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Abstract: In this paper, we introduce strongly soft g**-closed sets and strongly soft g**-open sets in soft Cech
closure spaces, which are defined over an initial universe with a fixed set of parameters and studied some of
their basic properties. Also, we show that every strongly soft d-closed set is strongly soft g**-closed.
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I.  Introduction

Fuzzy sets [1], theory of rough sets [2], theory of vague sets [3], theory of intuitionistic fuzzy sets [4],
and theory of interval mathematics [5,6] are the tools, which are dealing with uncertainties. But all these
theories have their own difficulties, namely inadequacy of parameterization. In 1999, D. Molodtsov [6]
introduced the notion of soft set to deals with inadequacy of parameterization. Later, he applied this theory to
several directions [7,8].

Levine [9] introduced generalized closed sets in topological space in order to extend some important
properties of closed sets to a large family of sets. For instance, it was shown that compactness, normality and
completeness in a uniform space are inherited by g-closed subsets.

E. Cech [10] introduced the concept of closure spaces. In Cech’s approach the operator satisfies
idempotent condition among Kuratowski axioms. This condition need not hold for every set A of X. When this
condition is also true, the operator becomes topological closure operator. Thus the concept of closure space is
the generalization of a topological space. In 2010, Chawalit Boonpok [11] introduced generalized closed sets in
Cech closure spaces.

R. Gowri and G. Jegadeesan [12,13,14,15,16] introduced and studied the concept of lower separation
axioms, higher separation axioms, soft generalized closed sets, soft d-closed sets, strongly soft g-closed sets and
strongly soft -closed sets in soft Cech closure spaces.

In this paper, we introduce the strongly soft g**-closed sets in soft Cech closure spaces. Also, we
investigate some of their basic properties.

Il. Preliminaries
In this section, we recall the basic definitions of soft Cech closure spaces.

Definition 2.1 [12]. Let X be an initial universe set, A be a set of parameters. Then the function
k:P(Xp,) > P(Xg,) defined from a soft power set P(Xy,) to itself over X is called Cech Closure operator if it
satisfies the following axioms:

(C1) k(@a) =Dy

(C2) Uy S k(Us)

(C3) k(UyuVy) =k(Uy) U kgVA)
Then (X, k, A) or (F4, k) is called a soft Cech closure space.

Definition 2.2 [12]. A soft subset U, of a soft Cech closure space (F,, k) is said to be soft k-closed (soft closed)

Definition 2.3 [12]. A soft subset U, of a soft Cech closure space (Fy, k) is said to be soft k-open (soft open) if
k(U,%) = U,°.

Definition 2.4 [12]. A soft set Int(U,) with respect to the closure operator k is defined as
Int(Uy) = Fy — k(Fy — Uy) = [k(U,)]C. Here U = F, — U,.

Definition 2.5 [12]. A soft subset U, in a soft Cech closure space (F,, k) is called Soft neighbourhood of ey
if er € Int(Uy).

DOI: 10.9790/5728-1204014753 www.iosrjournals.org 47 | Page



Strongly Soft g**-Closed Sets In Soft Cech Closure Space

Definition 2.6 [12]. If (F,,k) be a soft Cech closure space, then the associate soft topology on F, is
T= {UAC: k(Uy) = Uy}

Definition 2.7 [12]. Let (F,, k) be a soft Cech closure space. A soft Cech closure space (Gy, k*) is called a soft
subspace of (F,, k) if G, € F, and k*(U,) = k(Uy) N Gy, for each soft subset Uy < G,.

Definition 2.8 [16]. Let U, be a soft subset of a soft Cech closure space (Fy, k) is said to be

Soft semi-open set if U, € k[int(U,)] and a soft semi-closed set if int(k[U,]) € U,.

Soft regular-open set if int(k[U,]) = U, and a soft regular-closed set if U, = k[int(Uy)].

Soft pre-open set if U, € int(k[U,]) and a soft pre-closed set if k[int(U,)] € U,.

Soft a-open set if U, < int(k[int(Uy)]) and soft a-closed set if k[int(k[U4])] € U,.

