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Abstract: We consider four Conjectures for 𝐺 𝑥 . An attempt has been made to obtain the value of 𝑥 for which 

the corresponding value of  𝐺 𝑥  is nearest to the actual gap while calculating the Sums of Squares of  

Consecutive Primes. In this paper we calculate sums of squares of consecutive primes using four conjectures 

and compare it with actual sums of squares of consecutive primes. 
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I. Introduction 

Many number theorists  and mathematical physicists are interested in understanding spacing statistics 

of various sequences of numbers occurring in nature.  

   Here we are interested in considering gaps between consecutive primes. Let 𝐺 𝑥  denote the largest 

gap between consecutive primes below 𝑥. More precisely, for 𝑥 ≥ 2, 𝐺 𝑥 ≔ max𝑝≤𝑥(𝑝′ − 𝑝) where 𝑝′, 𝑝 are 

consecutive primes. 

   The twin prime conjecture says that the gap2 occurs infinitely. It was known only that there are 

infinitely many gaps which were about a quarter the size of the gap, Assuming certain conjectures on the 

distribution of primes in arithmetic progressions, Dan Goldston Janos Pintz and Cem Yildirim [10] are able to 

prove  the existence of infinitely many prime pairs that differ by at most 16.The prime number theorem indicates 

that 𝜋 𝑥 =
𝑥

log 𝑥
 denotes the number of primes ≤ 𝑥. 

Some results in number theory, including the Prime Number Theorem, can be obtained by assuming a 

random distribution of prime numbers. In addition, conjectural formulae, such as Cherwell’s  for the density of 

prime pairs (𝑝, 𝑝 + 2) obtained in this way, have been found to agree well with the available evidence. 

Recently,  primes have been determined over ranges of 1,50,000 numbers with starting points upto 1015 . 

Erdos  3  was the first to show that  lim𝑝→∞

𝑃𝑛𝑒𝑥𝑡 −𝑃

log 𝑃
< 1. Other landmark results in the area are the 

works of  Bombieri and Davenport,Huxley, and Maier, who introduced several new ideas to this study and 

progressively reduced the liminf  to ≤ 0.24.  

 In a series of papers from 1935 to 1963 Erdos Rankin and Schonhage showed that  

𝐺 𝑥 ≥  𝑐 + 𝑜 1  𝑙𝑜𝑔𝑥 𝑙𝑜𝑔2𝑥𝑙𝑜𝑔4𝑥 𝑙𝑜𝑔3𝑥 −2 where 𝑐 = 𝑒𝛾  and 𝛾 is Euler’s constant. Here, this result is 

shown with 𝑐 = 𝑐𝑜𝑒
𝛾  where 𝑐𝑜 = 1.31256 … is the solution of the equation 

4

𝑐0
− 𝑒

−
4

𝑐0 = 3,    

              Cramer conjectured that 𝐺 𝑥 ~𝑙𝑜𝑔2𝑥 . Gauss Conjecture is𝐺 𝑥 ∼ 𝑙𝑜𝑔𝑥 𝑙𝑜𝑔𝑥 − 2𝑙𝑜𝑔𝑙𝑜𝑔𝑥 + 𝐶 . 
A.Granville  argued [4] that the actual 𝐺 𝑥  can be larger than that given by 𝑙𝑜𝑔2𝑥 namely he claims that there 

are infinitely many pairs of primes 𝑃𝑛 , 𝑃𝑛+1 for 𝑃𝑛+1 − 𝑃𝑛 = 𝐺 𝑃𝑛 > 2𝑒−𝛾
𝑙𝑜𝑔2 𝑃𝑛 = 1.2292 … . . 𝑙𝑜𝑔2 𝑃𝑛  

 

 The best estimate was obtained by Rankin who proved that there exist a positive constant C such that 

for infinitely many primes 𝑃, 𝑃𝑛𝑒𝑥𝑡 − 𝑃 > 𝐶𝑙𝑜𝑔𝑝 
𝑙𝑜𝑔2𝑃𝑙𝑜𝑔4𝑃

(𝑙𝑜𝑔3𝑃)2 . Rankin results provides the largest known gap 

between primes. 

