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Nonlinear Elliptic Operator A°:WP(R',dx')—>W?~(R',dx') In Sobolev
Space Generated By Elliptic Equations
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!(Department of Mathematics, National Technical University of Ukraine «Kyiv Polytechnic Institute »)

Abstract: The purpose of this paper is to prove the existence of generalized solution of quasilinear differential
elliptic equations in Sobolev space Wlp(R',dX'). To achieve our goal, we used the following scheme: we

introduced new type of differential form in L” that is generated by quasilinear differential elliptic equations;
that form generate nonlinear operator AP :W,”(R',dx') >W " (R',dx') and we study its properties; we

use Galerkin method to show that a given equations has a solution in W,"(R', dx") space.
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. Introduction
In this paper we study the problem of existence of generalized solution of quasilinear differential
elliptic equations (or systems) with measurable coefficients in Sobolev space. Research conducted using the

Galerkin method and method of new type nonlinear operators AP :W,"(R',dx') W2 (R',dx").
Conditions on the coefficients specified during the study of the properties of non-linear operators
AP WP (R',dx') >W?(R',dx') generated by the form that constructed by the left parts of given quasi-

linear differential equations (or systems).

The results obtained are new even in case, when the system is one equation and is very relevant in a
linear case. We study the conditions of existence of the solution of quasi-linear system, that set limits on non
linearity in which the system will have interchanges and study uniqueness and smoothness of the solution in a
certain class of functions.

Research methods problem of existence of solution of systems are similar to those used to consider one
equation (in our case N =1) but when we are studying the system we are considering vector space, ie all
definitions, theorems and Lemma should be reformulated in new terms, often non-trivial way, the notion of
conjugate element takes a different meaning, even the concept of a generalized solution can be formulated
differently. We study quasi-linear systems or equations (N =1), the conditions of | >2 are important
concerning the respective systems (or equations).

The most important first results on the solvability of a linear equation with arbitrary elliptical matrix
were obtained brilliant American mathematician John Neshom in 1958 and En. George that solved so-called
19-th Hilbert's problem, in their works were received priori estimates which allowed to formulate the
corresponding theorem on the existence and smoothness of solutions but the proof was conducted only in simple
cases. After receiving these important results of basic theory of linear and quasi-linear partial differential
elliptic equations the theory began to grow rapidly and very classic final results of this development work are set
out in O.A. Ladyzhenskaya, N.N. Uraltsevoyi, V.A. Solonnikov.

In the study of such problems, the focus is concentrated on two areas: firstly it is growth conditions,
and secondly the conditions of singularity. Consider the example of those conditions in this case:

o (x,u,Vu)| < 2 (x)[Vu[* + 2, )|+ 25(x)

b (x,u, Vu) b (x,v, W)| < 1, )|V (u=v)|" + 15 () Ju—v|”

conditions in such form first started to consider M.M. Kuharchuk, in fact, they are almost
indistinguishable from classic record. Real number «,s5, ¢, determine the degree of growth of the function that
determines the nonlinearity is subject to these numbers and the implied power of the means by growth in our
case they are identically equal to one. All known conditions on the degree of growth similar or close to ours,
that the degree of growth greater than one, then the operator generated by form will not be accretive, and
unigueness solution cannot be proved.

The singularity of coefficients are determined by the singularity of given functions .
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Il.  Preliminaries
Definition 1. The space L"(R',d'x) or L°(R") where (1< p <o) — Banach space consist of all

measurable on R' functions are integrated by Lebesgue with degree p.
Definition 2. Sobolev space WP (R',d'x) (a0 W,P(R") or W) is Banach space which is consist of all the

elements of space L" (R') generalized derivatives which are exist to the n-th order inclusive, and are integrated
with p degree.

sobolev space W (R',d'x) (or W."(R') or W ) are Banach spaces formed by all elements of the space
LP(R') generalized derivatives which are to m-th order inclusive and are integrated with degree p. It is a

separable space. Wy (R',d"'x) - set of elements w? (R',d"'x), its support is compact.