Soft semi pre-open (soft B-open) set if U, < k[int(k[U,])] and soft semi pre-closed set if

aprwdE

The smallest soft Cech semi-closed set containing U, is called soft Cech semi-closure of U, with respect to k
and it is denoted by k (Uy).

The largest soft Cech semi-open set contained in U, is called soft Cech semi-interior of U, with respect to k and
it is denoted by int,(Uy).

The smallest soft Cech pre-closed set containing U, is called soft Cech pre-closure of U, with respect to k and it
is denoted by k, (U,).

The largest soft Cech pre-open set contained in U, is called soft Cech pre-interior of U, with respect to k and it
is denoted by int, (U,).

The smallest soft Cech a-closed set containing U, is called soft Cech a-closure of U, with respect to k and it is
denoted by k, (Uy).

The largest soft Cech a-open set contained in U, is called soft Cech a-interior of U, with respect to k and it is
denoted by int, (Uy).

The smallest soft Cech semi pre-closed set containing U, is called soft Cech semi pre-closure of U, with respect
to k and it is denoted by kg, (Uy).

The largest soft Cech semi pre-open set contained in U, is called soft Cech semi pre-interior of U, with respect
to k and it is denoted by int,, (Uy).

Definition 2.9 [16]. A soft subset U, of a soft Cech closure space (F4, k) is said to be soft semi-generalized
closed set (briefly soft sg-closed) if k,(Uy) S G4, Wwhenever Uy € Gy, G4 is soft semi open in F,.

Definition 2.10 [16]. A soft subset U, of a soft Cech closure space (F,, k) is said to be soft generalized
semi-closed set (briefly soft gs-closed) if k,(Uy) < G4, whenever Uy € G,, G, is soft open in Fy.

Definition 2.11 [16]. A soft subset U, of a soft Cech closure space (F4, k) is said to be soft generalized semi
pre-closed set (briefly soft gsp-closed) if kg, (Uy) S G4, Whenever Uy € Gy, G, is soft open in F,.

Definition 2.12 [16]. A soft subset U, of a soft Cech closure space (F,, k) is said to be soft generalized
pre-closed set (briefly soft gp-closed) if k, (Uy) € G,, whenever Uy € Gy, Gy is soft open in F;.

Definition 2.13 [16]. Let (F,, k) be a soft Cech closure space. A soft subset U, S F, is called soft generalized
pre-regular closed (briefly soft gpr-closed) set if k, (U,) € G4, whenever U, € G, and G, is soft regular open
subset of (Fy, k).

Definition 2.14 [14]. A soft subset U, of a soft Cech closure space (F,, k) is said to be soft generalized closed
(briefly soft g-closed) set if k[U,] € G4, whenever Uy < G, and G4 is soft open subset of (Fy, k).

Definition 2.15 [15]. A soft subset U, of a soft Cech closure space (F, k) is said to be soft d-closed set if
k[U4] € Gy, whenever Uy € G, and Gy is soft g-open subset of (Fy, k).

Definition 2.16 [16]. Let (F,, k) be a soft Cech closure space. A soft subset U, S F, is called a strongly soft
generalized closed (briefly strongly soft g-closed) set if k[int(U,)] S G4, whenever U, € G4 and G, is soft
open subset of (Fy, k).
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Definition 2.17 [16]. Let (F,, k) be a soft Cech closure space. A soft subset U, S F, is called a strongly soft
d-closed set if k[int(Uy)] € G4, whenever U, € G, and Gy is soft g-open subset of (Fy, k).

Definition 2.18 [16]. Let (Fy, k) be a soft Cech closure space. A soft subset U, S F, is called soft regular
generalized closed (briefly soft rg-closed) set if k[U,] S G4, whenever U, € G, and G, is soft regular open
subset of (Fy, k).

I11. Strongly Soft g**-Closed Sets
Definition 3.1. Let (F,,k)be a soft Cech closure space. A soft subset U, S F,is called a strongly soft
g " -closed set if k[int(U,)] € G4 , whenever U, € G, and G, is soft d-open subset of F, .

Example 3.2. Let the initial universe set X = {u,,u,} and E = {x;, x,, x5} be the parameters.

