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Stress components for an infinite plate with a curvilinear hole
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Abstract: In the present paper, the complex variable method is applied to derive exact expressions for Gaursat
functions, for the first and second fundamental problems. Here, an infinite elastic plate weakened by a
generalized curvilinear hole C is considered, in the two dimensional problems, in the theory of elasticity. The
hole is conformally mapped outside the unit circle y by means of a generalized rational mapping function. In
addition, when the hole is conformally mapped inside the unit circle, the Gaursat functions are discussed and
obtained. Some applications are considered for the first and second fundamental problems. In addition, the
components of stress, in each application, are computed using Maple 9.5.
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. Introduction
In the two dimensional problems, in the plane theory of elasticity, it is known that, the first and second
fundamental problems are equivalent to finding two analytic functions ¢l(z) and l//l(Z) of one complex
argument z = x + iy. These analytic potential functions, Gaursat functions, satisfy the boundary conditions

ka(t)-te (t)—wi(t)=f (t), 1.1)
_A+3u
TN
and f(t) = 2ug(t) is a given function of the displacement, for the second fundamental problem; A, x« are called
the Lame's constants and t denotes the affix of a point on the boundary. More information for the first and

second fundamental problems and its applications can be found in Muskhelishvili [1], Noda and Hetnarski [2],
Schinzinger, and Laura [3], and Hetnarski,and Lgnaczak [4]

In terms of the rational mapping function z =cw (&), ¢ >0, & = pe'?; such that w ‘(&) does not vanish or

where k =-1and f(t) is a given function of stress, for the first fundamental problem. While k = » >1, ,

become infinite for|§| >1, i.e. the infinite region outside a closed contour conformally mapped outside the

unit circle Y . The two potential functions ¢l(z), wl(z) , in this case, take the forms
X +iY

%(Z):—mmgﬂ?rfﬂo(é’), (1.2)
X —iY *
w(z) = %Ingﬂcr £ +p(C). (13)

Here, in (1.2) and (1.3) X, Y are the components of the resultant vector of all external forces acting on
the boundary and T", " are constants. The two complex functions ¢(¢) and (//(é’) are single valued analytic
functions within the region outside the unit circle and ¢(«0) =y (=) =0. For the first fundamental problem (stress

problem), we have X=Y =0, [ =T.

The stress components in the plane theory of elasticity, in the absence of body forces, take the relations, see
Muskhelishvili [1].

T + 0y :4Re{¢'(z )}, (1.4)

Oy~ +2i0y, =220 (2)+v (2)] (L5)
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In this work, the complex variables method will be applied to solve the stress and displacement
fundamental problems for an infinite plate weakened by a generalized curvilinear hole C conformally mapped
on the domain outside a unit circle ) by the generalized rational mapping function

me ™’ L
z = c%, (|n|<], Z=X+iy, |:\/—_1). (1.6)

Here, in (1.6), ¢>0, m , n, (/=12,..,P) and d >/ are real parameters restricted such that
w ‘(&) = 0,00 0utside ». The interesting cases when the shape of the hole is a hypotrochoidal a crescent or a cut
having the shape of a circular arc are included as special cases. Holes corresponding to certain combinations of

the parameters m, n, /, d are sketched, see Figs. (1-6). Some applications of the first and second fundamental
problems of the infinite plate with a curvilinear hole are investigated and the components of stresses, in each
case, are calculating using Maple 9.5.

Fig. 2(c,2,d,3,/ ,2,n,0.1, m,-0.01)
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Fig.3¢,2,d,4,7,3,n,0.01, m,0.001 Fig. 4(c,2,d,4,/ 1,n,05,m,2)

Fig.5( c4,d8,/,5,n0.05,m,-0.0001) Fig.6(c,8,d,9,7¢,7,n,0.075, m,0.025)

Il. Gaursat functions
For determining the Gaursat functions, we write the rational mapping function (1.6) with its first
derivatives in the form
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o) ) 5D, 1)
o\
where
h
a(é/)_ é,d n (22)
(nV+m nq)(l—n2)2 1 | 140
ho= 1-n*(1+d) - Imn°-mpn*?’ = l+d 4 1_d_'S T4 @3)

