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Abstract: In this paper, we availed the opportunity of extending the concepts of Babu.G.V.R, Sarma.K.K.M,
and Kumari.V.A [9] by introducing a pair (f,g) of weak generalized (¢r,r)— contractive maps with

rational expressions and prove the existence of common fixed points when (f, Q) is a pair of weakly
compatible maps and the range of ¢ is complete in partially ordered patrial b - metric spaces where f is a
triangular (o, g)— admissible map. Further, we also extend the same conclusions by relaxing the

condition ‘range of Q is complete ', but by imposing reciprocally continuity of (f, Q) and compatibility of
(f, Q) in complete partially ordered patrial b - metric spaces. Our results are the extensions of the results of

Babu.et.al [9] for partially ordered patrial b - metric spaces.
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I.  Introduction and preliminaries
The existence and uniqueness of common fixed points by using weak commutativity assumptions
under more general contraction conditions having rational expressions in partially ordered patrial b - metric

space is our present interest. In 2012, Samet.et.al [17] introduced a new concept namely (&) — contractive
mappings which generalize contractive mappings and proved the existence of fixed points of such mappings in
metric space setting. In Babu.et.al [9], V' denotes the family of non-decreasing functions ¥ : [0, 00) — [0, o0)

such that y is continuous on [0,0) and Z::fr’/n(t) < oo for each t >0, where " is the Nth iterate of

W,
Remark(Babu.et.al [9]): Any function 7 € P satisfies limy"(t) =0 and w/(t) <t foranyt>0
n—oo

Definition 1.1: (Samet.et.al [17]) Let (X,d) be a metric space f : X — X ,and a: X x X —[0,0) . We
saythat f is a— admissible, if X,y € X,a(X,y) >1= a(fX, fy)>1. (1.1.1)
Definition 1.2: (Babu.et.al[10]) Let f,Q be two self maps on X . Let a: X x X —[0,0) be a function.
Wesaythat f is («, g)— admissible map, if for X,y € X,a(gX, gy) 21= a(fx, fy) >1. (1.2.1)
Definition 1.3: (Samet.et.al[17]) Let (X,d) be a metric space, and let f:X —> X and
o XxX —[0,0). Wesaythat f istriangular &z — admissible, if

(i) T is a— admissible; and

(i) a(X,y) 21, a(y,z) 21 = a(x,z) =1 forall X,y,z€ X . (1.3.1)
Definition 1.4: (Samet.et.al[17]) Let (X,d) be a metric space and f : X — X be a self map . If there exist
two functions o : X x X —[0,00) and weW¥ such that a(X,y)d(fx, fy)<w(d(x,y)) for all
X,y € X , then wesaythat f isa () — contractive mapping.

Definition 1.5: (Arshad.et.al[1]) Let (X, d,<) be a partially ordered metric space. A self mapping f on X is
called an almost Jaggi contraction if it satisfies the following condition:
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there exist o, # €[0,1) with ¢+ # <1 and L >0 such that

d(fx, fy) <ol (X’;’&di)y’ ™) L gd(x, y)+ Lmingd(x, y), d(x, fy),d(fx, y)} (15.1)

forany X,y € X withx <y

Definition 1.6: Let f,Q be two self mappings on X . Let : X x X —[0,0) be a function. We say that
the map f istriangular (&, g) — admissible map if

(i) T is (a,g)— admissible; and

(i) a(9x,9y) =1, a(9y,0z) >1= a(gx,gz) =1 forall X,y,ze X (1.6.1)
Remark: Let f be a triangular (&, g)— admissible mapping and suppose f(X) < g(X). Assume that
there exists X, € X such that a(gX,, fX,) =1 . Define a sequence {X.} by 0X,,= fX . Then
a(9X,,09X,) =1 forall m,nell withm<n.

Definition 1.7: Let (X,<) be a partially ordered metric space and suppose that f : X — X be a mapping.
If there exist two functions & : X x X —[0,0), ¢y €V and L >0 such that

(%, Y)d(B, Ty) <y (M (x y) + LN(x, ) )
where
max{d (x. y) d(x,;x)d(fy, y) ’ d(x,oll‘y)d(fx, y) | d(x, fx)d(x, E;)er(y, fy)d(y, fx)}
M (x,y) =1 (x,y) (xy) (X, Y)
’ if x2y,x=<y
=0if x=y

and N(X,y)=min{d(x, fx),d(x, fy),d(y, )}, X,y € X with X<y, then we say that
f isaweak generalized (&,) — contractive map with rational expressions.
We extend the above definition for two maps f and @ .