Let A = {x;,x,} € E and F; = {(xy, {ug, u2}), (x2, {vy,u2})}.Then P(XFA) are

Fia = {(c, {1 D}, Foa = {1, {u D} Faa = (G, {un, w2 DY Faa = {G, fun D3 Fsa = {(2, (w2 D)},
Fou = {(x2, {uy, u2D}, Fra = {1, {wn D), O, {un D3 Fsa = {Geg, {n D), (2, {23,

Fou = {(x1, {uz2}), (2, (w1 D}, Froa = {(1, {uzd), (x2, {uz D3} Fria = (G, {wn ), (2, {ug, w213,
Fiza = {(cq, {uz}), (2, {ug, w2 D} Fiza = {Ceq, {ug, u2}), (g, (w3,

Fiaa = {0, {ug, uo}), ez, {u2 D}, Fisa = Fa, Fren = 94

An operator k: P(X,) - P(Xg,) is defined from soft power set P(X;,) to itself over X as follows.
k(Fi14) = k(Fsp) = Fga, k(Fy4) = F34,k(F54) = k(Foq) = k(Fi34) = Fiz34, k(F44) = Fyp, k(F74) = Fpy,
k(Fea) = k(Fga) = k(F114) = F114,k(Fi04) = Frana k(Fi24) = k(Fi44) = k(Fy) = F4, k(©4) = 4.
Here, strongly soft g**- closed sets are, @4, Fi4, F34, Fan, Fou, F74, Faa Foar Fioa Fi14, Fi24, F134, Fa.

Theorem 3.3. In a soft Cech closure space (F,, k), every soft closed set is strongly soft g**-closed.
Proof. The proof is obvious from the definition (2.2) of soft closed set.

Result 3.4. The converse of the above theorem (3.3) is not true as shown in the following example.
Example 3.5. In example 3.2, here F;, = {(x1, {uq, u, })} is strongly soft g**-closed but not soft closed.

Theorem 3.6. In a soft Cech closure space (Fy, k), every strongly soft d-closed set is strongly soft g**-closed
but not converse.

Proof. The proof follows from the definition (2.17) of strongly soft d-closed set.

Example 3.7. Let us consider the soft subsets of F, that are given in example 3.2.

An operator k: P(X,) - P(Xg,) is defined from soft power set P(X;,) to itself over X as follows.
k(Fia) = k(F74) = k(Fga) = k(F114) = Fiia,k(Fap) = k(Fs4) = k(Feq) = Fop, k(F24) = Fioa,
k(Foa) = k(Fioa) = k(Fi24) = Fi24,k(F34) = k(Fi34) = k(Fi44) = k(F4) = F4,k(@4) = D4.
Here F,4 = {(x1, {u1}), (xy, {u1})} is strongly soft g**-closed set but not strongly soft d-closed.

Theorem 3.8. In a soft Cech closure space (F,, k), every soft d-closed set is strongly soft g**-closed but not
converse.

Proof. The proof is obvious.

Example 3.9. Let us consider the soft subsets of F, that are given in example 3.2. An operator
k:P(Xp,) — P(Xg,)is defined from soft power set P(X,) to itself over X as follows.

k(Fi4) = Fia, k(F24) = k(Fou) = Fi24,k(Fya) = Fap, k(F54) = k(Fga) = Fiaa, k(F74) = Fry4,

k(F34) = k(Fga) = k(Fi9a) = k(F114) = k(Fi24) = k(Fi34) = k(Fia4) = k(F4) = Fy, k(@4) = D4.

Here F3, = {(xq, {uy,u, D} is strongly soft g**-closed set but not soft d-closed.

Theorem 3.10. In a soft Cech closure space (F, , k), every soft g-closed subset of F, is strongly soft g**-closed.

Proof. The proof is obvious.
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Result 3.11. The following example shows that the above theorem (3.10) is not true.
Example 3.12. In example 3.2, here F5, = {(x1, {uq, u; })} is strongly soft g**-closed set but not soft g-closed.

Result 3.13. Let U, and V, are two non-empty strongly soft g**-closed subsets of a soft Cech closure space
(F4, k), then the following example shows that, U, n V, and U, U V, need not be strongly soft g**-closed.

