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Using Recursively Defined Subsets of the Power Set of P to Show
an Inequality betweenP andBPP

Austen Bentley

Abstract

In this paper we resolve the question of whether or not P and BPP are unequal.We do this by showing the
existence of a set that is a subset of P and not in P,then using a property of the definition of this set to show it is
within BPP.

. Introduction
In this paper we use the definition of BPP in terms of NP from 28 and use aproperty of this definition
and proof of the existence of a certain class of setsand their non inclusion in P, followed by their inclusion in
BPP, and the trivialproof that P is an improper subset of BPP to show P is a proper subset of BPP.

Il. Informal outline

We assume the definition of addition, subtraction and the complexity classes,however we assume a
more abstract set of numerical definition as this allows forgreater expressive capability (i.e changing base
without changing context). Weassume the definition of BPP in terms of NP seer28s. Our first theorem is that Pis
an improper subset of BPP, this proof is trivial as if a is an element of P thenthere exists a polynomial time
deterministic turing machine that solves a. Whereobviously if there exists a polynomial time deterministic turing
machine thatsolves a then there exists a polynomial time non deterministic turing machinesuch that if b is in a
then at least two thirds of the computation paths areaccepting and if b is not in a then less that one third of the
computation pathsaccept. Our next theorem is that there exists a subset of P defined using the setof elements in a
(where a is solvable by the polynomial time deterministic turingmachine b) such that every polynomial non
deterministic accepting computationpaths in c is in d where a is a subset of d and d is in not within P and the
stateset input alphabet et al of c is the same as that for b. The proof of this is simpleby constructing the functions
f1 and f2 see section 6. Theorem 3 is the existenceof a subset of P that is within BPP but not P. We prove this
from the fact thatif the set we proved with theorem 2 is not exists then it is not within P thenit is within BPP and
we have obviously previously shown its existence. Our final theorem and its proof are trivial, that is P is a
proper subset of BPP, wehave from theorem one that P is an improper subset of BPP and we have fromtheorem
three that there exists a set in BPP that is not in P.

I11. Informal definitions and axioms
De finition.1.

(e b) iff (T(a) = T(b)) where obviously T is the binary truth function of the
language

De finition.2.
a ~ biff ((T{a) =T (b))(T(a) = 1)) where T is again the binary truth function

of the language
Definition.3.

a-wvbiff ( ({ a and b) &&(a® b)) Where in this section a and b is equivalent to a ~ b
De finition.4.
a = {ble|de]} iff fis in a iff d replaced by f in the statement ¢ is true
De finition.5.
set[a] iff there exists ¢ and d such that (a = {ble|d|b|} )))
De finition.G.
string[a,b] iff b is a set such that for all ¢ and for all d such that ¢ and d are in
bi{ed d& de)
De finition.7.

ath(b,c)=d iff a <= |¢| where a is in IN and a = |{e|(e = ec(ebd)) }
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De finition. 8.
a=Db iff for all ¢,d such that stringfe.d] and a is in d where e¢,d is true c,d[a—Db]
is true for all e.f such that stringfe.f] such that b is in f and e.f is true e,f[b—a)]
is true

De finition.9.

alblc] = d iff a is a string and d is a string and there exists e such that the eth
clement of a is equal to b and the eth of d is equal to ¢ such that for all f where
f = e the fth element of a is equal to the fth element of d

Definition.10.
a/b=c iff for all d where d is in a and d is not in b we have d in ¢

De finitionll.
class[a] iff there exists b such that b is in a such that b is a set
De finition.12.

a— b iff if ¢ is in a then ¢ is in b and b is a set or class(where in this section a
or b is equivalent to a v b and a or mutually exlusive or os equivalent to a & b

Definition.13.

a — b iff if a is not equal to b and ¢ is in a then ¢ is in b

De finition.14.

ax b= ciff dis in ¢ iff d=e.f and e is in a such that fis in b
De finition.15.