Definition 1.8: Let (X, <) be a partially ordered metric space and let f, g be two self maps on X . If there
existtwo functions & : X x X —[0,00), v € ¥ and L >0 such that

a(gx, gy)d(fx, fy) <y (M(x,y)) + LN(X,y) (1.8.1)

where
d(gx, &Xx)d(gy, fy) d(gx, fy)d(fx,gy) d(gx, fx)d(gx, fy)+d(gy, fy)d(ay, fX)}
d(gx,gy) ~  d(ox.gy) 2d (gx, gy)

max{d (gx, gy),

M(X,y)=<if X£y,x<y
=0if x=y

and N(X,y)=min{d(x, fx),d(x, fy),d(y, )}, X,y € X withx <y, then we say that (f,Q) is a
pair of weak generalized («,l)— contractive map with rational expressions.

Babu.et.al.[9] concluded that the class of (f, Q) weak generalized (,1) contractive maps with rational

expressions is more general than the class of almost Jaggi contraction maps which in turn, it is more general
than the class of all Jaggi contraction maps.

Theorem 1.9: (Babu.et.al.[9]Theorem 3.1.) Let (X,<) be a partially ordered set and suppose that there is a
metric d on X such that (X,d) is a metric space. Let f,g: X — X be two self maps on X . Suppose
that f is a triangular (¢r,g)— admissible and g — non-decreasing mapping. Suppose that there exist two
functionsar : X x X —[0,00), w €W and L >0 such that such that (T, Q) is a pair of weak generalized
(a, ) — contractive maps with rational expressions. Also, assume that:
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(i) X < gX;

(ii) there exists X, € X such that ax(gX,, fX;) =1 with gx, < fx,

(iii) g(X) is a complete subset of X

(iv) if {gX,} is a non-decreasing sequence in X such that gX, — gX as N —> oo then gX = Sup{gx,}
and gX, < ggXx

Then f and g have a coincidence point.

Corollary 1.10: (Babu.et.al.[9]Corollary 3.2.) Let (X,<) be a partially ordered set and suppose that there is a
metric d on X such that (X,d) is a complete metric space. Let f : X — X be a non-decreasing mapping.
Suppose that there exists a function «: X xX —[0,00) and a constant K€ (0,1) such that

a(x, y)d(fx, fy) <k max{d(x, y), 3& f;‘)(; ‘igy )y (1.10.1)

forall X,y e X with X<y, X # Y. Also, assume that

(i) T is a— admissible

(ii) there exists X, € X such that ar(X,, fX;) =1 with X, < f(X,); either

(iiiy T is continuous; (or)

(iv) {X,} is non-decreasing in X such that X, —X as N-—>oo then X=Ssup{X,} and also
a(X,,X) =1and (X, fx) =1. Then f has a fixed point.

Theorem 1.11: (Babu.et.al.[9] Theorem 3.3)In addition to hypotheses of Theorem 3.1 of Babu.et.al.[9] if f and
g are weakly compatible then f and g have unique common fixed pointin X .

Theorem 1.12: (Babu.et.al.[9]Theorem 3.4.)Let (X,<) be a partially ordered set and suppose that there exists
ametric d on X suchthat (X;d) is a complete metric space. Let f,g: X — X be two self mapson X .
Suppose that f is a triangular (¢r, g) — admissible and g — non-decreasing mapping. Suppose

that there exist two functions & : X x X —[0,00),y € ¥ and L >0 such that (f, Q) is a pair of weak
generalized (&,) — contractive maps with rational expressions. Also, assume that

(i) X <oX;

(i) f and g are compatible;

(iii) there exists X, € X such that az(gX,, fX,) =1 with gX, < fX,;

(iv) T and g are reciprocally continuous. Then f and g have a coincidence point. Moreover, f and g

have a unique common fixed pointin X .
Corollory 1.13: (Babu.et.al.[9]Corollary 4.1.) Let (X,<) be a partially ordered set and suppose that there

exists a metric d on X such that (X,d) is a complete metric space and let f: X — X be a weak
generalized (cr,)— contractive map with rational expressions. If there exists X, in X such that
X, < T (X,) with a(X,, f(X,)) =1 and f is non-decreasing. Further assume that for any non-decreasing
sequence {X }, where X, = f(X,,), N=12,3,... in X converges to U then X, <U for all n>0.
Then f has a fixed pointin X .

