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I.  Introduction
Let f bea 27 periodic functionandlet f € L [0,27], p>1. The fourier seriesof f at X isgiven by

%ao + i(an cosnx +b, sin nx) (1.2)
n=1
Let S,(X) denote the nth partial sums of (1.1). We know ([6],p.50)that
1 o
5,() = (x) == [¢,(u)D, (u)du (12)
T
where ¢, (u) = f(x+u)+ f(x—u)-2f(x) (1.3)
L sin(k +1)u
D, (u) = =+ cosku = —uz (1.4)
2 = ZsinE

Riesz Means:
Let Zan be an infinite series of partial sum {S,}. Let b be a sequence of numbers such that
B, =b, +b, +...+b,,B, #0(n = 0)
Then the transformation
1 n
t, =— > b,s, (1.5
Bn k=0

is called the Riesz means or (R,b,) means of the series Zan or the sequence S, .

Modulus of Continuity:

Let A=R,R+[a,b]=R or T (which usually taken to be R with identification of points
modulo 27 ).

The modulus of continuity W( f,t) =w(t) ofafunction f on A can be defined as

w(t) =w(f,t)= sup | f(X)— f(y)|,t=0.

FRiey

Modulus of Smoothness:
The k™ order modulus of smoothness [2] of a function f : A— R is defined by

w, (f,t) = sup{sup| A (f,x)|:x,x+khe A},t>0 (L6)
O<h<t
where
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k
k
ACE ) =YD [f(x+in),keN. @)
i=0

For k =1,w,(f,t) iscalled the modulus of continuity of f . The function W iscontinuousat t =0 ifand
only if f is uniformly continuous on A, that is f eC(A). The k™ order modulus of smoothness of
fel,(A),0<p<o orof feC(A),if p=co isdefined by

Wk(f’t)p:Sup”Akh(fi')”pltZO (18)

0<hst
if p>1,k=1,then w,(f,t), =w(f,t), isamodulus of continuity (or integral modulus of continuity). If
p=oo,k=1 and f is continuous then W, (f,t)  reduces to modulus of continuity W(f,t) or
w(f,t).
Lipschitz Space:
If feC(A) and

w(f,t)=0(t"),0<a<1 (1.9)

then we write f e Lipa. If w(f,t)=0O(t) as t = 0+ (in particular (1.9) holds for  >1) then f
reduces to a constant.

If fel,(A),0<p<oo and
w(f,t), =0(t"),0<a<1l (110
then we write f € Lip(, p),0< p<oo,0<a<1.

The case & >1 is of no interest as the function reduces to a constant, whenever
w(f,t), =0()ast—>0+ (111)

We note thatif p=o0 and f ec(A),then Lip(c, p) classreducesto Lipa class.

Generalized Lipschitz Space:
Let @ >0 and suppose that k =[ar]+1.For f el (A),0<p<oo,if

w, (f,t)=0(t"),t>0 (1.12)

then we write
f eLip’ (o, p),a>0,0< p<oo (1.13)
and say that f belongs to generalized Lipschitz space. The seminorm is then

[F] . =suptw(f.1),),

lp (alp)  ap
It is known ([2], p-52) that the space Lip (c, L,) contains Lip(a,L,). For 0<a <1 the spaces
coincide, (for p =oo, it is necessary to replace L, by C of uniformly continuous function on A). For
O<a<land p=1 thespace Lip (a,L,) coincidewith Lipc.
For a =1, p =0, we have

Lip(1,¢) = Lip1 (1.14)
but

Lip™(1,C) =z (1.15)
is the Zygmund space [5] which is characterized by (1.12) with k =2,
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Holder (H , ) Space:
For 0<a <1, let
H,={f eC, :w(f,t)=0(@t")}. (116
Itis known [3] that H, is a Banach Space with the norm ||-||, defined by
Il f1,=l . +su§)t‘“w(t),0 <a<1 (1.17)
t>

| {lo=I 1l
and
H,cH,cC,,,0<f<a<l (1.18)

H (. p) Space:
For O0<a <1, let

H . ={f €L,[0,27]:0 < p <oo,w(f,t), =O(t*)} (1.19)
and introduce the norm [|-[|,, ) as follows

1 =l 1l +Supt “w(f 1), 0<r <1. (1.20
t>0

Il F o, =l I, -

Itis known [1] that H , ) isa Banach space for p >1 and a complete p -normed space for 0 < p <1.
Also
Hem SHpp <

Note that H , ) isthespace H, defined above.