Example 3.14. In example 3.7, take, Uy = F;, and V, = Fg, .
Then, Uy NV, = Fru 0 Fgy ={0xq, {ug}), oo, g D} 0 {Cer, DY {2, {w D3
={Cer, fw D}
= Fy 4 , which is not a strongly soft g**-closed subset in F .
Example 3.15. Inexample 3.9, take , Uy = F,4 and V; = Fs,.
Then, Uy U V= Foy U Fsy = {(xy, {uzD} U {(x2, {u2 )} -
= {1, {uz}), (g, {u2 )3
= Fi94 , Which is not a strongly soft g**-closed subset in Fy .

Theorem 3.16. Let (F,,k) be a soft Cech closure space and let U, S F,. If U, is strongly soft g**-closed,
then k[int(U,)] — U, has no non-empty soft closed subset.

Proof. Suppose that, U, is strongly soft g**-closed. Let V, be a soft closed subset of k[int(Uy)] — U, .
Then, V, € klint(Uy)] n(F;,—Uy) and so U, € (F,— V,) . Consequently, V, € F, — k[int(Uy)].
Since, V, € klint(Uy)].  Then, Vy € klint(Uy)] N (F4 — kl[int(U)]) = 0y4. Thus, Vy = 0y.
Therefore, k[int(Uy)] — U4 contains no non-empty soft closed set.
Result 3.17. The converse of the above theorem (3.16) is not true as shown in the following example.
Example 3.18. In example 3.7, take Uy = F, 4.

k[int (U] — Ua = {Cer, {u2}), Gz, {ua D} — {(, (w21}

={(x,, {u,})}, which does not contain non-empty soft closed subset of F, .

But, Fy4 = {(x1, {uy P} is not strongly soft g**-closed.

Theorem 3.19. Let Uy € Hy € F, and if Uy, is strongly soft g**-closed in F,, then U, is strongly soft
g™ -closed relative to Hy.

Proof. Let U, € H, € F, and suppose that Uy is strongly soft g**-closed in F, . Let Uy € Hy N G4, Where Gy
is soft d-open in F,. Since, U, is strongly soft g**-closed in F, , Uy € G4implies k[int(Uy)] € G,.
That is Hy n k[int(U,)] € Hy N G4, where Hy N k[int(U,)] is closure of interior of U, with respect to k in H,
.Thus, Uy is strongly soft g™ -closed relative to H,.

Theorem 3.20. Let (F,, k) be a soft Cech closure space. If U, be a soft subset of F, is both soft open and
strongly soft g**-closed, then Uy is soft closed.

Proof. Suppose U, is both soft open and strongly soft g**-closed. Since, U, is strongly soft g**-closed. Then
k[int(Uy)] €V, . Thatis, [U,] = k[int(U,)] € U, . Since, U, S k[U,]. Hence, U, is soft closed.

Corollary 3.21. If U, is both soft open and strongly soft g*-closed in F,, then U, is both soft regular open and
soft regular closed in F .
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Proof. Since, U, is soft open, then U, = int(U,) . Since, U, is soft closed, then U, = int(U,) = int(k[U,])
Hence, U, is soft regular open. Also, [int(Uy)] = k[U,] . Since, U,is soft closed, then k[int(U,)] =U, .
Hence, U, is soft regular closed.

Corollary 3.22. If U, is both soft open and strongly soft g**-closed, then U, is soft rg-closed.

Theorem 3.23. Let U, be a soft subset of soft Cech closure space (F,, k) is both strongly soft g**-closed and
soft semi open, then Uy is soft g**-closed.

Proof. Suppose that, U, is both strongly soft g**-closed and soft semi open. Then, k[int(U,)] € G4, whenever
U, € G, and Gyis soft d-open subset of F,. Since, U, is soft semi open, then U, S klint(Uy)].
Then, k[U,] € kl[int(U,y)] € G4 . Thus, U, is soft g**-closed subset in F .

Corollary 3.24. If U, is soft subset of a soft Cech closure space (Fy, k) is both strongly soft g**-closed and
soft open then Uy is soft g**-closed subset in Fj .