Corollory 1.14: (Babu.et.al.[9]Corollary 4.2.) Let (X,<) be a partially ordered set and suppose that there
exists a metric d on X such that (X,d) is a complete metric space and let f: X — X be a weak
generalized (c,i)— contractive map with rational expressions. If there exists X, in X such that

X, < F(X,),if f isnon-decreasing and continuous. Then f has a fixed pointin X .
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Il.  Main result
In this section, we introduce a pair (f, Q) of weak generalized (,)— contractive maps with

rational expressions and prove the existence of common fixed points when (f,Q) is a pair of weakly
compatible maps and the range of g is complete in partially ordered partial b - metric spaces where f is a
triangular (@, @) — admissible map. Further, we prove the same conclusion by relaxing the condition 'range
of g is complete', but by imposing reciprocal continuity of (f,g) and compatibility of (f, Q) in complete
partially ordered partial b - metric metric spaces. Our results generalize the results of Babu.et.al [9]. In the
following, ‘¥’ denotes the family of non-decreasing functions  :[0,0) — [0,0) such that i is continuous

on [0,%0) and Zt//”(t) < oo foreacht >0, " isthe N iterate of y

n=1
. t
Remark: Any function y eV, satisfies limy"(t)=0 and w(t)<— for any t>0and s>1 is the
n—oo S

coefficient of the partially ordered partial b - metric space (X, <, p). We begin this section with the following
definition Shukla [19] introduced the notation of a partial b - metric space as follows.

Definition 2.1: (Shukla.S [19]) Let X be a non empty set and let S>1 be a given real number. A function
p: X xX —[0,0) is called a partial b - metric if for all X,y,Z € X the following conditions are
satisfied.

(i) x=y ifandonlyif p(x,x) = p(x,y) = p(y,y)

(i) p(x,x) < p(x,y)

(i) p(x,y) = p(y,x)

(iv) p(X,Y) < s{p(x,2)+ p(z,y)} - p(z,2). The pair (X, p) is called a partial b - metric space. The
number S >1 is called a coefficient of (X, p).

Definition 2.2: (Z.Mustafa [15]) Suppose (X,<) is a partially ordered set and P is a partial b — metric with

S >1 as the coefficient of (X, p). Then we say that the triplet (X, <, p) is a partially ordered partial b -

metric space. We observe that every ordered partial b - metric space is a partially ordered partial b - metric
space.

Definition 2.3: (Z.Mustafa [15]) A sequence {X.} in apartial b - metric space (X, p) is said to be:
(i) convergent to a point X € X if lim p(X,,X) = p(X,X)
n—o0

(ii) a Cauchy sequence if lim  p(X,, X,,) exists and is finite
n,m—o

(iii)a partial metric space (X, p) is said to be complete if every Cauchy sequence {Xn} in X converges to a
point X € X suchthat lim p(x,,X,) = lim p(X,,X) = p(X,X).
n,m—o0 n—o

Now we introduce the notions of compatibility, weak compatibility and reciprocal continuity of two self maps
on a partially ordered partial b - metric space.

Definition 2.4: Two self maps f and Q of a partially ordered partial b - metric space (X,S, p) are said to

be compatible if lim p(fgx,, gfx,) =0 whenever {X.} isasequencein X such that
nN—oo

lim p(fx,, x,) = lim p(fx,,u) = p(u,u)=0, lim p(gx,,0x,) =lim p(gx,,u) =
m,n—o0 n—oo m,n—o0 n—oo

p(u,u) =0 for some U € X
Definition 2.5: Two self f and g of a partially ordered partial b - metric space (X, <, p) are said to be
weakly compatible if they commute at their coincidence points. That is fu =gu for some U e X , then

fgu = gfu.
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Definition 2.6: Two self maps f and Q are said to be reciprocally continuous in a partially ordered partial b -
metric space (X,<, p) if mlLer p( fgx,, fox,) :rl1|_r)2 p(fox,, fz) = p(fz, fz)=0 and

ml!]rl]w p(afx,, gfx.) :!ll_rﬂ p(ofx,, fz) = p(9z,9z) =0 whenever {x } isasequencein X with
Tim  p(f, ) = lim p(fx,2) = p(z2)=0eand lim  p(gx,, %) = lim p(gx,.2)
=Y p(z,z) =0 forsome z e X |