L,,0<f<a<l (121

(e, p)

For study of degree of approximation problems the natural way to proceed to consider with some
restrictions on some modulus of smoothness as prescribed in H, and H (a.p) SPaces. As we have seen above

only a constant function satisfies Lipschitz condition for & > 1. However for generalized Lipschitz class there is
no such restriction on & . We required a finer scale of smoothness than is provided by Lipschitz class. For each

a >0 Besove developed a remarkable technique for restricting modulus of smoothness by introducing a third
parameter q (in additionto p on ¢« ) and applying ¢ -Q norms (rather than ¢, o0 norms) to the modulus

of smoothness W, (f,-), of f.

Besove space:
Let & >0 be givenand let k =[a]+1. For 0< p,q <o, the Besove space ([2], p-54) B;'(L,)
is defined as follows:

Bg‘(Lp) ={f e Lp | f |Bg(Lp):||Wk(f")||(avq) Is finite}
where
dt. ¢
(| € w (f,1),)*—)%, 0<g<w
|| Wk (f 1') ”(a,q) = J-O “ P t
supt™w, (f,t),, q = oo.

t>0
It is known ([2], p-55) that || W, () || q) is @ seminorm if 1< p,q<co and a quasi-seminorm in other
cases.
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“ :
The Besove norm for B(L ) is

Il 1l =Nl AW (F) gy (122)

Bg‘(Lp)
_ o . o Jdto
It is known ([4], p-237) that for 27 -periodic function f | the mtegraI(J.0 t“w, (f,1),) T) is replaced

. dt.;
by (J, (7w (F,0),)75)".

We know ([2], p-56, [4], p-236) the following inclusion relations.
e Forfixed & and p

BY(L,) = BZ (L,).q <0,

For fixed p and q
Bg‘(Lp)ch(Lp),ﬂ<a.

For fixed & and
Bg(Lp) - Bqa(Lpl)! pl < p

Special Cases Of Besove Space:

For q=o,BJ(L,),a>0,p>1 is same as Lip“ (e, L,) the generalized Lipschitz space and the

corresponding norm || - ”Ba(L ) is given by

o t=p
Il

forevery @ >0 with k =[a]+1.

=l £, +supt™*w (f,t), (2.23)
t>0

For the special case when 0 < <1, Bg(Lp) space reduces to H , ,, space due to Das et al. [1] and the
corresponding norm is given by

Il = f [l =l I, +supt™“w(f,t),,0<a<l. (1.24)

Booé(l‘p) t>0
For a =1, the norm is given by
I £ 1] =l £, +supt™w,(f,1),. (1.25)

1
Boo(Lp) t>0

Note that || f || , (L isnotsame as | f |, and the space B;(Lp) includes the space H (1, p), p>1.
(L

a

If we further specialize by taking p = o0, BY,0 < a <1, coincides with H_ space due to Prossodorf [3] and

the norm is given by

1l
For o =1, p =0, the norm is given by
I fl, =l fll +suptw,(f,0), =1 (27)
t>0

which is different from || f ||, and B.(L,) includesthe H, space.

=|| f1l,=l fll, +supt“w(f,t),0<a <1. (1.26)
t>0

BL(L,)
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Il.  Main Result
Theorem: Let 0<a <2 and 0<fB<a.If feB/(L,), p=1 and 1<q<oo. Let T (X) be the

(R,b,) of Fourier series when b, >0 and non-incresaing. Then
Case 1: (1<g<w)

W
1\ B, |7
T, O [—] —
ey | B kzll ka-ﬁ-g
Case 2: (q=x)
1 c Bk+l
ITO s, = [—J;W

For the proof of the theorem we need the following Lemmas.
Lemma2l Let 1<p<oo and 0<a<2.I1f fe Lp[0,27z],thenfor O<t,u<srm

1.t u) [l < 4w (T,1),
1.t u) [,< 4w (f,u),
I¢.(u) [, < 2w (f,u),

Lemma2.2 Let O<a<2.Supposethat 0<p<a.if feB(L,),p=11<q<oo,then

i J' K, (u )|U Mdtj O(l){J- ( “7IK, (u)|) —1du} ’

AL o |
i, I|K()|UM&) =0(1)j0(u q|K(u)|] du

Lemma2.3 Let 0<a <2 Supposethat 0< <. If feB/(L,),p>1 and q= oo, then
sup t7 || g(-t,u) ||, = O(u™”)

0o<t,u<rz

1 n
Lemma 2.4 Let b, >0 and non-increasing and K, (u) = B_Zbk D, (u), then for O0<U<7 and
n k=0

m=[

]

7

u
O(n)

Kn(u): O Bm u>£.

