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Abstract: In this paper we study the further properties of multivariable generalized Mittag-Leffler function

7ilj.aj . . . . . . :
Ep} ﬂj IOJ! (Z) associated with Weyl fractional integral and differential operators.A new integral operator
7jljpj . : . . 7jljdj .
gpj Bdj W (Z) depending on Weyl fractional integral operator and containing Epj B.P] (Z) in its
kernel is defined and studied, namely,its boundedness. Also, composition of Weyl fractional integral and
. . . 7jlj.pj . .
differential operators with the new operator pi.B.aj W (Z) is established.

I.  Introduction
The Swedish mathematician Gosta Mittag- Leffler [1] in 1903, introduced the function Ep (Z)

defined as

> @ .
E, (2)= ré)—F(pn+l) {p,2eC;Re(p) > 0} )

where I'(z) is the familiar Gamma function.The Mittag- Leffler function (1) reduces immediately to the
exponential function ¢’ = E l(Z) when a=1. Mittag- Leffler function naturally occurs as the solution of

fractional order differential equation or fractional order integral equations.
During the last century and due to its involvement in the problems of physics,engineering, and applied sciences,
many authors defined and studied in their research papers different generalizations of Mittag-leffler type

function,namely E o (Z) as Wiman[2] function, Ep,ﬁ (Z) stated by Prabhakar [3] , Ep’ﬂ (Z)

defined and studied by Shukla and Prajapati [4] ,and E ij,pq (Z) investigated by Salim and Faraj[5].

The multivariate analogue of generalized Mittag-Leffler function E” 5 (Z) is setup and studied by Saxena
P

et al. [6] in the following form

Yioo(s 5 \Y_ UL
Epjj,ﬂ(zb ------ Zpn)=EN ’7’“)’ (Zgyeir Zp)

rl..r,! 2

where
B.pj,vj€Cand Re(p;) >0; j=012,...m.

A further generalization of multivariate analogue

of generalized Mittag-Leffler function Eg’lﬁ’,pq (Z) was also mentioned,Saxena et al.[6]in terms of the

following multiple series:
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r
e ymille. lm) (Z . )= i (7/1)I1r1 """ (7m)|mrm (Zl)rl....(Zm) m
(P1PM), B Lawrrrs 1em S F(ﬂ i ) rl!--"rm! ©)
""" m-— + ) pil;
=t 1]
where

B.pj.7jl; € Cand ({Re(p;j),Re(l;))>0;j=012,...m.

Recently Meena et al [7] introduced a multivariable generalization of Mittag- Leffler function as

r
£ g gy 3 Ve Undonn (@) a)
(pj;p;j) S m (1) gyr g oeeeeees (g, r
m F(ﬂ—i—ZerJ) 11 mim
=1

where
Bipyyyply €Ci min {Re(f),Re(p;),Rely ;) Re(l;)}> 0
and p;,q;>0;p; <q;+Re(p;); j=012,..m. ©)

Equation (4 ) is just a multivariable generalized formula of Mittag-Leffler function ; its various
properties including differentiation,Laplace ,Beta, and Mellin transforms,and generalized hypergeometric series
form and its relationship with other type of special functions were investigated and established.

This paper is devoted for the study the properties of multivariable generalized Mittag-Leffler function
Vil
Pj:B.aj

integral and differential operators written as

(Z) defined in (4) with another type of fractional calculus operators called Weyl fractional

(17 ) (%) :%I(t X ()t

(6)
(D* 9) (x) =(—1)m[d]m #Ta —X)"* p(t) dt
h dx) T(m-4)5 (7)

The last definition can be written as

d\", m
Do) (X)= (D)™ —| (1™ p)(x
(D2 9) () ()(dxj(_ ?)(X) -

The basic properties of Weyl fractional integral operator and differential operator with multivariable generalized
- lI . , -

Mittag-Leffler function E;} ﬁjquj (Z) were investigated; moreover a new integral operator depending on

7ilj,Pj

YT (2) inits kernel is established as

Weyl fractional integral operator and containing E

(€7} g )00 = (=207 BT 4 =) (0™ T 0

©)

The condition of boundedness of the integral operator (9) is discussed and stated in the space L(a,) of

Lebesgue-measurable functions on (a,o)

L(a,%) =19(x):] g, :_ﬂg(x)\dx<oo
a (10)
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Also , compostion of Weyl fractional integration and differentiation with the operator defined in (9) is
established.