Definition 2.7: Let (X, <, p) be a partially ordered partial b - metric space and let f, g be two self mappings
on X . If there exist two functions & : X x X —[0,00), ¢y € ¥ and L >0 such that

a (9%, gy) p(fx, fy) <y (M(x,¥)) +L.N(X,Y) (2.7.1)
Where M (X,y) =

ox, X)p(ay, fy) p(gx, fy)p(fx,gy) p(gx ) p(gx fy)+ p(gy, fy) p(ay, fX)}
2sp(gx.gy)  2sp(gx.gy) 4sp(gx, gy)

max{ p(gx, gy),

if Xx£y,Xx<y
=0if x=y

and N(x,y)=min{p(x, fx), p(x, fy), p(y, X)}, X,y € X withx <y, then we say that (f,Q) is a
pair of weak generalized (c,) — contractive map with rational expressions.

Now we state the following useful lemmas, whose proofs can be found in Sastry. et. al [18].

Lemma 2.8: Let (X,<, p) be a complete partially ordered partial b - metric space with S> 1. Let {X } bea
sequence in X such that

@ lim x, =x, !m y, =Y and Lm p(x,,Y,)=0 =>x=Yy

n—oo

n—oo n—oo

(ii) ,Iﬂl pP(X,,X,,,)=0and lim x =X, lim X =Yy Then llgr; p(X,,X) = !Eg p(x,,y) = p(X,y)
and hence X=1Y

Lemma2.9: (i) p(X,y) =0 = x=y

(ii) ,!EQ p(x,,X)=0 = p(x,x) =0 and hence X, — X as N —>o0

Lemma 2.10: Let (X,<, p) bea partially ordered partial b - metric space with coefficient S > 1.
Let {X.} be asequencein X suchthat lim p(x,,x,,)=0.
n—oo

Then (i) {X.,} isa Cauchy sequence = lim p(x,,X,)=0.

m,n—oo
(i) {x.,} is not a Cauchy sequence = 30>0 and sequences {m},{n}a m >n, >kell ;
pP(X,,,X,)>0and p(X ,) <0

Proof (i) Suppose {X,} is a Cauchy sequence then lim p(X,,X,) exists and finite. Therefore
m,n—oo

n? ka

0-1m Bt %, fim 5,1
Therefore lim p(x,,x,)=0.
m,n—o0
(ii) {x.} isnota Cauchy sequence = lim p(X,,X,) =0 if it exists
m,n—o0

= J0>0andforevery N and m,n>Na p(x,,Xx,)>0
o limp(x,,X,,,)=0 = IM a p(x,,X,,,) <ovn>M
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Let N; > M and n, be the smallest such that m>n, and p(X, , X, ) >0 for atleastone m.
Let M, be the smallest such that m; >n, >N, >1and p(X,,X, ) >0
so that P(X,,X, 1) <0 . Let N, >N, and choose m,>n,>N,>24 p(X,,X,)>0 and

p(xn2 ' sz—l) < b
Continuing this process we can get sequences of positive integers {m, } and {n, } such that m, >n, >k and

p(xm7xn)>b’ p(xnk’xmk—l) S(‘)

Now we state and prove the first main result:
Theorem 2.11: Let (X,<, p) be a partially ordered partial b - metric space with coefficient S> 1. Let

f,g: X — X be two self maps on X . Suppose that f is a triangular (&, ) — admissible and g — non-
decreasing mapping. Suppose that there exist two functions & : X x X —[0,0), iy € W, and L2 0 such

that (T, Q) is a pair of weak generalized («,) — contractive maps with rational expressions. Also, assume

that
(i) X coX;

(ii) there exists X, € X such that a(gX,, fX;) =1 with gx, < fx,

(iiiy g(X) is a complete subset of X

Then f and g have a coincidence point.