Linear operations determined a formula similar to the case of Lebesgue space, norm introduced by the following
equation:

1
p
[£lh,0 {||f||fp+ > HDSfH"J o

1<|s|<m
or p — degree of norm

Ithe =X [0°f]" @

[s|<m

For Sobolev space Relliha —Kondrashova there is theorem: if k>m i 1<p<(g<ow,

(k - m) p<I| and the equality L —21 K—M then embedment spaces WP (R' ) cW/! (R') is
qa p I
continuous.
There are many versions of theorems of functional embedment almost all related to the establishment

of specific functional estimations.
Conjugated to space w ?(R',d'x) isspace w (R', d'x), Which by definition can be entered as a

space of linear functionals on the linear space W P (R', d'x) . The conjugated element has the form
o | of |of
11 OX, | OX, |OX,
Since main part of this work is devoted to researching of nonlinear systems of partial differential equations so
unknown is vector-function, which means that U = (ul(x),....,uN (X)) xeR' it is an ordered set of N

p-2

an:_

elements of functional set, for example U, eme(R' d'x),i=1,..,N.
We use the following system of notation throughout this paper:
P
>J e

oy ={ 2 1"} = (i
(uv)= > {uv)VuelPRYwel'(R). @

ol

=1,..,N

where the element U € Lp(R') refers to an ordered set of length N, each of which belongs scalar space

LP(R"), a v by analogy belongs to the dual space L*(R') (each vector component belongs L*(R')).

There is equality:
p-1

sty =( 2 1) = ;

1
[
<~
oo
N—
a
FoRE™

= Hu"‘lHLq(RI)- (5)
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Just introduced norm in vector space W,”(R',d"x) :

1
p
bl = 5 [lis Zloul ||| o

i=1,..., 1<|s|<m

ie belonging to vector function of a functional space means that each component of the vector function belongs
to this space.

I11.  Problem Statement
Consider all over Euclidean space R' the system:

i ]

¥ _aiXLaij (x,uk)a%“k]erk(x,uk.Vuk) =f* k=1L..N

Where is the unknown vector function uk(x)Z(ul,....,uN),/t>0 is real number and

f(x)=f*=(f",..., f") is known vector function.

b(x,u, Vu) = b*(x,u’, Vu*) is vector-function length N three variables: the vector dimension | vector
dimension N , matrix dimension | x N .
Measurable matrix &;(X,U) dimension I x| satisfies ellipticity condition: 3v: 0 <v <oo and using the

following inequality vl <a(x,u),  foralmostall X € R', scilicet

VZé’iz < D a(xu)éEE VEeR' ()

Definition 3.We call generalized (weak) solution in W,?(R',d'X) an element u(x) which satisfies the
integral identity:

ﬁ(u,v>+< 5 aijaxiju,aixv>+<b,v>=<f,v>, ©

i,j=1,..N i

for any element V erf*O(R' ,d'X) . Equation (9) is a scalar integral identity. Based on this definition by left
parts of the system we build the form h? :W,” xW,* - R:

h?(u,v) = A(u,v)+(VveaoVu)+(b(x,u,Vu),v), (10)

which will assume correctly defined (conditions on the coefficients specify below) for all items
ueW,"(R',d'x),veW*(R',d'x).

Thus, based on the subset of differential equations we builded scalar form (form which is defined on function
vector spaces W, (R',d'x) x W,*(R",d"'x) dimension N and

N N
h? :(X\Nlp(R',d'x))x(x\qu(R',d'x))—> R.
1 1
Also there are other weak solution concept, for example, its own system solution (7) defined as a function

u(x), if this function identically satisfies the system of equations (7).

The main object of this study is the existence of the solution of such systems, ie establishing affiliation
generalized solution specific functional set provided that equation coefficients belonging to certain classes and
functional spaces.

l. The Conditions On The Coefficients Of The System To Guarantee The Existence Of The Solution

Definition 4. Let @ € L2_(R',d'X) , then define the function N(¢; A) the formula

w 1 dt
n(o: ) = ess sup| e (e | (x))2 —=:
(912) =ess sup e (ol (9)* 7
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this function sometimes called normal Nash functions ¢ .

similarly, for functions ¢ € Lj,.(R',d'x) introduce function K (¢; A) i K,,,(¢; A) by definition:
k, (¢; 1) = ess slupJ.0 e e || (x)dt,
xeR

— At ptA
e

o dt
K. (@A) =esssup| e (X)—.
1+ \@ ot pJ'o |§D| \/{
Function ¢ belongs to Nash class N, if and only if [imn(¢; A) = 0.

A—0

Similarly, function @ belongs Kato classes K, i K|, , if and only if limk, (@; 2) =0 1 limk,,,(¢; 1) =0,
A—0

A—o0

respectively.