Proof. Since, every soft open set is soft semi open. Then by the above theorem 3.23, result follows.

Definition 3.25. A soft subset U, of a soft Cech closure space (F,,k) is said to be soft g**-closed set if
k[U,] € G, , whenever U, € G, and G, is soft d-open in F, .

Theorem 3.26. In a soft Cech closure space (Fy, k), every soft g**-closed set is strongly soft g**-closed , but
not converse.

Proof. The proof is obvious from the definition 3.25 of soft g**-closed set .

Example 3.27. Inexample 3.9, F,, = {(xy, {u,})} is strongly soft g**-closed set but not soft g**-closed.
Theorem 3.28. In a soft Cech closure space (F4, k), every soft g**-closed set is strongly soft g-closed.
Proof . The proof is obvious.

Result 3.29. The following example shows that the converse of the above theorem (3.28) is not true.
Example 3.30. In example 3.9, here F,, = {(x1, {u,})} is strongly soft g-closed set but not soft g**-closed.

Result 3.31. The following examples shows that the strongly soft d-closed sets and soft g**-closed sets in a soft
Cech closure space (F, , k) are independent to each other.

Example 3.32. In example 3.9, here F,, = {(xy, {u})} is strongly soft d-closed set but not soft g**-closed.

Example 3.33. In example 3.7, here F;, = {(xq, {u1}), (xy, {u;})} is soft g**-closed set but not strongly soft
d-closed.

IV. Strongly Soft g**-Open Sets
Definition 4.1. Let (F,, k) be a soft Cech closure space. A soft subset V, S F, is called a strongly soft g**-open
set if its complement V¢ is strongly soft g**-closed in F .

Example 4.2. In example 3.9, here @4, Fo4, Fsa, Fga, Fou, Fioa, Fi2a, Fiaa,Fq are strongly soft g**-open sets
inE,.

Theorem 4.3. In a soft Cech closure space (F,, k), every soft open set is strongly soft g**-open.

Proof. Let V, be a soft open set in F,. Let H; < V,and H, is soft d-closed in F,. Since, V, is soft open,
H, €V, =int(V,) € int (k[V,]) . Therefore, V, is strongly soft g**-open.

Result 4.4. The converse of the above theorem (4.3) is not true as shown in the following example.
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Example 4.5. In example 3.2, here F5, = {(xy, {us, u, }} is strongly soft g**-open subset of F, but not soft
open.

Theorem 4.6. In a soft Cech closure space (F,, k), every soft g**-open set is strongly soft g**-open.

Proof. Let V, be a soft g**-open setin F, . Let Hy € V, and H, is soft d-closed in F, . Since, V, is soft g**-open,
Hy, €<V, =int(Vy) < int(k[V, ]). Therefore, V4 is strongly soft g**-open.

Result 4.7. The converse of the above theorem (4.6) is not true as shown in the following example.

Example 4.8. In example 3.2, here, F;4 = {(xq, {uy}), (x5, {uy, up})} is strongly soft g**-open in F, but not
soft g**-open.

Result 4.9. Let U, and V, are two non-empty strongly soft g**-open subsets of a soft Cech closure space
(F4,k), then the following example shows that, U, nV, and U, U V, need not be strongly soft g**-open.

Example 4.10. In example 3.9, take, Uy = F34 and V; = Fy1,4 .
Then, Uy NV, =Fz34 N Fiyq = {0, {ug, ua DI 0 {Ceq, (), Geg, {ug, uo D}
={(xy, {w D}
= Fy4 , which is not a strongly soft g**-open subset in F; .
Example 4.11. In example 3.7, take, Uy = F54 and V, = Fy,.
Then, U, UV, = F54 U Foy
={(x2, {uz D} U {(xg, {u2), (g, {ug D}
={ ey, {u2}), (g, {ug, ux D}

= Fy54 , Which is not a strongly soft g**-open subset in F, .

Theorem 4.12. Let (F,, k) be a soft Cech closure space. If V, be a soft subset of F, is both soft closed and
strongly soft g**-open, then V, is soft open.