Proof: Let X, € X be as in (i) , a(gX,, ;) =1 with gx, < fX,. Since fX < gX , we choose X, € X
such that gx, = fX,. Since gX, < fX, =0x , and f is g-non-decreasing, we have fx; < fx, so that
gX, < gX, . By using the similar argument we choose a sequence {X } in X with fx, =gx , for
n=12,.. (2.11.1)

Further, since gX, < X, and f is g — non-decreasing, we have fx, < X, so that X, < gX,. Inductively,
it follows that gX, < gX., forall n=0,1,2,... (2.11.2)

Now, a(9%,, 9% ) =a(gX,, fX,) =1, and by using the property that f isan (c, g)— admissible map, we
have a(fx,, fx,) >1, i.e., a(gx, gX,) >1. By a repeated application of this property a( fx;, fx,) >1 i.e.
a(9%,,0%;) =1 and inductively, it follows that a(fx,, fx ,)>1 ie. a(gX,,, 0X,.,)=1 for all
n=0,123,.. (2.11.3)

If gX,,, =0X,,,, forsome n,then gx.,, = fX , sothat X , isa coincidence pointof f and .

If OX,,, # OX,,, forall n, then we have P(gX..;,9X,.,) # 0. Now, from (2.11.1); (2.11.2) and (2.11.3),
We have

p(gxn+2’ an+l) = p( fxn+1’ an) < a(gxn+1' gxn) p( an+1' fxn) < ‘//(M (Xn+1’ Xn)) + LN (Xn+l’ Xn)

where

M (Xn+l' Xn) = maX{p(ng_l, gX

) P(9Xy.a, Xo0) P(OX,, X)) | P(9Xy0 FX0) P(X,0s OX,) |
" 2Sp(gXy.1, 9X,) 2p(9X,.1, 9X,)
P(DXpiar PXoaa) P(OXo0 X0) + P(OX,, FXo00) P(OX,s fxn)}

4sp(9X%,.1, 9X,)
P(OX1s O%ni2) P(9%0s O%oia)  P(9%i1s 9%ain) P(OXoi2, OX,)
2sp(9X,.1, 9%,) ’ 2sp(9X.1, 9%,) ’
P(9Xn.1) 9%ai2) P(9Xi15 9%nia) + P(OX,, 9X0) P(OX,, an+1)}
4sp(gX,.1, 9%,)

= max{p(gxn+l’ gxn)’
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p(gxn+l1 gxn+2) p(gxn+21 an) p(gxml’ an+2) + p(gxn’ an+2)
n+1? gxn)’ ’ y }

2s 2s as
(since p(an+1’ an+1) = p(gxn’ an+1))

gxn)1 p(gxml’ gxn+2) , p(gxn+2’ gxn)}
23 2S
1
< max{p(gxm-l’ an), p(an+1’ an+2)' E[Sp(gxni an+1) + Sp(an+1' an+2) - p(gxn+1’ gxn+l)]}

< max{p(gx

< maX{ p(gxn+l’

1
< max{p(gxn+11 gxn)1 p(gxml’ an+2)’ E[ p(gxn’ gxn+1) + p(gxn+1’ an+2)]}
< max{p(gxn+l' ng)! p(gxn+1’ gxn+2)}

and

N(Xn+1’ Xn) = min{p(gxn+l' an+1)’ p(an+1’ an), p(an’ an+1)}
= min{p(gxn+1l an+2)' p(gxm-l’ gxn+l)' p(gxnl gxn+2)}

= p(gxn+1’ gxn+l)
. Ontaking L=0
= P(9X2r 9%op1) Sw(Max{p(gX,,1, 9%,), P(9X,,1s 9X,12))

1
< E maX{ p(an+l1 an)’ p(ng—l’ an+2)} (2-11-4)

SUppOSG max{p(gxn+1’ an)! p(gxn+l’ an+2)) = p(gxn+l’ gxn+2)
then SP(QX,.,, 0X,.;) < P(OX,.,, 9X,,;) . a contradiction.
. maX{p(anﬂ, an)! p(gxn+1’ an+2)) = p(gxm an+1)

g p(an+1’ an+2) < p(an+1’ an)
. Sequence {p(gX,, gX,.,)} is strictly decreasing and converges to r say,
. lim p(gx,,09X,,,) =r>0. Suppose >0

nN—oo

1
R p(gxml’ an+2) < l//( p(gxn+1’ gxn)) < g p(gxml’ gxn)

Allowingas N > =T </(r) < 2 a contradiction.