Sile) = d iff a,b is a string where ¢ is in b and d is in b such that cad and there
doesn’t exists f such that fad and caf

Definition.16.
a ~%° d iff for all e.d such that c.,d is a string and a is in d where e,d is true it
is not true that if ¢,d is true then gbh where g is in ¢ and h is in ¢ however it is
true that where c,d[a—Db] is true such that for all e,f where e.f is a string and b

is in f and e, f is true it is not true that if e f is true the where ibj and i is in f
and j is in f it is true that e, f|b|la]

Dre finition.17T.
a = {b, e}(| & e(string|b, c]))) iff d is in a iff (d= inf(b,c¢) or d=sup(b,c)) or there

exists e such that e =~%°—= and there exists f such that f =%°—=_ where (S%(e) = d
and S%(d) = f

Definition.18.

b,c is a string where a is in ¢ and a=b,c iff (e={a})
Definition.19.

acb=c,d where e¢,d is a string iff b is in d and a= ¢,e where c,e is a string and
e=d/{b} such that for all f such that f is in e we hawve fcb

Definition.20.
deci = {0,1,2,3,4,5,6,7,8,9}

De finition.21.

=, deci =0 =1=2 =3 =4=5=6=T=8=20

DOI: 10.9790/5728-120402124136 www.iosrjournals.org 125 | Page



Using Recursively Defined Subsets Of The Power Set Of P To Show An Inequality Between P And..

De finition.22.
Warp = {a,cl(string|a, c|(Vd(d = c¢{d ~“% e(e = b)))))} iff a.b is a string
De finition.23.

a b — ¢ iff for all d where d is in b there exists e such that e is in ¢ and a(d)
is equal to e and for all f such that f is not in b it is true that for all g we have
a(f) is not equal to g

De finition.24.

injection|a, b, c| iff a : b — ¢ and if a(d)=a(e) then d is equal to e
Definition.25.

surjection|a,b, c| iff a : b — ¢ where for all d such that d is in ¢ there exists e
where e is in b such that a(e)=d)

Definition.26.
bijection|a,b, c| iff injection|a, b, ¢| and surjection|a, b, c|
De finition.27.
|a| = |b| iff there exists ¢ such that injection|c, a, b
De finition.28.
|a| = |b| iff there exists ¢ such that bijection|e, a, b|

De finition.29.

a,b <, . a,diff abis in N; . and a,d is in IN. 4 and a,b is a string such that
a,d is a string where((|b| < |d|) & |b| = |d| such that there exists e such that for
all f where f < e and fth(a,b)=fth(a,d) we have eth(a,b)<, . eth(a,d)

De finition.30
WNaple) =diff cis in N, p and |{e|(e <w, , €)}| = d
De finition.31.
IN = {a|(3b(de(string[b](Ny(c) = a))))}

Definition.32.

TM|a,b, e, d, e, f,g| iff ¢ is in b and d = b/c such that g — a where fis in a and
e:fa/g) «bx {TMLTMR} —axbx {TML TMR} and |g| — IN_ g.i(2)

De finition.33.

a <p . diff a is a set or a class and d is a set or a class and for all e such that e
is in a and e ~%< f it is true that f is in d

De finition.34.

comp fune|a, b| iff ,a is a string and for all ¢ such that b(c)=d(e(c)) and comp-
func[f,e] where d=sup(a) we have f = a/{d}

Definition.35.