To study,various properties ,we need the following well-known definations and results:
(i) Fubini’s theorem (Dirichlet formula) [8 ]

b x b b
{ dx { f(x,t)dt= { dt { f(x,t)dx, (11)

X

%ih(x,t)dt: {j %h(x,t) dt} +h(x,x)

a (12)

(ii) The Riemann-Liouville fractional integral [8]
X
( ’ 0)x)= %J'(x “t)*lp(t)dt, (aeC,Re(a)>0
a (13)
(iii) The Riemann-Liouville fractional derivative [8]

d n
proloo=( 5] 7 o). n=[Re(@) ] +1
(14
(iv) Beta transform (Sneddon [9])

B{f(z);a,b }:}za—1 1-2)° f(z)dz, (Re(a),Re(b)>0)
0 (15)
(V)The Beta function is written as:
_T(a)r(p)
Bla, )= ot f)

(vi) The difference property of the Gamma function is

INa+1l)=al(x)

(16)

(17)

Il.  Properties of Weyl Fractional Integral Related to Mittag-Leffler Function.
In this section ,we consider Weyl fractional integral and derivate (6) and (7) multivariable generalized

. . 7jljPj -
Mittag-Leffler function Epjﬁﬂj (Z) defined in (4)
Theorem 1
Let

P Bj:7j 4, weC; mn{Re( p;),Re(5;), Re(r;),Re(l;),Re(1)}>0 and p;,q; >0, then

A== g7 e - _y B EiNieP - -p
I[t Epj,ﬂ,qj (wyt ™ Wt m)}(x)_x Ep,—,ﬂm,qj (wyx Wy, X M)

(18)
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Proof:
j’ _ﬂ_ 7 I.,,p. _ _
% [t PED (w7t pm)}(x)
(2 pyy ) oy
:ﬁj(t—x) l,lt,l,ﬂ z 1/pry h m/pmrm (VV(]_I)) (Wm) (I(t)) (19)
X e rm:O r(ﬂ+zpjrj) 1/qqrq e m/qmrm
=1
m
- 2Pjr

0 (71)p1r1 """ (7m)pmrm (Wl)rl----(Wm)rm T(t_x)i—lt—/l—ﬁ(t) =17 gt

1 Z .........

TS0 rgespry @ lna
j=1

(t—x)

Let u =T,then

P _a- }/I’:p _ _
I_[t ﬂEp},};,qu(Wltpl ...... Wt ”m)}(X)

] -p- E:Pjrj
o (71)p1r1 """ (7m)pmrm (Wl)rl....(Wm) m(X) =1

NN

m
""" m=0 F(ﬁJFZPjrj)
i=1

() qgrgeoelm)an e

1 B+ _gpjrj -1 (20)
<[*ta-u 7t du
0
m
-B- 2Pjr

© (71)p1r1 """ (7m)pmrm (Wl)rl....(Wm)rm (X) =1

1
= Z —
""" "m =0 r(ﬂ+z,0jrj)
j=1

BLB+S ot
() qqrq oo ()arr o ( ﬂ+jzz‘1pj r)

_ B E’ili.Pj -p1 ~pm
X Epj,ﬁ%qj (wyx A W X M)

Theorem 2

Let p;,B;,7,1;,4,weC; min{Re( p;),Re(B;),Re(y;),Re(l;),Re(4)} > 0,
Re(B)> [Re(4)]+1and p;,q; >0, then

Aly=2=B g7ilioPi g 1At ~Pm AP -1 ~Pm
D~ [t Epjﬁ‘qj (wyt™t . W, t )}(x)_x Epjﬁ_}”qj (wyx A W, X M)
(1)
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Proof:
By using (7) we get

p _ _
D_[ S ED (it Pm)}(x)

"1 m-Ad,i-p
- )(dxj r(m —,1)[( A

- S
) i (1) pary o m) o (wy) 2o (w) ™ (1) =1

i 1) qqrqoeeeeeens
el = r(ﬁ"’zpjrj) (1)q1r1 (Im)qmrm
j=1

—(—1)’“( d )m 1 i (7/1)p1r1"-'-nf7/m)9mrm (| )(wl)fl....(\zlvm;rm
...... rm:O F(ﬂ+zpjrj) UggryUmlgmrm
j=1

m
o - 2Pjf

x [E=x) " @) T dt

X

Let u= (tt X) ,then

D_[ 28 ENPT (P mt"’m)}(x)