~ r=0

Now we claim sequence {gX,} is a Cauchy sequence. Assume that {gX_} is not a Cauchy sequence. Then by
lemma 2.10 36>0 and sequences {m,} , {n,} ; m >n >k such that p(gx, ,9x,) =0 and
P(9Xy, 1. 9%, ) <O.

0 p(g¥,, %, )}

= P(fxg 10 B, 1) Sw(M(X;, 10X, 1)) +LN(XG, 10X, ) (2.11.5)

where

M (X, 10 %5, 1)
P(9%, 1 P, 1) P(@%n, oo Py ) PO, s X, ) P(OX, s X, )

25p(9Xp, 1, 9%, 1) ’ 259Xy, 1s 9%y, 1) '
POy, 1 X5 ) PCOXs, oy X )+ P(OX, o, X5 1) POOX, 4, fxnk,l)}
4p(9X, 11 9%, 1)

= max {p(ngk_y gxnk—l) !
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P(OX, 1, 9%, ) P(OXy, 40X, ) P(OX,, 1, 9%, ) P(OX, 4, O, )
ZSp(ngk -1 gxnk—l) | ZSp(ngk_l, ank —1) ,
P(OX, 10 0% ) P(OX, 1, 0%, )+ P(OX, 4, 9%, ) P(OX, 1, OX; )
4sp(9%y, 1 9%, 1)
P(OXn, 12 0%, ) P(OX, 1, X, )
2p(9%n, 11 9% 1)
< max {sp(gX,, 1, 9%, ) + SP(gX, , 9%, ;) —P(9X, ,9X, ).
o(SP(9X,, 19Xy 1) +SP(IXy, 1, 9%y, ) = P(OXy, 1y OX, 1)) )
2sp(9%y, 1 9%, 1)

= max {p(Q¥,, 1 9%, 1) .

=max {p(gX,, 1, 9%, 1) 0. , 0 3, for large K

.0
< max{so, E},for large K
=50 for large k
SOy (M (X, 4, %, 1)) <w(S0) < o, acontradiction. (2.11.6)
Consequently {gX,} is a Cauchy sequence.
- lim p(gX,, . 9%, J}=0
Therefore {gX,} is a Cauchy sequence in (X,<, p). Since g(X) is complete, there exists Z € g(X)
suchthat limgx, ., = lim fx, =gx =1z forsome Xxe X = gx_,; < 9X. (2.11.7)
N—o0 N—o0
. a(anJrl’ gX) 2 l

To showthat gx = fX.
Suppose QX = fX.

we have P(0X,.s, ) = P(1X,, ) < (@1, 9X) P( %, ) < (M (x,, X)) + LN(X,,X)

where

M (X, X) = max{p(gx,, 9x),

n+1

p(gx,, fx,) p(gx, x)
2sp(gx,, gx)
p(gx,, &X)p(fx,,gx) p(gx,, iX,) p(ax,, &)+ p(gx, ) p(gx, fxn)}

2sp(9%,, 9x) 4sp(gx,, 9x)
— max{p(gx. , gX), P(9X,, 9%,.0) P(GX, fX), p(gx., fX) p(gx..,, 9X)
2sp(gx;, 9x) 25p(gx,, gx)

P(9X,, 9%,.) P(9X,, FX) + p(gx, fX) p(gX, gxn+1)}
4sp(gx,, 9x)
p(9x,, ) p(gX,.., 9%) p(gX, X) p(gX,., 9X)
gx)’ 01 3
2sp(gx,, 9x) 4sp(gx,, 9x)

= max{p(gx,,
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), P(9X,, P){sP(9%,.., 9X,) +SP(9X,, 9X) — P(GX,, 9X,) |
2sp(gx,, 9X)
P(gx, P){sP(9X..1, 9X,) +SP(9X,, 9X) — P(OX,, gxn)}
4sp(gx,, gx)
), 2L DOLSP(9%,.1, 9%,) +5P(9%,, 9¥) — P(9%,, 9%)
2sp(gx,, 9X)
P(gx, P){sP(9X..1, 9X,) +SP(9X,, 9X) — P(9X,, gxn)}
4sp(gx,, gx)
gx), P(@%, PILSP(G%,1, 9%,) +5P(9%,, )] P(GX, DITSP(GX,., 9%,) +5P(9%,, O]y
2sp(gx,, 9x) 4sp(gx,, 9x)

