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I.  Introduction
Throught we shall deal with nxn quaternion matrices[7]. Let A* denote the conjugate

transpose of A. Let A" be the generalized inverse of A satisfying AA"A and z be the Moore-
Penrose of A[6]. Any matrix Ae H_,_is called g-EP(2) if R(A)=R(A") and his called g-EP;,

if A'is g-EP and rk(A)=r, where N(A), R(A) and rk(A) denote the null space, range space and
rank of A respectively. It is well known that sum and sum of parallel summable g-EP
matrices are g-EP[3].In this paper we discuss theGeneralized Inverses, Group Inverses And
Reverse Order Law For Range Quaternion Hermitian Matrices (g-EP).In this section,
equivalent conditions for various generalized inverses of a q-EP, matrix to be g-EP; are
determined. Generalized inverses belonging to the sets A{1,2}, A{1,2,3} and A{1,2,4} of a
g-EP, matrix A are characterized.A generalized inverse AeA{1,2} is shown to be g-EP;
whenever A is g-EP; under certain conditions in the following way.

Theorem 1.1
Let A€ Hux,, X€ A{1,2} and XA, AX are g-EP, matrices. Then A is g-EP, < X is g-EP,

Proof
Since AX and XA are g-EP;, by theorem([2],11), we have R(AX) = R((AX)") and R(XA) = R((XA").
Since X € {1,2} we have AXA = A, XAX =X
Now,
R(A) = R(AX)
= R((AX))
=R(X'A")
=R(X")
R(A*) = R(A'X)
=R((XA))
= R(XA)
=R(X)
Now, A is g-EP, <> R(A) = R(A") and rk(A) = r
< R(XY) = R(X) and rk(A) = rk(X) = r
< Xis g-EP,
Hence the theorem
Remark 1.2
In the above theorem, the conditions that both AX and XA to be g-EP, are essential.
For instance, let
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1 k)
A= K 1 , Alisg-EP;

X_A__lo A{l1,2
AT o)AEB

1 0
AX =
ol

AX and XA are not g-EP;. Also X is not q-EP
Now, we show that generalized inverses belonging to the sets A{1,2,3} and A{1,2,4] of a g-EP, matrix
A is also g-EP, under certain conditions in the following theorems.

Theorem 1.3
Let AeHuxn, Xe A{1,2,3}, R(X) =R(A"). Then Ais g-EP, < X is g-EP,

Proof
Since X € A{1,2,3}, we have AXA = A, XAX = X, (AX)" = AX. Therefore,
R(A) = R(AX)
= R((AX))
=R(X'A)
=R(X)

RX) =RAY= xxT =a"@)T byig

— xxI :A*(AT)*
= xx T = (ATA)*
—xxT =aTa

=xxT = @) @)1
= X =R((A))
= R(X) =R(A")
Ais g-EP, <> R(A) = R(A") and rk(A) = r
< R(XY) = R(X) and rk(A) = rk(X) = r
< Xis g-EP,
Hence the theorem.
Theorem 1.4
Let A € Hypo, X €{1,2,4}, R(A)=R(X*). Then A is g-EP, <= X is g-EP,

Proof
Since X € A{1,2,4}, we have AXA=A, XAX=A, (XA)* = XA.
Also. R(A) = R(X"). Now
R(A") =R(A'X)
=R((XA))
= R(XA)
= R(X)

Ais g-EP, <> R(A) =R(A") and rk(A) =r
< R(X*) = R(X) and rk(A) = rk(X) = r [by[2], 11]
< Xis g-EP,
Remarks 1.5

In particular, if X = AT then R(AT )=R( A*) holds. Hence A is g-EP is equivalent to AT is g-EP,.

DOI: 10.9790/5728-1204025155 www.iosrjournals.org 52 | Page



On Generalized Inverses, Group Inverses And Reverse Order Law For Range Quaternion Hermitian..

Il.  Group Inverse of g-EP matrices
In this section, the existence of the group inverse for g-EP matrices under certain condition is derived.
It is well known that, for an EP matrix, group inverse exists and coincides with it Moore-Penrose inverse.
However, this is not the case for a g-EP matrix.
For example,

( 1 ij
Consider A = .
-1 1

2 2
A is g-EP, matrix, A%= ( 2 2 j rk(A) = rk(A?)

Therefore, by theorem [p.162[1]], group inverse ATdoes not exist for A. Here it is proved that for g-
EP matrix A, if the group inverse exists, it is also a g-EP matrix.

