug = 13.7 Approaches to stable pointin XZ — plane.

0.03<u; <04 Approaches to stable pointin Xz — plane.

u; 2041 Approaches to stable point in Int.Rf .

ug =0.01 Approaches to stable pointin XZ— plane.

0.02<ug<28 Approaches to stable point in Int.Rf.

Ug = 2.9 Approaches to stable pointin Xz — plane.

0.01<ug <22 Approaches to stable pointin Int.R3.

2.3<ug<4 Approaches to stable pointin Xz — plane.

Ug 24.1 Approaches to stable pointin Xy — plane

0.01<g <01 Approaches to stable pointin Xz — plane.

0.2<e <1 Approaches to stable point in Int.Rf .

0.01<e, <04 Approaches to stable pointin Xz — plane.

05<e,<0.6 Approaches to stable point in Int.R3.
0.7<e,<1 Approaches to periodic.

VII.  Conclusion And Discussion

In this paper however, an investigation is devoted to an analytical study of a food web consisting of
three species Syn-Ecological system involving a general predator with Holling type-11 functional response.

The existence, uniqueness and boundedness of the solution of the system are discussed. The existence
of all possible equilibrium points is studied. The local and global dynamical behaviors of the system are studied
analytically as well as numerically. Finally to understand the effect of varying each parameter on the global
dynamics of system (2) and to confirm our obtained analytical results, system (2) has been solved numerically
for a biological feasible set of hypothetical parameters values and the following results are obtained:

1. For the set of hypothetical parameters values given Eq. (39), the system (2) approaches asymptotically to
globally stable positive equilibrium point.

2. For the set of data by Eq.(39), system(2) has a globally asymptotically stable positive point in the Int.Rf .
However as the attack rate u; decreases then the predator species will faces extinction and the solution of
system (2) approaches to E, :(7(,0, Z) in the first quadrant xz— plane .while increasing u; will causes
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destabilizing of system (2) and the point in the Int.Rf .it is observed that the conversion rate parameter e;
and the intrinsic growth rate.

3. Asthe half saturation rate u, decreases keeping the rest of parameters as in Eq. (39) then again the solution
of system(2) approaches asymptotically stable positive point in the Int.Rf_. Otherwise the systems still have
approaches to E, =(X,0,Z) in the first quadrant xz— plane. It is observed that the half saturation rate
parameter u, and the carrying capacity rate ug .

4. As the attack rate u, decreases keeping the rest of parameters as in Eq. (39) then again the solution of
system (2) approaches to E, =(X,0,Z) the fist quadrant xz— plane. Otherwise the systems still have
approaches to E; = (X, y,0) in the first quadrant xy— plane.

5. Asthe natural death Ug decreases keeping the rest of parameters as in Eq. (39) then again the solution of
system (2) approaches to E; =(X,y,0) the fist quadrant xy— plane. Otherwise the systems still have
approaches to E, =(X,0,2) in the first quadrant xz — plane.

6. As the attack rate ug decreases keeping the rest of parameters as in Eq. (39) then again the solution of
system(2) approaches asymptotically stable positive point in the Int.Rf . Otherwise the systems still have
approaches to E; = (X, y,0) in the first quadrant xy — plane.

7. As the conversion rate e, decreases keeping the rest of parameters as in Eq. (39) then again the solution of
system (2) approaches to E, =(X,0,Z) the fist quadrant xz— plane. While increasing e, will causes
destabilizing of system (2) and the solution approaches to a limit cycle in Int.Rf.
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