Pj.b.aj
m—p— ZerJ
:(—1)m(ijm—l $ Wenbnlonrn W) ()"0
dx) I'(m /1)r1 ,,,,,, Fy =0 F(ﬁ+§:pjrj) (Il)qlrl ......... (Im)qmrm
j=1
1 L-m+ ZerJ—l
x[(u) " (1-u) =1 du
0
m—pB- ZerJ
:(—1)m(ijm—l $ WenUndonen (W) a) " 00 7
dx) T(m-2)., = =0 F(ﬂ+§:pjl’j) () gqryeeeeeee Un)gmr
j=1

xB(m-1,8— m+ZpJ ri)
j=1
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o () parg ) prr (W) t....(Wp) mr(ﬂ—m+§pjrj)

el =0 r(ﬁ"‘zpjrj) (ll)qlrl """"" (Im)ermF('B_ﬂ'—’_zpjrj)
= =

m m m-f- ZerJ
X(M=B=> Pl m-4->p;r;-m+h(x) 1=
= j=1

(W) L) M TB M S o)
=1

1l =0 F(ﬁ"'zpjrj) (|1)q1r1 """"" (Im)ermF(’B_/1+zpjrj)
=1 =

m B~ szrJ
(D™ (B-m+D pir)m (X) =t
=1

:(X)_ﬂ i (71)p1r1 ..... (ym)pmrm(wl)rl""(vr\:]m)rm (X)_ E:,OJFJ
e I’m—o(ll)qlrl ......... (Im)ermr(IB_ﬁ""ijrj)
j=1

(23)
If we reduce the generalized Mittag-Leffler Function E; ﬂpq (Z) in the right hand side of equation (18) and

(21) we get known result due to Faraj et al [10, p.2, eq.18 and p.3, eq.21].

I11.  Weyl Integral operator with Generalized Mittag-Leffler function in the Kernel
7iljPj

P W is bounded on L(@,20) considering the Weyl

First of all ,we will prove that the operator §
Pj .
integral operator defined in (9) containing Ep /3 9] (Z) in the kernel.

Theorem 3
Letpj, B 7. 15,4, weC; min{Re( p;),Re(B;),Re(y;),Re(l;),Re(4)} >0 and pj,q; >0,

then the operator zj“ J. _pVJV is bounded on L(a,)andb > a

VI el < Bl
(24)

where
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_3)A)"1 _ a)Pmym
ﬂ:(t—a)Re(ﬁ) i (7/1)p1r1 """ (7/m)pmrm(wl(t a) ) ---'(Wm(t a) )
L FErees rm:o(ll)q]_rl ......... (Im)qmrmr(ﬁ“‘%pjrj)Re(]z_;-pjrj)‘i‘Re(ﬁ) (25)
Proof:
Let C, denote the n™ term of (25),then .
m
N R e Ry FB+2pim) |
I1 | _ I i"iPj i'i j=1 W_(t_a)pj‘
4] Cop | |5 | Oojry (|09 gjraea m :
] i J J7pjrj 17 qjre+qj F(ﬂ+zpjrj +pj)
L =1 ]
m o (p;)" - i~@j+ej)
S 5 wit=” ) as e
i=1(q;) J(Pj) .
(26)
Cr3+1
Hence —0 as rj —>co and pj <qj + Re(pj) which means that the right-hand of (25) is
r
J

convergent and finite under the given conditions.
Now, according to (9), (10) and (11), we get

7jljPj
gg,Oj VALY .W,w(p‘l

1l e ypt g 7P

_H(t—x) £ P (£ X)) o)t

o t

AL TP _ B

Su(t ) E b W (= %)% X)pm]dx}\go(t)\dt
Let u=(t-x),then

o t-a il

:j{ !(u)ﬁ—1 E, fa) o (@) (1) du:l\go(t)\dt

a

<OOH1 ﬂ‘lE”’lj’pj[w Pl W pm]d t)|dt

-£ i(u) o WU e Wiy (W) [ du || o(0)] -

7.,|. P
Ep}ﬁ‘,qjj[wl(u)pl, ....... Wm(u)”m]

t-a
I () du=p
0

(28)

then
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© (1) pyry e m) mfm ... fm t-a (ﬂ+_g pirj)-1
PN 1)pin h p i )(Wl) (\EIVm; J‘ i
ity =0 F(,B+ijl’j) 1) qqryeeee m)amrm 0

du

D pyrrOmdonrn |(wt—a)2) 0wy (t—2) ™)™

Re(4)+Re(Y.p1;)

ji—

(Il)qlrl """"" (Im)qmrm (29

Hence

5711'11%
Pjbaj W

< t)dt|<
o, [pwonisplel,

We consider now composition of Weyl fractional integration and differentiation |f, Df with the operator

7iljpj
gNDP]

P} Bl W defined in (9) contained in the next two theorems.