u’B,/  n

Proof. We know
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1 & sin(k +E)u
D, (u) ==+ > cosvu = 2 oy
2 = Zsin;

k
=| D, (u) |:|%+Zcosvu|

v=0

1 K
<=+ |cosvul
2 v=0

<k+1 (2.2)
Now

| K, (U)|<—Zb | Dy (U) |

nkO

< B—Zbk (k +1) (by using (2.2)

n k=0
= O[n_+1 Zbkj
Bn k=0
=0(n)
Again
nosin(k+ 1)u
K. (u) = Zb u2 (by using (2.1)
By =0 2sin —
2
Py
B ZSIni k=0 k=m+1
2

i|+| Z qb S|n(k+—)u

|
B ZSII’] |: k=0 k=m+1
2

= i (2.3)
uB, )

| >, sin(k Lk 3b, Isin(k Ly
k=0 2 k=0 2

n

. 1
b kK+=
jksm( +2)u

=K, ———

Again,
| Zb sin(k +—)u I<b, max ZSIn(k +—)u (‘as b, is monotonically decreasing )
k=m-+1 MmN g=py
= bm l
u

From equation (2.3), we have
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|K (u)[<O ij o( j i

k=0

=0 B, +0 E”‘
uB, u°B,

=0 E’m J,mSn
u‘B

n

[+ B, >(u+1)b, > %bm]

Proof of the Theorem:
Casel: Let T, (X) be the Riesz transformation of the Fourier series S, (X), that is by (1.5)

T,(X) = Zb S.(X) (2.4)

- —gb (2L wp. s r0)
= j 8, (u)Zb D, (u)du + f(x)—gb
== “['g, <u){ gb D (u)}du + (%)
-1 j”¢x(u)Knn(u)du 5

where K_(u) = kz;b D, (u) (2.6)

We first consider the case 1< <oo.
We have for p>1 and 0< S < <2, by use of Besove norm defined in (1.24)

ITa OV T Ol + W (T g 27)
qa*p

Applying Lemma 2.1(iii) in equation (2.7), we have

IO, S [ 161K, @)l d
<= ["2w, (F,u), | K, () | du
90

2 ¢x
:;L | K, (u) | w, (f,u),du
Applying H O lder’s inequality, we have

1
q 1’5 q q

IT,0l,<2 j”[lKn(u)w““*Jq_ldu [ s |,
T 0

0 il

u q

o

By definition of Besove Space, we have
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1
q q

IT,()ll,<0() jo”[| Kn(u>|u””qJ du

1
a4 q a q

=0(1) LZ[IKn(U)IUM“Jqldu + j:[lKn(u)IUa+quldu

n

=01 +3] (say) (28)
By using Lemma 2.4 in | of (2.8), we have

E {ij Kn<u>|u“+Q)“du}

1
7 (arl) L q

=0(n) [0 g 9 9 gy
1

LA P q
:O(n){jonuq‘l du}

=0 iﬂ) (2.9)
n

Applying Lemma 2.4 in J of (2.8), we have

1t
q

-t

. ciYer |
J= jﬂ[||<n(u)|u qJ du
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n k=1 k+1
DN R R |
_O B_ k+1 q
n k=1 j(a—1)+1
a1y
1) B, [
:O(—J Dt (2.10)
Bn k=1| | “7q
k
Substitute the value of (2.9) and (2.10) in (2.8), we have
1
a1ty
1) B, |
IITn(~)||p=O(—] D s (211)
Bn k=1 kaia

By using Besove space, we have

Il w, (T, ") ||/;'q = {J’O”(t—ﬂwk (T.,0) : )q dt }q

_ (" Wk(Tn1t)p qg
S

From definition of W, (T, ,t),, we have

w, (T, 1), =T, Ol

| (IT, GO0, Y dt 9
Sfo{[t—ﬁJ T}

_ L
a
7|en dt |
= p p
= L{[Om(x,m dx}tﬁqﬂ}

- Lﬂ{foﬁ‘fﬂx,t,u)Kn(u)du“’ dx}p tgqtl

By repeated application of generalized Minkowski’s inequality, we have

q

I, (T, s | L 1t PI K, @)1 o) duy
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1

T

[J‘Oﬂ o”| K, W)l #(,t,u) ”p du}q %:lq

N t

" AP de )
< |Kn(u)|du{j ——]

- o IR d e
== [ 1K, du{(jo +f )TT}

e AL ot |2
s;J.O|Kn(u)|du+|'o—tﬂq T}

T Y

1 s
], |Kn(u>|du{

=0(1) {L” (K@= )qq-ldu} A

1
a '

1
V3 a-p+— |91
+ IO |K,u)u “J du (using Lemma 2.2)

=0O()[1I'+J1], (say) (2.12)

"= {L(I Ko(u) | u“ﬂ)qq—ldu} K
g i)
< {J.O:(l Kn(u) | Ua_ﬂ)ﬁ dU} E +{I:(| Kn(u) | ua—ﬁ)qq_ldu} a