< max{p(gx,, gx

< max{ p(gx,

< max{p(9gx,

< maX{p(an’ gx), p(gxzn’ fX)’ D(QZ, fX)}

N(x,, X) =min{p(gx,, fx,), p(gx,, x), p(gx, fx,)}
=min{p(gx,, gX,.,), P(9X,, X), p(gx, fx,)}=0
"~ P(GXys TX) <y (M (X, X) =w[max{p(gx,,

Allowing as N — oo

gx), P(P%: &)

p(gx, &)
5 3

4

p(gx, 7)< max{p(gx, 0, XLy

p(gx, fX) <% p(gx, fX), (since p(gx, gx) < p(gx, fx)), a contradiction.

o p(ox, iX) =0= gx = fx

", X is a coincidence pointof f and g .

Corollary 2.12: Let (X,<, p) be a partially ordered partial b - metric space with coefficient S>1. Let
f : X — X be a non - decreasing mapping on X . Suppose that f is a triangular (&, g) — admissible and
g — non-decreasing mapping. Suppose that there exists a function «: X x X —[0,00) , and a constant

ke(0,1) such that (X, y)sp(fx, fy) <k max{p(x,y), P(X, %) (Y, fy)} for all X,y € X with
2sp(x, y)

X<V and X # Y. Also, assume that

(i) T is a¢— admissible;

(ii) there exists X, € X such that ar(gX,, fX,) =1 with gx, < fx, either

(iii) T isa continuous (or)

(iv) X, is non-decreasing in X such that X, — X as N —> oo then X =Ssup{x,}; and also a(X,, X) =1 and
a(x, fx)>1.

f has a fixed point. Then f and g have a coincidence point.

Proof: The conclusion of this corollary follows by taking g =1,; w(t)=kt,t >0 and L = 0, in Theorem

2.11.
Theorem 2.13: In addition to the hypotheses of Theorem 2.11, if f and ¢ are weakly compatible then f

and g have a unique common fixed pointin X .

DOI: 10.9790/5728-1203040113 www.iosrjournals.org 9| Page



Common Fixed Point Theorems Of Weak Generalized (a,)— Contractive Maps In Partially ..

Proof: From the proof of Theorem 2.11 we have gX_ is non-decreasing sequence that converges to gX and
fXx = gx . Further we can show that p(ggz,gz)=0. Since f and g are weakly compatible, we have
fgx =gfx i.e., gx= fgx=0gx . Hence fz=gz=2,sothat f and g have a common fixed point z.

Uniqueness: Let z and z" be two common fixed pointsof f and g i.e.,, fZ=9gz=z and fz'=qgz' =7’

To showthat z=2'
we have p(z,2") = p(fz, iz') < a(gz,9z") p(fz, ') <w(M(z,2")) + L.N(z,2")

where

M (2, 2') = max{p(gz, gz"), P92 ) P(97', 12) p(gz, ) p(z, g7

2sp(gz,92') ' 2sp(gz,g7)
p(gz, fz) p(gz, fz') + p(gz’, fz) p(gz’, fz)}
4sp(gz, 9z')
i} Z,0Z Z,, Z, Z, Z’ Z, Z!
_ max{p(gz, gz'), P g)p(g'g ) p(gz.g )p(g,g )
2sp(9z, 9z') 2sp(gz, 9z")
p(9z,92) p(92, 97') + p(g2’, 92) P(97', 92),
4sp(gz, 9z')
' Z,0z z,97’ z,92)+ p(gz’, 9z’
<max{p(gz, 9z"), p(92 9 )1 p(9z.9 )’ p(gz,9z) + p(9z', g )}
S 2s 4s
' Z,0z z,07'
<max{p(gz, g7, |0(g2 9z) p(ez.g )}
S 2s
= p(9z,92))
=p(z,2)

N(z,z") =min{p(gz, fz), p(9z, fz'), p(9z’, fz)}
=p(z,z) for L=0

= p(z,2) <y(M(z,2)
= p(z,7') <% p(z,2), a contradiction.