Definition 5. We introduce class of form bounded functions PK ;(A) is given by formula:

PK ,(A) = {f el (R™): Kf |h|2> S,B<A2h, A2h>+c(,8)|| h ||§},

where h e D(A%),,B >0, C(,B)e R,

1. b(X, Y, z) is measurable vector function and its arguments b € Li__(R") ;

2. Vector function b(X, Y, Z) almost everywhere satisfies the inequality:

Ib(X,U, Vu)| < 24, (X)[VU] + 2, () Ju]+ 255(x).  (11)
We introduce a class of functions:

PKﬁ(A):{f el

loc

(R',d'x):thh)\sﬂ<VhoaOVh>+c(ﬁ)||h||§},
where >0, C(,B)e R'. In the condition (11) functions 4 € PK;(A), w, € PK,(A), function

wel’(RY.
3. The growth vector function D(X, Y, z) almost everywhere satisfies the condition:

Ib(X,u, Vu)=b(X,v, V)| < 1, () |V (u=V)|+ s (X)u—v|, (12)
where 1, € PK,(A), us € PK,(A).

Remark. The above conditions on the nonlinearity is weaker than previously seen by the system in the scientific
literature. These conditions, such as type functions satisfying Coulomb potential.

IV.  Existence Of The Solution Of The System (7)

The proof of the existence of the solution of the system (7) is carried out under the scheme: the given
system shape and explore its properties, proving that this form is associated with non-linear operator and
studying the properties associated operator by means of generating forms; applying Galerkin method can show
that a given system has a solution in the Sobolev space. To prove necessity of existence of solution of the
system (7) we need some a priori estimates which are theorems about properties of solutions under certain
conditions on the function that forming this system; assuming smooth of "coefficients" and get the smoothness
of solutions that actually assert that solution is exist. The estimates of solutions is the key point to proving
theorem of existence, in case such estimates are known; we can use different methods of proving the solvability
of the system.

DOI: 10.9790/5728-1203056273 www.iosrjournals.org 65 | Page



Nonlinear Elliptic Operator AP :W,?(R',dx') —W_(R',dx") In Sobolev Space Generated By...

Lemma(the acute angle.) Let the field S :(C |é |= R), where R >0 — some appropriately chosen

5
number, given continuous mapping B : R" — R" for which executed counterpart conditions of acute angle, ie,

<B(C_:),(E*>ZO. Then there is at least one such point 8: |E <R, wo §(8) =0.

Suppose that the coefficients limited sufficiently smooth function, proving the existence of the solution
will produce using Galerkin method.

Let {V;} i {V.*} are smooth bases of spaces W,”(R',d"'x), _"W,*(R',d'X) , in accordance, and let
[vl,...vk] islinear shell basic elements <uk,u:>:||uk llp . Granted, by definition, U, :Zk C.V.

=171

u: = Z:(:lci*vi* . To find the sequence of Galerkin up a system of equations:
(A" (u)-,v)=0,i=1,...k,

then show that this system has a solution in linear shell first N base elements {Vi}. Indeed, the system
determines a continuous mapping sphere in Euclidean space, and therefore there is an analogue of Lemma acute

angle, ie, reflection 5(8) Bi (6) = <Ap (uk )— f ,Vi*> , due coercitive of  operator

AP WP (R' ,d' X) —>WH1 (R' , d'X), satisfies the conditions of Lemma analog acute angle:

<§(E),E*>:<Ap(gcivij— f,gkl:ci*vi*>: (A" (u) = fou, u [7?)>

h? (U u Ju P?)
e Tu P2l

Because of AP :W,” W is continuous mapping on finite-dimensional subspace space W,° (R',d'x),

p-2
Il (U P71, >0

then due analogue of Lemma acute angle for sufficiently large values of R >0 there exists an element
— — Il e
C, ICI=R  that B{C|=0.