 In this paper we consider  the four conjecture for 𝐺 𝑥  presented in [1,2] and denote them by 

𝐺1 𝑥 , 𝐺2 𝑥 , 𝐺3 𝑥  and 𝐺4 𝑥 . To start with, we choose the 𝑥 value such that 𝐺 𝑥  gives the gap. It is 

observed  that the Gauss Approximation Conjecture 𝐺1 𝑥   gives the value nearest to the actual value while 

calculating the sums of squares of consecutive primes   𝑃𝑛+1
2 + 𝑃𝑛

2. However, after performing some Algebra 

and reducing all the four Conjectures 𝐺1 𝑥  to  𝐺4 𝑥  to a single approximate value 2 𝑃𝑛 +  𝑙𝑜𝑔𝑥 2 2. It is seen 

that, for the value of 𝑥 considered above, the Cramer’s Conjecture 𝐺2 𝑥  is nearest yo the actual value. 

 

II. Method of Analysis 
The four Conjectures considered are given below: 

Gauss Conjecture:    𝐺1 𝑥 ∼ 𝑙𝑜𝑔𝑥 𝑙𝑜𝑔𝑥 − 2𝑙𝑜𝑔𝑙𝑜𝑔𝑥 + 𝐶  



Comparison of Sums of Squares of Consecutive Primes Using Four Maximal Gap Conjectures  

DOI: 10.9790/5728-120304123126                                      www.iosrjournals.org                                  124 | Page 

Cramer’s Conjecture:    𝐺2 𝑥 ∼ (𝑙𝑜𝑔𝑥)2 

D.R.Heath Brown Conjecture:   𝐺3 𝑥 ∼ 𝑙𝑜𝑔𝑥(𝑙𝑜𝑔𝑥 + 𝑙𝑜𝑔𝑙𝑜𝑔𝑙𝑜𝑔𝑥)    

J.H.Cadwell Conjecture:   𝐺4(𝑥)~𝑙𝑜𝑔𝑥(𝑙𝑜𝑔𝑥 − 𝑙𝑜𝑔𝑙𝑜𝑔𝑥) 

 In all the four conjectures 𝑥 has been chosen in such a way that 𝐺(𝑥) gives the gap and the numerical 

illustration are calculated upto 106 and to gap 72 which is presented below in table I. 

 

Table I: Numerical Illustration 
Gaps 𝐺1(𝑥) 𝐺2(𝑥) 𝐺3(𝑥) 𝐺4(𝑥) 

2 10 5 6 6 

8 91 17 17 35 

14 288 43 38 98 

18 526 70 59 171 

20 690 88 73 220 

26 1432 164 131 438 

32 2712 287 222 802 

38 4813 476 360 1384 

40 5761 559 420 1644 

48 11299 1021 748 3131 

52 15461 1355 983 4230 

58 24163 2030 1452 6497 

60 27882 2313 1647 7457 

66 42206 3375 2376 11117 

72 62625 4843 3374 16267 

 

The following table II represents the Sums of Squares of Consecutive Primes for the corresponding gap 

value presented in Tabel I. 

 

Table II: Numerical Illustration 

 
 

It is observed that the Gauss Approximation Conjecture 𝐺1 𝑥  gives the value nearest to the actual 

value while calculating the sums of squares of consecutive primes 𝑃𝑛
2 +   𝑃𝑛+1

2  . 

 



Comparison of Sums of Squares of Consecutive Primes Using Four Maximal Gap Conjectures  

DOI: 10.9790/5728-120304123126                                      www.iosrjournals.org                                  125 | Page 

III. Reduction to a single approximation 
Now, we illustrate the process of reducing each of the four conjectures to a single approximation. 