DT Ma.b,e. d, e, f,g.h,i,7] iff j=A,B,C and A is in g where B is in b and
C is in IN such that T M|a.,b, e, d, e, f,g] and i is a string and ,j is a string
where ¢ = b and compfunclh, k| where k(f,,7,IN- 4c-:(0)) =. 7 and |h| is in IN
and (Ith( h){mmn,o)=p.q,r if o=IN_ 4..;(0) and e(m, inf(n))=p,IN . 4..;(1), TML
where r=IN_- 4ec:(0) and inf(q)=c such that for all s such that r =w s where
sthin) = Sgi(s)th(q) @ oth{n)=sup(n) and e(m,sup(n))=p,sth(q), TMR. where
Spi(0) = » and sup(q)=rth(q) and rth(g)=c such that for all t such that t =n o
and tth(n)=tth(q) & o +* IN_. 4..:(0) and e(m,oth(n))=p,oth(q), TMIL such that
for all s such that s # o it is true that sth(n)=sth(q) @ oth(n) # sup(n) and
(e(m, oth(n))=p,oth(q), TMR such that for all s such that s + o it is true that
sth(n)=sth(q)
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De finition.36.

NDTM|a,b,c.d. e, f,g,h,i, 7] iff for all k such that k is in e it is true that
TM|a,b, e, d, ke, f, gl and comp func|k, ]| and I f,I,IN- 4eci( 0} } =, j where ,j=A ,B.C
such that A is in g and B is in b where C is in IN such that for all m such that
m =p R there exists n such that n is in e and mth(h)(o,p,q)=r,s,t such that
(((n(o,gth(p))=r,qth(s),u and g = IN_ 4..;(0) such that (u = TML(Sg(f) =
q))® (gthi(p) # sup(p)andu = TM R(Sy(g) = t)))® (nl(o,gth(p)) = r,uth(s),v
and u# = IN_ gcqi( 1) suech that inf(s)=c such that for all w such that wih(p) =
Sp(w)th(s) and v=TML where (Sp(t) = g)) & u=q and Sy (g)th(s) = sup(s)
such that gth(p)=sup(p)and v=TMR and sup(s)=c such that for all w such
that w = g and wth(p)=wth(s)

Definition.37.

a — b® where a € IN iff compfune[d,e] and e{(IN_ 4..;(1})} — a such that |d| — esuch
that for all f such that fth(,d)(g) =i (b, g)

Definition.38.
a(b) = O.(d(b)) iff there exists e and there exists f such that e is in IN and f is
in IN such that for all g such that g is in ¢ and alg) =i mie.dig)f)
De finition.39.
la| < [b] iff ((la| = [b]) @ (la] < [b]})
De finition.40.
+mnla,b) =ciff cisin IN and a is in IN and b is in IN and {d|(d <=y cla =N d})}
De finition.41.

nla,b) = ¢iff ¢ is in IN and a is in IN and b is in IN such that compfunec[d,e]
where |d| = b and e(IN_ g..;(0)) = e such that for all f such that for all g it is
true that fth(d)(g) = +N_ 4., (a.9)

De finition.42.

P — {k|((set[k]vclass[k]) Ga(Ib(3e(Id(Be(3 f(Ag(I(Im(Vi(Ih(Ij(NDTM[a,b,c,d, e, f, g, h, i, j](|h] =i
sup(,g) ®&n = inf(,4))))))))))))))1N)N}