Where, (<) is a regular function for [¢]>1 .
Using (2.1) in the boundary conditions (1.1) and on {'= o, we get

kKp(o)-a(0)p'(o)-yx(c) = (o), (2.4)
where
W)= )+ AL ) (2.50)
=
f. ()= F(Q) - ckiz+ C?+ N [at) + BE) T, (2.5b)
N
N =c[ —-— 25
¢&)=c 27?(14‘)() (2.5¢)
and
F(£) =1(t). (2.5d)

The function F(&) with its derivatives must satisfy the Holder condition. Multiplying both sides of (2.4) by

1 1 and integrating with respect to o on ¥, we have

2ri 0-¢
T h b
KK ) =A) - — — — (cb+ N(n 1)) (2.6)
¢ ¢ -n
where
l
AQ) = - g’ “*”Ial F(o)do . [¢]>1. .7
272' j=0
and the complex constant b, will be determined, is given by
a(a)go (o-) chb
do . 2.8
2ri v[ T ‘1—4’ @8
Differentiating (2.6) with respect to ¢, then using the result in (2.8), the complex constant b takes the form
_ kE-phE
ch = m , (2.9)

where
_1)

In addition, the function ¥(¢) can be determined from (1. 1) in the form

_ckl_ol¢™) he' )
w¢) = 0l ¢*(§)+1—n4"’ 8.(n)+B()-B, (2.10)
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where

. N 1 (F(o 1l (F(o
.=+ D, 8= [ g gL [FOD
2ri s o—¢ 2ri
/4 v
The two formulas (2.6) and (2.10) represent the Gaursat functions for the first and second fundamental
problems for an infinite elastic plate weakened by a generalized curvilinear hole C, that can be mapped outside a

unit circle yby the rational mapping (1.6).

An important new case for discussion is using the transformation mapping
-1 l
+m
S S S P (2.11)
1-nd

This mapping function, when z'(¢) # 0 ; ;’\ <1 , transforms the points in the z-plane inside the unit circle yin

¢-plane. And, in this case, the Gaursat functions, become

*H¢) = A(C‘l)—cljg—(lb%)(cb+ N(n"?)), (2.12)
UC) = ckT¢ —ﬁ(g—)l) s.(c)+ gC‘L—n g.(n)+B(¢)-B. (2.13)

The importance of the conformal mapping that can be transformed inside the unit circle y , when ‘g\ <1 can be
found in Exadaktylos, et al. [5,6].

I11. Special cases
The importance of the generalized rational mapping (1.6) and the Gaursat functions (2.6) and (2.10)
comes from the derived special cases:
(i) For ¢=1,d =2, we obtain the same results of El-Sirafy and Abdou [7] and Abdou and Asseri [8], after
considering the reality of the coefficients of the mapping function.
(if) For ¢ =d , the Gaursat functions (2.6) and (2.10) are agree with the same result of Abdou and Khar-Eldin
9
(iii) I[:c}r n =0, in (1.6) and for the first fundamental problem the results in agreement with the work of [9] .
(iv) The Gaoursat functions of Egs. (2.6) and (2.10) when /=12,...Pand d= (+J,J=12.....N for the
rational mapping of (1.6) can be obtained as new cases in this work.

IV. Applications for Gaursat functions
1- Fork=-1,X=Y=I'=T"=0and f=-iTt,T isa real constant, we have

(nv+mnq) chb

H)=1Tc (gd—n) _(gd—n)’ (4.1)
. -1
o= —%mw% o(n), (42)

where the complex constant b has been determined by Eq. (2.9) and its value was calculated by using Maple 9.5

Thus, (4.1) and (4.2) give the solution of the first fundamental problem for an isotropic infinite plate
with a curvilinear hole when there is no external force and the edge of the hole is subject to a uniform tension
(=iT).
For a uniform pressure we let in (4.1) and (4.2) P instead of —iT.
Forc=2, f=1,d=2,m=2,n=05and T = 0.5 the relation between the stress components o ,0yy 0y, and
the angle 6, using Maple 9.5 are considered in Figs. (7,8,9) .
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Fig. 7 Fig. 8
maximum value of & is maximum value of o, is
[14.60645, [6=5.57807]] [.18896, [@= 3.64151]]
minimum value of & _ is minimum value of o, is
[-14.60645, [6=.70512]] [-.18896, [#=2.64167]]
Oy
lCl:I: theta~
Ut Ll 3 4 g 8
100
2004
30}
f-'_l,é
i
Fig. 9

maximum value of o, is [90.06610, [#=5.93827]]
minimum value of o, is [-2.13908, [ = 3.38641]]