Lemma 5
LetaeR,,pj,Bj.7j.1j,4,weC; min{Re( p;),Re(S;),Re(y ;) Re(l;),Re(4)}> 0 and

P;j.d;>0, then forx>a,one has

|f[(t )ﬂlEZJ/i,qu[W(t a)....w (t-a) Pmﬂ(x)

—(x-a P E gy x-a) (-2 ] e

Theorem 6
Let p;, Bj.7j:1;, 4 weC; mi{Re( p;),Re(B;),Re(r;), Re(l;), Re(i)}>0and pj g; >0, then

12 & ol olo=(ei 14 ek

Proof:

(32)
Applying (6) and (9), and by using Dirichlet formula (11) yields
2 g7iljP] _
(I_ éjpjy/in,W,oo ¢j (X) -
1 (% B
:—F(i) {I(U /1 1“ (t- u)ﬂ 1EpJ 2 . . [Wl(t—u)Pl ...... W, (t—u)”m ](p(t)dt}du]

(“’F&){jm 0700 ) - u)ﬂm]dqu(t)dt

(33)
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Let z=(t—u),then
(34)

A g7jljPj
(I— ég,Oj,ﬂ,qj' W,00 (pj(x)

{ F(ﬂ,){ I(t -x—7) " (@) E;J é qu [Wl(z') ...... W, (7)7m ]df:UX(p(t)dt

(39)
Applying (13) and result of Lemma 5 ,we get
A g7jljPj _
(12 e, o=
00 I+ ,
-1 [( YA (). (r)pmH(t—x)go(t)dt
X (36)
K _ pj
:I( t—x)/A EZJ ﬁ‘,MJq [Wl(t—X) LW (= x)TAm ](p(t)dt
X
_[ £7i'i.Pj
_[gpjlﬂ+ﬂvqj,w,oo (0) (X)
On the other hand
7ilj,pj
( é:,’?j ﬂQJWoo - (DJ(X)
=[t-x/* ;J ,g,jlq [Wl(t—x) T )pm]—xli.[(u—t)il(p(u)du:l
{rlzb(u )4 (t- x)ﬂlEy‘ [Jﬂjlq [Wl(t X)L W (E = X) pm]dt:lxgo(u)du .
Let 7=(t-x),then
7ilj, P A
( ég,Oj,ﬂ,qj'vv@o - Q)](X)
1 A1 \pAE7ilioPj m
[m){j (u-x-2)* @)L W, (0)7L... W, (2)” ]erx(p(u)du -

Returning to (13) and Lemma 5,we have
7ili, Pj
( é’:/3] Bdjweo (DJ(X)
li ,pj
¥ [(f)ﬁ g7l GLI m(r)pmu (U= X) p(u) du
(39)

1 e7ili P . _
(u—x)1 E;;,élﬂ,qu [Wl(u—x) AL W (U= X)7Pm ](p(u)du

X — 8 ><'—:8
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_( £7ilj, P
‘[fpj,ﬁm,q oo 4”)()‘)

In the following theorem a similar result concerning the Weyl fractional differentiation is stated.

Theorem 7
If the condition of the Theorem 6 is satisfied, then

2e7iliPj [ £7ili P
(D_ ajpJ’v”’vqj.w,m (D) (x) = (gtpjv/a’—ﬂ,qj,w,oo (”)(X)
(40)

Proof:
Making use of (7), we get

150 d )" na L riln)
(A1 ) (0= ()" (&j 0= o))

(41)
and applying Theorem 6 yields

(D* £71P1 oy (x)

PjFajw,e0
d n
= (-D"| —
(-1 (dxj
A W Bn-a-1p7 il P Y Y.
y { (t—x) /il Wt =) oo (E— )7 ()t .

By using Dirichlet formula (12), we get
2 g7ilj,Pj
(dZ&l 2yl o)X

pjvﬁlqj,W,OO
d n
L
(-1 ( dx]
) [ 2 (=0 AR g (6 X)L (£ )7 Jp(t)ct
|5 pigay (W= . @
i () Bn—A-Lp7iliPj )AL — y)Pm
- Lim (- /il W, = X)L o (= %)M o)

n-1 [e's] o) (]/) Fq e

_ (_1)n (jxj X_[ z 1/pin m m
e T2 e0) (e ln)agr (B +N=243 pjr))

L o

p+n—A+ g pjrj—2
x (t—X) 1= o (t)dt
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= (-1 [%j JEDE=0 IR (=0 (07 (0

X

(43)

Repeating this process n-1 times,we get

O P

= )M D - X) PRI (=3 (£ ) [ty
= (f,fjf,'}}’_'f,jq e (p) (x)
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