De finition.43.
NP = {k|(Ja(Fb(Fc(3dFe(Ff(Hg3(Fm(vi(,i € k(IR(IF(NDT M |a,b, e, d, e, f, g, h, i, j|(|h] =
(L2™)F = n,opln = inf(,g) < i ¢ k)((n = sup(,g) = i € k)in =
sup(,g) ®n = inf(,9))) NN}
De fintion.45.
Zgap = {a,cl(stringla, cl](a,ce Wy @ (a,c = —ad(stringla,d|(a,d e W, .)))} )}
Defintion.46.
Zg(b) = = (IN,(b) = c® (b= —de(string|d, e|(c = —IN,(d,e))})))
De fintion.47.
Z = {a|(3b(Tc(Zp(c) = a)))}
De fintion.48.
Rap = {a. c(stringla, c|((a,c € mathdsZ, ,;®(. € c(Vele € c(sup(a,c) # (Vglgc e(g =" hig # .(heb
IMNNN@inf(a,c) = —(sup(a,c) # .(Vg(g e elg # —(g # (g =% h{h € h(h € 5)))))))))))} <= string|a, b]
Defintion.49.
Ralb) = Zig(b) = be Zy
De finition.50.
z,, @ ca.d =ae=((z  (acad =a, e@-(ia‘bfa, c/linfla,c)},a,d/{infla,d}}) = a,e
(infla,c) = —(inf(a,d) = —)))) @(infla,d) = —(infla,c) # —(—w, (a c,a, d/{infla,d)})))})
De fintion.51.
R = {a|(3d(3b, c(string|b, c|(Ry (d) = a))))}
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De finition.52.
Rap(6d) = € = ((+2z4,(c,d) = e)(((inf(e) = —(inf(d) = —))D(inf(c) # —(inf(d) # —)))
((—(Ef([thic) = )))gthid) = .(c = a,ild = a,j(z_, (¢, {I[(l = mth(d)(m <y g))}) = n(
e = a,nu{m|(m = oth(d}(g =w o)) }(sup(a,nlala, {m|(m = oth(d)(g <w 0))})))1)}1))))
@(((inf(c) = —(inf(d) = —))@linf(c) = —(inf(d) # —)))(fth(c) = .(gth(d) = .(f =w g(sup(c) = jth(c)
(sup(d) = kth(d)(compfune|l, m|(m(d) = e(nth(.,I1)(d) = 0 = (((n =n —w(k, _f}
(invnth(o) =N (invnth(c}:invnth(d}}(m (znvnth(c} invnth(d)) = a,q(|q| = . geci(1)
(Vp(p # n(invpth(o) = invpth(d))})})w(n <N —w(k, g~ f) <m n
(inuvnth(o) = =N, o (invSynthic), znvnth(d})(m b(znvS nthic), tnvnth(d)) = a,q
(lg] = IN- deci(1)(Vp(p # nlinvpth(o) = invpth(d)))))))) ))@(d = o(invnth(d) = gth(d))))®
(n <n —n(k, [)(inonth(o) = sup(g;_, (invnth(c), invnth(d))) (5, (inonth(c), invnth(d)) = a,q(
lg] = N aeci(2)(Vp(p # nlinvpth(o) = invpth(y  (inf(a,q).d)))))))))
@(n <y —w(k,g)(—n(, f) =w nlinvnth(o) = sup(y_,
(invSy (-n}th.(c};z‘n'unth(d})}(H}a‘b(z‘nvSﬁ(n}th(C},invnth.(d}} = a,q(|q = WN_ geei(2)
(Vp(p # nlinvpth(o) = invpth(y,  (inf(a,q),d))}))))))1))))1))))I))
De fintion.53.
f(a.b) = c < (3d.e(stringd,e)(3f(3g(h(G, . (f.9) = h(RBae(f) = a(Rae(g) = HRae(h) = )))))
Definition.54.
w(ab) =g (b,a)
Definition.55.
Hiapla,c,a,d) = a,e= (((, (a,¢cad) =a,e)
@®la,ce Naplinfla d) = —(, ,(a.c,a, d.-"'{in.f(@, d)}) = a, fla,e = —aa,e)))})
@(infla,c) = —(infla,d) = —(y, ,(a, ¢/{inf(a, )}, a.d/{inf(a,d)})))))
Definition.56.

zla,b) = e (dd(de(df(dg(Zale, f) = g(Zale) = a(Za(f) = b(Za(g)))))))))
Defintion.57.