Proof. Suppose, V, is both soft closed and strongly soft g**-open. Since, V, is strongly soft g**-open. Then,
V, € int(k[V4]). Since, V, is soft closed, V, < int(k[V,]) = int(V, ). Therefore, V, is soft open.

Corollary 4.13. If V4 is both soft closed and strongly soft g**-open in F,, then V, is both soft regular open and
soft regular closed in F,.

Proof. Since, V, is soft closed and strongly soft g**-open in F,. By theorem 4.12, V, is soft open. Since, V, is
soft closed. Then, int(k[V,]) = int(V,) = V,. Therefore, V, is soft regular open. Since, V, is soft closed. Then,
v, = k[V,]. Also, V, is soft open. Then, V, = int(V, ). Then, V, = k[V,] = k[int(V,)]. Thus, V, is soft regular
closed.

Corollary 4.14. If V, is both soft closed and strongly soft g**-open in F4, then V, is soft rg-open.

Theorem 4.15. Let (F,, k) be a soft Cech closure space and let V, € F,. If V, is strongly soft g**-open, then
V, — int(k[V,4]) contains no hon-empty soft closed set.

Proof. Suppose that U, is a soft closed subset of V, — int(k[V,]). Then, U, € V, n [int(k[V,])]¢.Therefore,
Uy, €V, and Uy is soft closed. Since, V, is strongly soft g**-open in F,. This implies, U, < int(k[V,4]). Also,
U, € [int(k[V,D]¢. Hence, U, € int(k[V,]) N [int(k[V,]]¢ = @4. Therefore, V, — int(k[V,]) contains no
non-empty soft closed set.

Result 4.16. The converse of the above theorem (4.15) is not true as shown in the following example.
Example 4.17. In example 3.2, take, V, = F, 4.
Then,Vy — int(k[V,]) = F7q — int(k[F74]) = {Ce, {wg D), ez, fun DI — (G, {ur D} = {Ge, {w D} = Fug,

which does not contains non-empty soft closed sets. But, V, = F,4 is not a strongly soft g**-open in F,.

Corollary 4.18. Let (F,, k) be a soft Cech closure space and let V, € F,. If a strongly soft g**-open set V, is
soft regular open if and only if V, — int(k[V,]) is soft closed and V, < int(k[V,]).
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Proof. Since, V, is soft regular open. Then, V, = int(k[V,]). Thus, V, —int(k[V,]) = @4 is soft closed.
Conversely, suppose that V, — int(k[V,]) is soft closed. Since, V, is strongly soft g**-open. Then, by theorem
4.15, V, — int(k[V,]) contains no non-empty soft closed set. Since, V, — int(k[V,]) is itself soft closed,
v, = int(k[V,]). Hence, V, is soft regular open.

Theorem 4.19. In a soft Cech closure space (F,,k), V, is strongly soft g**-open if and only if
H, € int(k[V,]), whenever H, €V, and H, is soft d-closed in F,.

Proof. Let H, €V, and H, is soft d-closed in F,. Then, V,¢ € H,¢ and H,€ is soft d-open in F,. Since, V,* is
strongly soft g**-closed. Then, k[int(V,¢)] € H,°. Consequently, H, € (k[int(V,6)])* = int[int(v,€)]" <
int(k[V,]). Conversely, let V,¢ < U, and U, is soft d-open in F,. Then, U,¢ € V, and U,° is soft 8-closed in
F,. By our assumption, U,¢ < int(k[V,]). This implies, k[int(V,¢)] < U;. Then, v, is strongly soft
g -closed in F,. Hence, V, is strongly soft g**-open in F,.

V. Conclusion
In the present work, we have introduced strongly soft g**-closed sets and strongly soft g**-open sets in
soft Cech closure spaces, which are defined over an initial universe with a fixed set of parameters. We studied
the behavior relative to union, intersection of strongly soft g**-closed sets and strongly soft g**-open sets. Also,
we proved that every strongly soft d-closed set is strongly soft g*-closed. In future, findings of this paper will
contribute to find a new types of soft generalized closed sets and separation axioms in soft Cech closure spaces.
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