. p(z,2")=0

nz=17

Hence uniqueness

Theorem 2.14: Let (X,<, p) be a partially ordered partial b - metric space with coefficient S>1. Let

f,g: X — X be two self maps on X . Suppose that f is a triangular (&, ) — admissible and g — non-
decreasing mapping. Suppose that there exist two functions & : X x X —[0,0), y e, and L >0 such

that (T, Q) is a pair of weak generalized («,) — contractive maps with rational expressions. Also, assume
that

(i) X cgX;

(i) f and g are compatible

(iii) there exists X, € X such that a(gx,, fX;) =1 with gx, < fX,

(iv) f and g are reciprocally continuous.

Then f and g have a coincidence point.

Moreover, f and g have a unique common fixed pointin X .
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Proof: As in the proof of Theorem 2.11, for X, € X of (iii), we choose {X_} in X that satisfies X, = gX,,,
for n=1,2,... and that {gX,} is a Cauchy sequence in X . Since (X,=<, p) is complete, there exists
z e X suchthat limgx, =z. Hence limgx, =lim fx, =z.

N—o0

N—o0 n—0

Since f and g are reciprocally continuous, we have lim fgx, = fz and limgfx =gz Since f and @

n—o0 nN—oo
are compatible, we have lim p(fgx,, gfx,) =0 sothat p(fz,gz)=0.
n—o0
Hence fz = gz sothat z is a coincidence pointof f and @ .
Now, since every compatible pair is weakly compatible, by applying Theorem 2.13 it follows that f and g

have a unique common fixed point in X .
By choosing g = I, in Theorem 2.11, we have the following corollary.

Corollary 2.15: Let (X, =<, p) be a complete partially ordered partial b - metric space with coefficient

s>1. Let f:X — X be weak generalized («,)— contractive map with rational expressions.

If there exists X, € X such that X; < X, with a(X,, fX,) =1 and f is non - decreasing. Further, assume
that for any non-decreasing sequence {X }, where X, = fX ,,n=12,... in X converge to U, then
X, <U forall N >0.Then f hasa fixed pointin X .

By choosing g = IX in Theorem 2.14, we have the following corollary.

Corollary 2.16: Let (X,=<, p) be a complete partially ordered partial b - metric space with coefficient S > 1.
Let f:X — X be weak generalized (cr,r)— contractive map with rational expressions. If there exists
X, € X such that X, < fX,,if f isnon - decreasing and continuous. Then f has a fixed point in X .

Example 2.17: Let X ={O,1,%,%,...,%} with usual ordering.
Oif x=y
lif x=ye{0,1}

Define p(X,y) = : 11111
X— If Xa 01_1_1_1_1_
X=ylitxyet0s. 7 58100
4otherwise

8
Clearly, (X,<, p) is a partially ordered partial b - metric space with coefficient S = §

( Kumam.P.et.al [15])
Define f,g: X — X by

H:flzf1=flzflzlzf1=f1=f1=f1:f£=f0
2 3 4 5 2 6 7 8 9 10
1
= f()=()
and
lif1£n£5
2

1 1. 11
—)=9=if6<n<10 =g(X)={Z,=
g(n) 9 n 9(Xx) {2 9}

1
0==
=0
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“F(X)cg(X)c X and g(X)<g(y)= f(X)< f(y)

is g - non decreasing

Define /; :[0,0) — [0,0) by y(t) = %

W~
A

a(X,y)=2VxyeX
For X,ye X and X#Yy = p(fx, fy)=0 and M(X,y) >0 forall gx = gy,
p(fx, fy) <a(x, y) p(fx, fy) < (M (X, y)) + LN(x, y)

111 . .
Clearly 1,—,=,—, = are coincidence points.
2345

1—£—g£:>fgl—£—gfl = f and g are weakly com atibleatleX
2 2 "2 72 2 2 yeome 2

Clearly g—:l lzfi.
9 2 10
1 1
'—eth— :> 9% < P :gE:gxl
:>fx1— lzlzgl:gxl
2 2 2

1
Therefore E € X is the unique fixed point. The hypothesis and conclusions of of theorem 2.11 satisfied.

Open Problem : Is theorem 2.11 true if ¥_ defined independent of S ?
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