S Fou(by ) — d <> (i, (dy &) — B)
De fintiorn.58.
SE e, B) — e = (e, b) — a)

DNe fintiorn. 59,
(R, la.cad =acelaceLyp@adeZyp)) < ((hii) =7J) = (icb
(iﬂ-Sﬂp(ﬂ-,b)(SI.{ 3" (supla,b)) = k(M= (i, ) = k)))))
(i, ,la.ea, {1|(1 = mth(a,d)(m < g))}) = l{compfune|m, n|
mil)) = a,e((gth(,m)(r) = s < s = /g, (r. hiylg, fith(a.d)))))))))
De fintion.60.
(i{a:b(ﬂ'rcra! d] = a, e(—-(a,c S za,b(‘B a, de Za,bJJJJ had (((:’za‘b(ﬂe c, E‘sd) - ﬂ-,EJ'&J
(fthia,c) = .(gth(a.d) = .(((R(?) = j) = (1= b
(tasup(a, bJ(SR 2" (supla, b)) = k(N (i,7) = k)))))
(i (@ {1](1 = mth(a,e)(m < £))},a, {1|(1 = mth(a,d)(m < g))}) — l(compfune|m, n](comp funclo, p]
(o(m(l)) = a,e((gth(,m)(r) = s <= s = [z, (v, h{x(q. f)th(a,d)))(qth(,0)(r) = s
= 8= /g, (r hixlg,g)thla.c)))))))))))))))

De finition.61.
BPP — {a|(Gz(3y(z € R(y € R(,c.d. e, f.g. b, (Vi(j (i) = | {1 Gm
NDTM]Ib,c.d.e, f.g.h.LEkm](]l]| =g w(z,[k[Y)))}|
(ke a) = (k) Re docil(/ aeee (2:3)) <m |{1](3 VDTM[b cod.e, f,g.h, 0 k,m]
(m =mn,0,p(n = sup(,h) (1| =g wlz |[E¥)))NHKE alke = ({I|(Zm(NDTM|[b,c,d.e, f,g, h,1 . k,m]|

(m = mn,0,p(n = sup(,h)(|I| <g rlz,[k[")))} <k r(R- deci(/ R-:,dec—e‘(l,3JJ-.J(kJJJJJJJJJJJJ}
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De fintion. G2,
a, bDTM|e,d, e, fog, h,i| = (vF( 22 DTM|e, d, e, f.g, . i, k, 7. 0|k = b(|f](I = m,n,o
((m = sup(,i) < j=a)
(m =inf(,i) < (F&a))l)))))))
De finition.63.
(a(be N(a = N))) = (compfunc|e. d](|d] = b(Veleth(,e)(f) —=p (Fa)(d(IN - g0 (1300000)
De fintion. G4,
a € poly func < (3d(2e(vh(a(b) — c < (o= (d. %))
Axiorm. 1.

there exists a such that a is a set
Axiom. 2.
there exists a such that a is a class

Axriom. 3.

P o= )
Axiorm.4.
there exists a such that a — N go0y
Axionm.5.
there exists a such that a — IN

IV. Informal Theorems and proof
Th.1.P < BPP

Pr.l((ae P) = (3b,c.d,e, f, 9, h(a, iDTM(b,c,d,e, f,g,h](j  poly func))))
All(Zb,edye, fog,hla, JDTM|b,e,d. e, f,g.h|(j € polyfune))) = (Jz(Jy(z e Riy = R(Ib, e, d. e, f,g.h, (7i(

(i) = [{I|3Gm(NDTM[b,c.d, e, f.g.h. L k. m](|l| <g g(z.|k|*))}
(k& ) = (0. R e/ ecs(2:3) < |{H{Gm(NDTM (b, £, Lo ]
(m = n,0,p(n = sup(, h)(|1| <iz w(x,[K[*))))}D))((k ¢ alke ¢*)) = (|({{| Gm(NDTM][b,c,d,e, f,g, h,1,k,m]