 

 Gauss Conjecture [5]: 

  𝐺1 𝑥 ∼ 𝑙𝑜𝑔𝑥 𝑙𝑜𝑔𝑥 − 2𝑙𝑜𝑔𝑙𝑜𝑔𝑥 + 𝐶  
  𝑃𝑛+1 − 𝑃𝑛 = 𝐺1 𝑥  

           𝑃𝑛+1
2 = (𝑃𝑛 + 𝐺1(𝑥))2 

  𝑃𝑛+1
2 + 𝑃𝑛

2 = 2𝑃𝑛
2 + 2𝑃𝑛𝐺1 𝑥 + 𝐺1

2(𝑥) 

                    ∼ 2𝑃𝑛
2 + 2𝑃𝑛[(𝑙𝑜𝑔𝑥)2 − 2𝑙𝑜𝑔𝑥𝑙𝑜𝑔2𝑥 + 𝐶𝑙𝑜𝑔𝑥] + (𝑙𝑜𝑔𝑥)2 𝑙𝑜𝑔𝑥 − 2𝑙𝑜𝑔𝑙𝑜𝑔𝑥 + 𝐶 2 

                    ∼ 2𝑃𝑛
2 + 2𝑃𝑛 (𝑙𝑜𝑔𝑥)2 − 2𝑙𝑜𝑔𝑥𝑙𝑜𝑔2𝑥] + [(𝑙𝑜𝑔𝑥)2 𝑙𝑜𝑔𝑥 − 2𝑙𝑜𝑔2(𝑥) 2  

  𝑃𝑛+1
2 + 𝑃𝑛

2 ∼ 2 𝑃𝑛 + ( 𝑙𝑜𝑔𝑥 2 − 2𝑙𝑜𝑔𝑥𝑙𝑜𝑔2𝑥 2 

𝑃𝑛+1
2 + 𝑃𝑛

2 < 2 𝑃𝑛 +  𝑙𝑜𝑔𝑥 2 2 

 

 Cramer’s Conjecture [5]: 

𝐺2 𝑥 ∼ (𝑙𝑜𝑔𝑥)2 

    𝑃𝑛+1
2 = (𝑃𝑛 + 𝐺2(𝑥))2 

  𝑃𝑛+1
2 + 𝑃𝑛

2 = 2𝑃𝑛
2 + 2𝑃𝑛𝐺2 𝑥 + 𝐺2

2(𝑥) 

           𝑃𝑛+1
2 + 𝑃𝑛

2 < 2 𝑃𝑛 +  𝑙𝑜𝑔𝑥 2 2 
 

D.R.Heath Brown Conjecture [5]: 

𝐺3 𝑥 ∼ 𝑙𝑜𝑔𝑥(𝑙𝑜𝑔𝑥 + 𝑙𝑜𝑔𝑙𝑜𝑔𝑙𝑜𝑔𝑥)    

           𝑃𝑛+1
2 = (𝑃𝑛 + 𝐺3(𝑥))2 

  𝑃𝑛+1
2 + 𝑃𝑛

2 = 2𝑃𝑛
2 + 2𝑃𝑛𝐺3 𝑥 + 𝐺3

2(𝑥) 

 𝑃𝑛+1
2 + 𝑃𝑛

2 ∼ 2𝑃𝑛
2 + 2𝑃𝑛 𝑙𝑜𝑔𝑥 𝑙𝑜𝑔𝑥 + 𝑙𝑜𝑔3𝑥 +  𝑙𝑜𝑔𝑥 2 𝑙𝑜𝑔𝑥 + 𝑙𝑜𝑔3𝑥 2                

            ∼ 2𝑃𝑛
2 + 2𝑃𝑛 (𝑙𝑜𝑔𝑥)2 + 2𝑃𝑛 𝑙𝑜𝑔𝑥 𝑙𝑜𝑔3𝑥 + (𝑙𝑜𝑔𝑥)4 + 2(𝑙𝑜𝑔𝑥)3𝑙𝑜𝑔3𝑥 + (𝑙𝑜𝑔𝑥)2(𝑙𝑜𝑔3𝑥)2 