=1+, (say) (2.13)

Applying Lemma 2.4in 1," and |,", we have

1
1-=
z 9 q
“:{kGKAwuﬂ”%*m}
q -0
) a
:O(n){jonu a-1 du}
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=0(n) : (2.14)
ne
- PR
= {Ficoie )il

it
q

q
_ 1 7T Bm Ol—ﬂ E
= O(B_n) .[,n{?u J du

= O(Bi){ K(Bmu”“ﬂ‘2 )& du} h

n n

“o D[S (o i)

n (k=1 k+1

a
Let h(u) = (B,u“”?)"" and H(u) isa primitive of h(u), then

I%L(Bmu“*‘” Jeidu = I%Lh(u)du

k+1 k+1
T T
=HE)-H(——
()-HE)

:E—Lh(c), for some ——<c<*
k k+ k+1 k

g-1
. 1 LBy,
l,'= O(B—J | — (2.15)

From (2.13), (2.14) and (2.15), we have
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1
a )t

g-1
I':O[LJ >, Lﬂz (2.16)
=

a
o

-1

= [I +I5J[| K, ] u“‘ﬁ“l*Jq_ldu

1 1
1-= 1-=
g q
T

z o:—ﬂ+E q-1 - a—/ﬂl q-1
<7 IK,)lu | dup o+ [ 1K@ u 9| du

o

n

= (J11+J§), (say) (2.17)
Applying Lemma 2.4 in Jll and J% , we have

1
1-=
q

q-1
du

7z 9 gpily l_é
= O(n){'[o”uGIl a du}

T Aa-p1 Lé
= O(n){_[o”u ot du}

1
= O(na—ﬂj (2.18)

b a—ﬁ+1 g-1
J; = Jﬂ[m(unu j du

+

Qo

7 a-p
3= j;@ K, ()

1t

n
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a q
n-1 7 a-p-2+% \a-1
:O(iJ ZI'; B, u 1 du
Bn k=1 k41
1-=
1 n_ 7 a-p-2+t % !
=0| — k1B,u 1 du
(an kzz;J.kJrl
Proceeding asin 1, we have
a )y
1 L B o
J] :O(B—] > (2.19)
n /| k=1 k“‘ﬂ‘a
From (2.17), (2.18), (2.19), we have
q 175
1 L B o
J? :O[B—J | (2.20)
n /)| k=21 ka‘ﬂ‘a

From (2.12), (2.16) and (2.20), we have

B

n

g-1
1 "l B
”Wk(Tn,.)”ﬁ,q:O[_j | (2.21)

From (2.21),(2.11) and (2.7),for p>1, 1<q<oo and O[S S < a < 2, we have

1T, () IIBé;(LprITn Ol + 1w (T )
a1
1) B, |
= O{—j D — (2.22)
n )| k=t k“‘ﬂ‘a
Case 2: Now, we consider the case ¢ = oo
ITaOllgp  FNT Ol W Tl @23)
o top

We know T, (X) = 1 j "6 (UK, (u)du
7Z' 0
Applying Lemma 2.1(iii), we have
1 ¢
IT. Ol < ;jo l¢.(Wl, K, (u)du

2 ¢r
s;jo | K, (u) [ w, (f,u),du

= O(l)J;ﬂ | K,(u)]u“du (by the hypothesis)
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- 0(1)“@ K. (u)|u“du +E| K, (u)] u"‘du}

=oM[" +3"], (say) (2.24)
"= 1K, (u)|u“du
=0(n) jju“du
= O(ni“j (by lemma 2.4) (2.25)
= [« 1K, () |u“du

1 j,’: B _u“?du
B 77— m

1
B

>

-1 7 )

e
EJ"; du
k=1 ks1

1 |G By
— ) = (226
B & ke (2.26)

n

From (2.24), (2.25) and (2.26), we have

1 B
IT.Ol,=0 BJ kkf (2.27)
k=1

n

=0

Again,
||wk(rn,>||ﬂw—0(1){j UK, (u)du+ j u"’K (u)du}

=o)["+3"7], (say) (2.28)
Using Lemma 2.4in 1" and J" | we have

| :joﬂ K. (u)|u“”du

(1
- O(n“‘ ﬁj (2.29)

I = j;u“-ﬁ | K, (u) | du

= O(i] "B u“”*du
B, n

1 \|&B
=0 kil (2.30
(Jék”( ’
From (2.28), (2.29) and (2.30), we have

1 \|&B
W (T ) Ml = (—jzky; (2.31)

n k=1
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From (2.23),(2.27) and (2.31), we have

— 1 . Bk+l
ITOlgs, ;=9\ 5 [2ejes @

Hence the Theorem follows from (2.22) and (2.32).
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