(m = n,o,p(n = sup(,h)(|1| <x wlz. k")) J} i BR(R< deei( /R deci(1,3)).5(K)))) 1)1}
Th2.(3ala = P(string|,a|(string|,b|(|a| = [b/(vVi(VE(ZUDTM|e.d, e, f.g,.h, i, jth(,b), k. 1]
(Il =m,n,o((m = sup(,i) = (ke jth(,a)))((m =inf(,i) < (k¢ jth(,a)))(Vj(NDTM|ec,d, e, f. b, h,i, 5, k,1]
(1] <t ®(Re deci(10), [k|R=aee:(1000))y ((fel (k & ao (NDTM]e, d, e, f,b, h.i, 5, k1|
(l=m,n,olm = sup(,i))))))) & P10
Pr2.((((((a(b,c) = d = bth(,c) = d)(ay = {a(z.b)|(z € N(be P(b,dDTM]e. f.g. h.yth(,i), j. k|
(d e poly func(vi(l € a(Zm(m £ poly func(In(n € g(I, mDT M|e, f,g,h,n,j, k] (Vo(vp(p £ poly funcl
0.pNDTM]e, f.g.h.q. 5. k](9r(r € o(r € a))))))))))))))))))}({01} € ar(ay € P)))) = (ac a))r
((fi(d,0) = 0,0, TMR(£1(0,1) = sup(,h), 1.TMR( f2(d,1,) — 0,0, TM R( f2(0,0) — sup(, h),0,TMR
(fild. 1) = 2,0, TMR(f1(2,0) — inf(,h),0,TMR( f1(2,1) — inf(,h),0, TMR( f2(0,1) = inf(, h),0, TM R(
£2(2,0) = inf(,h), 0, TMR(f2(2,1,) = inf(,h),0, TMR(fs(d,0) = inf(, h),0, T MR(
f1:40,1,20X{0,1} — {0,1,2)X{0, 1} X{TML, TMR}(fs : {0,1,2}X{0,1} — {0,1,2}X{0, 1} X{TML,TMR}
I = ((a(b,c) = d = bth(,¢) = d)(Zai(ay = {al(z,b)|(z € N(be P(
b,dDTM[{0,1,2},{0,1}, g, h,i, 7. k|(d £ poly func(v1(l € a(Im(m < poly func
In(ne q(l,mDTM[{0,1,2},{0,1}, g, h,n, j, k] (Yol ¥p(p € poly funclo,pNDTM[{0,1,2},{0,1}, 9,1k, q, 7, k|
(¥r(re ofre a))))))))NNINI{OL) € ) A ((alb,e) = d = bth(,c) = d)(
Joylay = {a(z,b)|(z e N(be P(b,dDTM[{0,1,2},{0,1}, g, h,i, 5. k] (d = poly fune(v1(l = a(Im(
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m e poly fune(Inine g(I,mDTM|[{0,1,2},{0,1}, g, h,n, 7, k]
(¥o(¥p(p  poly func(o,pN DTMI{0,1,2},{0,1}, g, h,q, 3, K] (r(r € o{r € @) {01} € ay))) =
((—(((albe) = d <= bth(,e) = d)(a1 = {a(z,b)|(ze N(be P(b< y(b,dDTM]|e, f, g, h,i,7j, k|(d e polyfune
(71{l £ ay(Im(m £ poly fune(In(n = g(l, nDTM e, f.g,h.n, 5, k| (Vo(¥p(p e poly fune|

0,pNDTM|e, f, g, h,q,3,k](¥r(r € olr e ay))))))))))))))))))) {01} € ay(ay € P)))) =
(la(b,c) = d = bth(,c) = d)(Vai(a; = {a(z,b)|(z € N(be P(b,dDTM|e, f,g,h.i,j. k|(d < poly func
(YI(1 £ a[Zm(m £ poly func(In(n < g(l, mDT M|e, f,q.h,n. 7, k|(7o(vp(p € poly func(

0,pNDTM|e, f,g.h.q,3,k](¥r(r € o(rea))))))))))))))NI{01} € ailar ¢ P))))))))
All—=((albe) = d < bth(,e) = d)la; = {a(z,b)|(z e N(be P(b= y(b,dDTMle, f,g,h.i, 7, k|(d e poly func
(71(l £ ay[Im(m = poly fune(In(n = g(l, nDTM e, f, g, h.n, 7, k| (Vo(¥p(p € poly fune(