That is way above specified construction sequence {uk(x)}, elements which are the solutions of

systems of equations <Ap (uk)— f v|*> = 0. We show that this sequence converges to the solution of the

system.
Using coerciveness of operator A":Wlp(R',d'x)—>Wj(R',d'x), we obtain inequality

| Ap(Uk)llw_plﬁll fllp -

Theorem 1.The system (7) under condition (11, 12) has unique solution in the space Wlp .
Proof. We estimate form (10), which made up the system (7) for the conjugate element

ulul”” :(ul|ul|p'2 rery Uy |uN|p_2):
‘hj(u,u|u|p’2)‘ =

= ‘1<u,u|u|p2>+<V(u|u|pZ)anVu>+<b(x,u,Vu),u|u|p2> <
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gz||w||2+4(';; D (vwoaovu)s
+<M(x)|Vu|+y2(x)|u|+,ug(x),|u|p_1> <
1
< 2,||W|| %<VWO aoVW)+ > <M|Vw|,|w|>+

+B(Vweaovw) +c ()W + as Jul

p-2 p-2
where by the definition used vector function W=U |u| , according matrix VW = —|u| 2 VU we have the

estimation;

(vl ") = <,,1|u|2 v, |u|2>< 2o )
<,uZ(X),W2>S,B<VWOaOVW>+C(,B)”W”2,

(100, l> el = el

the defenition is used |u|p71 = (Zi:l,..,N|ui| ) P ithen

1 P
_ p p
IUIIUI“{_Z Iuil"j [_Z Iuil"j =
i=1,..,N i=1,..,N

(S pr Jur

2 a1 ) < 2w,

By Holder and Young

[
[

”MW” :<(MW)2>E S(ﬂ<VWoaOVW>+C( )”W” )E

SO

=

2 ua It < 2 = 2 s} <

1

2 2\2
<2 ulp{vweac s« o )l J <

1(1 2 2
SB(?”VW” va2( B(vwoas Vi) ()] )j

Then we get estimate

<2 + 2P (o aovmy+
p

ulul)
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+%(8—12||VW||2 +82(,B(VWoaoVW>+C(ﬂ)||w||2)j+

+B(Vwoaovw)+c(f)|w +—||u3|| +J—QIIUI|
finally

|u|p72)‘ < /1+(% +1)c(ﬂ)+i]||w||

o'q

4(p-1 2

+[(p—2)+ﬂi+ﬂ (vwoaavw)+ L vuf +—||,u3||
P p pe

Remark. We show that ||W||i2(R|) = ||u||fp(R.), indeed

p-2 p-2
s, = <2w> <2ui|ui|z ||>
i=1,..,N

—ilIP
- ”u”Lp(RI)'

Let us analyze the nature of the numerical coefficients that are included in the estimation of form,

coefficient £ depends on the data of (smoothness coefficient system ( £4)); coefficient c(B) depends on [ ;

coefficients & i o — arbitrary positive; coefficients & selected based on the matrix a constants ellipticity,
coefficient o shifts affect the range of the value, it is less substantial.

So for every fixed vector U erp form hf (u,v) is a continuous linear (in V erq) functional of
W,, and therefore each U €W,” is associated with an element conjugate to W, space W, so function
existt  that  AP:WP >WF.  Operator AP:WP —>W/ takes the following  action:

h? (u,v)= <Ap (u),v>. We will prove the existence of solution of the system (7) and its uniqueness in

several stages. First suppose that the vector functions that form the equation quite smooth and prove the
existence of solution Galerkin method with a special basis of uniqueness of the solution is the result of strict
accretive operator generated by form, which is composed from system and can be proved by contradiction. Then
suppose that coefficients are measurable and by it cutting and smoothing we reduce the problem to the previous
case. Next step is removal of the conditions of cutting and smoothing.

Theorem 2. Generalized solutions of equations (7) with conditions (11) uniformly limited in Wlp.
Proof. We form an integral identity:

AUy, &) +<d&eaecdu)+{b(x,u,Vu,),&) =(f,5),
We put & =U, | U, |°*, obtain:

_ p-2 P2
/1<uk’uk|uk|p2>+%<d[uklukl 2 Joaod(uk |uk| 2 J>+

+(bu, [u, ") =(f,u |u P?).
With conditions (11), using Young's and Holder inequalitys , we find:

[<byuy Ju, 7% <
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< %(8—12||VW||2 +&? (,B<VW08.OVW>+C(ﬂ)||W||2)j+
1

p
ol

p
+,B<VWoaoVW>+c(ﬂ)||W||2+%||,u3||p+

Next, we get:
[CEu Tu P2 I I Fu P21l Il 1P
Then, using arguments similar to the previous one, we obtain

[u lI+1 Vo i< e, .1, Ao, N) [ F

So, since || U, |kNp < C, where constant has depends on function coefficient (structure of equations), then
1

because of weak compactness of space Wlp (R' ,d 'x) we find that there exists a subsequence (uk, (x)) , that
is a property: Uy, ——5—>U, weak i AP(u.) — 5> weak
1 1
Show that y = AP (uo) = f . 1t follows that the mapping AP :W,? (R',d'x) —>W? (R',d'x) is
reflection "on™. We form the integral identity:
<Ap (uk,),vi*> = < f ,vi*>,i =1,...,k’
and go to the limit K’ — 400 . Then we obtain:
limA” (u,)=y=f,
n—o0
the limit in Wfi(R' ,d 'X) space.