             ∼ 2𝑃𝑛
2 +  𝑙𝑜𝑔𝑥 4 + 2 𝑙𝑜𝑔𝑥 4 +  𝑙𝑜𝑔𝑥 2 2𝑃𝑛 +  𝑙𝑜𝑔𝑥 2 + 2𝑃𝑛 𝑙𝑜𝑔𝑥 2 

              ∼ 2𝑃𝑛
2 + 4 𝑙𝑜𝑔𝑥 4 + 4𝑃𝑛 𝑙𝑜𝑔𝑥 2 

 𝑃𝑛+1
2 + 𝑃𝑛

2 < 2 𝑃𝑛 +  𝑙𝑜𝑔𝑥 2 2 

 

J.H.Cadwell Conjecture [5]: 

𝐺4(𝑥)~𝑙𝑜𝑔𝑥(𝑙𝑜𝑔𝑥 − 𝑙𝑜𝑔𝑙𝑜𝑔𝑥) 

          𝑃𝑛+1
2 = (𝑃𝑛 + 𝐺4(𝑥))2 

  𝑃𝑛+1
2 + 𝑃𝑛

2 = 2𝑃𝑛
2 + 2𝑃𝑛𝐺4 𝑥 + 𝐺4

2(𝑥) 

  𝑃𝑛+1
2 + 𝑃𝑛

2 ∼ 2𝑃𝑛
2 + 2𝑃𝑛 𝑙𝑜𝑔𝑥 𝑙𝑜𝑔𝑥 − 𝑙𝑜𝑔2𝑥 + (𝑙𝑜𝑔𝑥)2 𝑙𝑜𝑔𝑥 − 𝑙𝑜𝑔2𝑥 2 

                   ∼ 2𝑃𝑛
2 + 4 𝑙𝑜𝑔𝑥 4 − 4𝑃𝑛 𝑙𝑜𝑔𝑥 2 

 𝑃𝑛+1
2 + 𝑃𝑛

2 < 2 𝑃𝑛 +  𝑙𝑜𝑔𝑥 2 2 

  The corresponding value of sums of squares of consecutive primes using reduced approximation  is 

illustrated using numerical values in the table below. 

 

Table III: Numerical Illustration 
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After performing some Algebra and reducing all the four conjectures  𝐺1 𝑥  to  𝐺4 𝑥  to a single 

approximate value 2 𝑃𝑛 +  𝑙𝑜𝑔𝑥 2 2. It is seen that, for the value of 𝑥 considered above, the Cramer’s 

Conjecture 𝐺2 𝑥  is nearest yo the actual value. 

References 
[1]. Cadwell. J.H, Large Intervals Between Consecutive Primes, Mathematics of  computation,vol 2,Number 116, Oct 1971 

[2]. Cramer. H, On the order of  magnitude of the difference between consecutive primes numbers,Acta Arith 2(1936),396-403. 
[3]. Erdos.P, On the difference of consecutive Primes,Quart.J.Math.Oxford 6 (1935),124-128. 

[4]. Granville.A,Harald Cramer and the distribution of prime numbers,scandanavian Actuarial J 1:12- 28,1995. 

[5]. Heath Brown. D.R, Differences between consecutive primes,Jahresber,Deutsch math-verein 90:71-89.1988 
[6]. Marek wolf, First Occurrence of a given gap between consecutive primes,Institute of theoretical  physics,University of wroctaw,PL 

maxa Borna 9,PL 50-204 Wroctaw, Poland 

[7]. Marek wolf, Some conjecture on the gaps between consecutive  primes,www.ift.uni.wroc.pl/~mwolf 
[8]. Marek wolf, Some heuristics on the gap between consecutive prime,email.prime 7@o2.pl 
[9]. Rankin.R, The difference between consecutive primes,J.London Math Soc.13,242-244. 

[10]. Soundararajan.K,Small gaps between prime numbers: The work of goldston-pintz-yildirim arXiv/:math/0605696V1[math.NT]27 

may 2006 
[11]. Shank.D,On the maximal gaps between successive primes,math.comp.18(1964),646-651. 