2- Fork=-1,T=Pl4,T"=- % Pe?"¥ and X =Y =f=0, we have the Gaursat functions in the form

_CP 5 h v
ﬂ:)—ze - 7 n (cb+N(n )) (4.3)
= _C_P _dé;l) hé’ 1-v
wm¢e) = 2 o) ¢*(§)+(1—n_§d) ¢*(” ) (4.4)
where
4.6)=#(6)+ 0P @)

The complex constant b has been determined by Eq. (2.9) and its value was calculated by using Maple 9.5 .
In this example, we have the infinite plate weakened by the curvilinear hole C which is free from stresses and
the plate stretched at infinity by the application of a uniform tensile stress of intensity P, making an angle 4
with the x-axis .
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Forc=2, /=1,d=2,m=2,n=05P=1/4and 9= x/4 the relation between the stress components axxi
,0y ,Oxy and the angle dare considered in Figs. (10,11,12)

i Oy
w];
B
:DJ hets
b Nt R D (80 0T 40
O+ 0
204 2
40 2 o A R S YRR A Lo 0
&0 B o
a0 3 403
Fig. 10 Fig. 11
maximum value of & is maximum value of o, is
[2.73268, [6= 2.58786]] [1.93774, [6= 3.62569]]
minimum value of & is minimum value of o, is
[-2.78151, [#=3.67520]] [-1.98863, [¢ = 2.62976]]
(o
201
4 thets~ K
9 2 3. 5 /B8
P h 1 (et 0 4 8l 6
_305
401 ]
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209
|
Fig. 12

maximum value of o, is [5.04813, [6=3.23076]]
minimum value of o, is [-74.41860, [6= 6.28319]]

3- When the external force acts on the center of the curvilinear and the stresses vanish at infinity, i.e. we
assume I'=T"= f =0, k= y. Here, Goursat functions become

K)= - (gdh—_n)(cm N(n)),

_ _w(ékl) hé,d 1-v
<) = a)'(g“) ¢*(é/)+ m ¢*(n ) , 4.7)

(4.6)

where
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B X +1iY
271+ y)¢

The complex constant b has been determined by Eq. (2.9) and its value was calculated by using Maple 9.5 .
Therefore, we have the solution of the second fundamental problem in the case when a force X, Y acts on the
center of the curvilinear kernel.

Forc=2,/=1,d=2,m=2,n=05=2and X =Y = 10 the relation between the stress components o ,ay
,0x, and the angle @ are considered in Figs. (13,14,15)

6.(0)=¢(¢) 48)

o, Oy
1000 o L 2 ";'“ 4..-‘?.‘441 8
800 =
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Fig. 13 Fig. 14
maximum value of o is maximum value of o, is
[5.28468, [0=2.7461]] [184.71993, [#=.32408]]
minimum value of & is minimum value of o, is
[-160.13870, [# =5.91765]] [-5.75047, [@=3.40702]]
(o
800
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200 thet
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Fig. 15

maximum value of o, is [128.72537, [6 = 6.28319]]
minimum value of o, is [-29.28010, [#= .66047]]

V. Conclusion
From previous work, the following results can be concluded
1. In the theory of two dimensional linear elasticity one of the most useful techniques for the solution of the
boundary value problem for a region weakened by a curvilinear hole is to transform the region into a
simpler shape.
2. The mapping (1.6) transforms the domain of the infinite plate with a curvilinear hole in the z-plane onto the
domain outside a unit circle in ¢-plane under the condition «'({) does not vanish or become infinite

(when|¢]>1).
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The complex variable method ( Cauchy method ) is considered one of the best methods for solving the
integro-differential equation, boundary value problem, of Eg. (1.1) and obtaining the two complex potential
functions, Gaursat functions, ¢(z) and y(z) directly.

This paper can be considered as a generalization of the work Abdou and Khar-Eldin [9].
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