Using the accretiveness of operator AP () :W,*(R",d'x) W (R",d'x) in space L°(R',d'x),
we have:

kl'i_rDo<Ap (U ) = A" (V), (U ~V) |uk' _V|p_2> -

- <y—Ap(v),(u0 —V)|ug —v|"’2> >0,
We put v=u,—tz,t >0, zeW; (R',d'x) and reducing both sides of the resulting inequality in t°™,
obtain <y— A® (U, —tz), z|z|p72> > 0.
With semi-continuity of operator AP :W,” —W !, given the arbitrary element z € W," (R' , d'x),

obtain Yy = AP (uo) = f , ie for given initial data constructed sequence {uk,} and proved its convergence to

the element u, e W,” (R',d'x), therefore element u, € W," (R',d'x) will be solutions of the conditions
mentioned above.
The uniqueness of this solution follows from the properties of accretiveness of operator AP () Indeed,

let Uy, u{) are two such solutions.Then, just equality:
(AP(Uo),w)=f, (AP(u),w)=f vweW(R',d'x),
that { AP (U,) — A” (ug), W) = 0.
Let W= (U, —U}) U, =g |°?, so:
0= ( AP(Uy) — AP (Up), (U —Ug) [ Uy —ug P2
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> 41U =g 17 +(p—1)(V (Uy —g)o@e V(U —up ), [ Uy —ug [P} -

(U —U5)

o[- S el o

O () ) ], (- i)

4(p-1 &? 1

+ M—ﬂ—— —— B |(VWweaoVw) >0,
p P pev

that due to strict accretiveness of operator AP equivalent equality U, = u{), that solutions of equations

coincide.

V.  Research Of The Case Measurable Coefficients
Let the functions that form the quasi-linear system (7) is measurable and satisfy the above conditions
for the growth and power of the singularities.

We introduce the notation U(X) . Hexait U(X) is Lebesgue measurable vector function at R' linear
dimension N . We denote by U, and S, cutting and support, respectively i =1,...,N
U =8,U,> 9,
ug =40;Ju, I 9, (13)
U +‘9i’ui < _'9i'
sy(u) = {xeR" Ju (x> 4,9 >0}.
Let a™(x), f™(x), b™(X,y,z) are cuting for argument X functions a(x), f(x), xeR',
b(x, ¥, 2), (X, ¥, z) e{R' xRxR'}, respectively.
Consider the "smooth" approximation of functions a™ (x),;b™ (X, y,z), f™(x) for argument X:
a™"(x) = jR, p.(x—t)am(t)ydt = p, *a", (14)

where o, (t) is smooth integral approximation 1in R'.

Research will be conducted under such a scheme, system of equations is approximated equations with
smooth coefficients, then this system is approximating forms that give rise to operators approximating systems
of equations and we study the properties of the operators that have to exist for solving quasilinear elliptic system
conditions which were discussed above. At the final stage being established existence of approximate solution
of equations and the transition to the limit. We go to the border is as follows initially removed smoothing, that
go to the limit with N —> oo then remove the cut, that go to the limit with M —oco(sequence of limits is
important).

The system of equations:

A—doa™ odu+b™"(x,u,Vu)=f™" 1>0, (15)
and form

h>™ (u,v) = AU, V) +{dvea™ odu)+(b™",v). (16)

For every fixed vector U €W, the form h”™ (U,V) is a continuous linear (mo V € W,") functional
of W,*, and therefore each U €W," is associated with an element conjugate to W," space W1, there is

mapping A"™ :W,”* —W.! generated by this form.
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Theorem 3. The system (14) under condition (11, 11 a) has unique solution in Wlp.