Theorem 2.1
Let A € Hyy, be g-EPr and rk(A) = rk(A?). Then A’ exists and is g-EP,

Proof
Since rk(A) = rk(A?), by theorem[p.162,[1] a*exists for A. To show that p*is g-EP,, it is enough to show that

R(A") = R((a%))
Since AA" = A"A
We have R(A)= R( AA")
=R(A"A)
=R(A")
AA*A= A= A = A(A)A
Therefore R(CA") = R(A" (A*)" A")
=R(A"(AY))
=R((A"A))
=R((AA"))
=R((A")"A)
=R((A"))
Now,
Ais g-EP,= R(A) = R(A") and rk(A) = r
=R(A") =R((A*)") and
Rk(A) =rk( A") =r
= A”is g-EP,
Hence the Theorem.
Remark 2.2
In the above theorem the condition that rk(A)=rk(A?) is essential. Therefore, A” does not exist for a q-EP

matrix A. Thus, for a g-EP matrix A, if A7 exists then it is also g-EPr.

Theorem 2.3

.I.

For at Hpyp, if A exists then, Ais g-EP < A" =A
Proof
Aisg-EP < AisEp  [By Theoremld,[2]]
o Al [p.164[8]]
Hence the theorem.
Theorem 2.5

For A€ Hy,, Alis g-EPr < AT = polynomial in A
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Proof
Itis clear that if AT =f(A) for some polynomial f(X), then A commutes with (A)T for some polynomial

f(X), then A commutes with (A)T

T_ 1

=AA =A'A
= Ais q-EP, [By [2],11]
Conversely,
i i T

Let A be g-EP,, then AAT =A Aand A  A=AA .

Now, we will prove the AT can be expressed as polynomial in A.

Let (A)s+ A 1(A)S+1+ A Z(A)S+2+ ........ + A q(A)s+q =0,
Be the minimum polynomial of A. Then s=0 or s=1.

For suppose that s= 2, then

AT [A+ A (A . +4 (AP =0,
[AAT AJAT2+ A 1[AAT AJAT +4 g[AAT AJAT 2 =0
That is (A) 2+ 4 J(A)Y+.......... A §(A)*1=0
Which is contradiction.
If s=0 then
(AJr )= A=A A (A A Ay
A T A=A A A - A (At
SEANA A A (AT
AT = polynomial in A
If s=1, then (AT NA+A (A A+ A (AT =0
and it follows that
ATA=- A A A (A - A q(A)" is a polynomial in A.
However, AT :[AT A]AT
=4 1(A)T A A oA, - A (AT
A N-A QA - A (AT

AT = polynomial in A.
Hence the theorem.

I11.  Reverse order law for g-EP matrices
For any two non singular matrices A,B € H, (AB)'=B*A™" holds. However, it is not true for

generalized inverses of matrices [15]. In general, (AR)T +BTAT for any two matricesa and B. we say that

reverse order law holds for Moore-Penrose inverse of the product of A and B, if (AB) TzBTAT. It is well
known that [P.181,[1]], (AB) Tt AT ifand only if R(BB"A) —R(A") and R(A"AB) < R(B).In this section,

for a pair of g-EPr matrices A and B, necessary and sufficient condition for (AB) T :BT AT given.

Theorem

If A and B are g-EPr matrices with R(A)=R(B") then (AB) T =B T AT
Proof
Since Ais g-EPr,

= R(A) =R(A")

=R(B") =R(A) (B is g-EPr)
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=R(B) = R(A*%

—=R(B)=RA") [oy[8]]

That is, given x € Cy,, there exists y € C,, such that Bx:AJr y

Now, Bx:ATy :>(BTATA) Bx = (BTATA)ATy
:BTATABX:BTATAATy
:>BTATABx:BTATy
:BTATABX:BTBX

Since B t B is hermitian, it follows that B T AT AB is hermitian.
Similarly,

ATy =Bx = (ABBT)ATy = (ABBT B)x
:>ABBTATy:A(BBTB)x
:ABBTATy:A(Bx)

— ngalal y:A(ATy)
:ABBTATy:AATy
Since AAT is hermitian, it follows that ABBTAT is hermitian. Further, by theorem [8]

R(A)=R(B) —aalf-ggT

R(AT):R(B) —al (AT)T:BBT
:>ATA = BBT

Hence (AB) (BTAT) (AB) = assl (ATA)B
- aeT (BTBBT)B
= (AB)(BT)B

= A(BBT B)
= A(B)
= AB

Y (BTAT) (AB) (BTAT) —gTal,

Thus, BTAJr satisfies the definition of the Moore-Penrose inverse, that is (AB) T: BTAJr
Hence the theorem.
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