Proof.This result proved above for Vne N i VmeR™.
Assume that the solutions of U™"(X) equally limited, ie, ||u™" (X) ||Wp < C . Because coerciveness of
1

operator AP :Wlp(R',d'x) —)W_E(R',d'x) we obtain inequality || A”(um‘“)||wp£|| f ||Wp . Then,
-1 -1

according to the properties of weak compact space Wlp there exists a sequence ' = (m’,n’), that
v @
P
Wl

Now we have enough to show that AP(U,) = f . Indeed, the move to the limit in the identity

u — Uy, A’(U™) = y,n" = (m',n") - oo,

<Ap (un,),v> = < f "',V> . From the properties and conditions of approximation (11, 1la), we get
w———APu")=y="f.

On the other hand:

(AP(U™) = AP(v), (u" =v) |u" =V [**) >0,

resulting by accretiveness of operator A” :W,* ->W 5 L°.

Let V=U,—tz, ze&W,", and reducing both sides of the resulting inequality in t"~, we obtain the
inequality:

(y—A"(u,-1tz),z|z|"?)y>0.

As operator AP :W,* —W. ! is semi-continuous, go in it to the limit t — 0, finally get Y = AP(u,) = f,
ie the system of (11) has a unique solution in space Wlp .

To complete the proof we must still get priori estimate ||U™" ||<C .

Theorem 4.Generalized solutions of system (14) with the conditions (11) uniformly limited in Wlp.
Proof. We form the integral identity:
AU, &) +(dEoam odu™) + (b (x U™, VU™), &) = (", &),
Let £=u™"|u™" |°*, we obtain:
U™ U™ U™ Py +

— p-2 p-2
+4(r~:)2 l) <d [um,n |um,n | 2 ]Oam,n od (um,n |um,n | 2 j>+

+<bm,n’um,n | l’Im,n |p—2> = < f m,n’um,n | lJm,n |p—2>.
With conditions (15), using Holder and Young's inequality, we find:
|<bm,n’um,n |um,n |p—2> |S
< o Ja 167" O1 2 (x=U™" () [u™" ()P dtdx <
<[ [ ( @vum (0 +

D U () + 425 (1)) 2, (X~ 1) >xu™ (x) [ U™ (X) P2 dlte <
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< [ [ am @ VU™ () | o, (x=)u™ () |u™ (x) [** ditdx +
[ [ O TU™ ()] o, (X=t)u™ (x) [u™" (%) P dltlx+

+JR. I 2 (5 (©) o, (Xx=1)u™ (x) [u™"(x) [ ditdx <
<2 [ [ 0O ITWO) o, (W s

[ [ (48 OW? () p(x~t)dtdx+

L G @2, (x—0u™ (0 [u™ (x) P it
estimate can be written:

IR.JR| (15 (W ? (X) p(x —t))dtdx =
o (J OLon (- W (O F ) =
= {1 (Je ®ct) o, COIW 2 (x~t)dx =
= [L1Pn 00, (e W2 (x=t)dt)ax < [ [, (O_(BII VW () +
+(B) || VW (X) |B)dx = B VW[5 +c(B) | VW |3,

we estimate integrals:
JR. IR.ﬂ{“ ® VW (X)| p, (X —t)W (x)dtdx <

= (IRI .[R'pn (x—t) | VW (X) [’ dtd)()E *

([ o =01 O 1W (9 Dt )

p-2
where W =u™" [u™" | 2

Then again used Young inequality and form-boundedness ,ulz . We have:

IRI (IRIPn(X — W (x)dx (4" (t))zdt) =
= [ (Ja " @7 lt) 2, 00 IW (x =) =

= J.Rlpn (X)_[R| ((Mm (t))z [W (x—t) | dt)dx <
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< [P CO_(BIVW (x=1) [} +

+C(B) IW(X) [)dx = | VW[5 +c(B) [W |5 -
Then

IR. J 2 (5 (©) o, (X =t)u™ (x) [u™" (x) [P dtdx <

_ p-1
<Jeal, Jum 0916 P2, =], Ju™" )
Using the properties of approximation of function f we obtain:
m,n , . mn m,n |p-2 m,n m,n m,n |p-2
[CERR U™ QU™ P A P I u™ fu™ P2l <

(R T (e I W VN [t
Then, using Young's inequality, for sufficiently large m, N and considerations such as the previous one, obtain
[u™ [+ Vu™ [l c(4, p,1, 4, N) [ T 11,

VI.  Conclusions
We proved existence generalized (weak) solution of quasi-linear elliptic systems in whole Euclidean

space R' on conditions with some form-bounded functions ,ui2 € PKﬁ(A) . As a generalization of the results
of this study may improve the smoothness of solutions with increases smoothness of the initial data problem.
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