0,pNDTMl|e, f,g,h.q, 3, k](¥r(r e o(r € a1)))))))))))))))))))}HIO0L} € ar(ar € P))))) =
(lalb,e) = d = bth(,c) = d)(Vai(ay = {a(z,b)|(z e Nibe P(b,dDTMle, f,g.h,i, ], k|(d £ poly func
(YI(1 £ a[Zm(m £ poly func(In(n < g(l, mDT M|e, f,q.h,n. 7, k|(7o(vp(p € poly func(

0,pNDTM]e, f,g,h.q, 3. k](¥r(r € o(rea))))))))))))))N) 0L} € ai(ay ¢ P))))))
Thi3.Zalac Pla¢ Plas BPP))))

Pr3(ac Plstring[,al|(string[,b|(|a| = |b|(vj(VE(ZDTM|e,d, e, f,g,h, i, jth(,b), k1|
(1 =m,n,o((m = sup(,i) < (ke jth{,a)))((m =inf(,i) < (k¢ jthi,a))) (Vi (NDT M|e,d, e, f.b, h,i, j kI
(13] iz R(Rc geci(10), [k === 09))) ({k| (k € av (NDTMe, d.e, f,b, h, i, 5. k. 1]
(I =m,n,0(m = sup(,i)))))))} = 2(2¢ P)))))))))))))) = (2 BPP))~(Zala = P(string[, a](string].b]

(la| = |bl(v4 (VR DT M|e,d, e, f,g,h,i,jth(,b), k1]
(I =m,n,o((m = sup(,i) < (ke jth(,a)))((m =inf(,i) < (k¢ jth{,a)))(Vi(INDTM|ec,d, e, f, b, h,i,73,k,1]
(7] =i m(R deei(10), [ke|B=aees (100))))({k|(k € av (NDTM e, d, e, f, b, h,i, 4, k1)

(I =m,n,olm = sup(,i)))))))}t==z(z¢ P)))))))
T heorem.4.

P is a proper subset of BPP
Proof.4.

There exists a set in BPP that is not in P and we already have from theorem 1
that P is a improper subset of BPP

V. Formal de_nitions, axioms and proof
P liadmb) <= (T{a) == T(b))

D2.a b= ((T(a) = T(b))(T{a) — 1))
Ir. 3. v b= ((a ~ b)) &S (acs b))
D.aa — {ble[dle]} <= (7 f(eld Flield £] = a)))
I 5. set|a] = (de(ddia = {b|lc[d|b]})))
D T.athib.e) = d = (a < |e|l(dc e(|{e|l(e = elebd) )} |)))
D 8a == (Ve,d string|e,d]|(a = d
(e, die, dla|b](Fe, flstringle. fl(b e fle. fle, F[Blal)))iiiiiid
D9.a[blc] — d <= (string[al( string[d](Je(eth{a) — b
ethid) = (Vi f = e(fthia) = FthRid))))1))))
D 10.a/b = ¢ = (Vd(d = a(d & bld = )))
P11 class|a] == (Zb(b = al(set[B]1))
D12.a — b= (= a — ¢ e b(set|b] v class[B]))
D 13.a— b= (a = bleces a— c= b))
P 14d.a =< b — == (de s (d—=— e, fles al f = B))))
.15 .55 () = d = (string|a., b]{ec = bld = Blead( —(( 3 f( fad(oaf)))
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D.6.a =% d = (Ve,d(string[e,d|(a  d(e.d{(—(c,d = (gbh(ge c(h € ¢)))))
(c. d[a|b](Ve, f(string[e, f](
be fle, fil—(e. f= (ibjliec fie £)))ile, f[bla])))i))iNig)
DAT.(a = {b,e}(| & e(string[b,c]))) <= (dea = (((d=inf(be))vid = sup(b,e))) (e
(e =P=, (3F(F =>°=.(Sl(e) = d(Si(d) = 1))
DA (string[b,c|la = cla = b,c))) <= (e = {a})
D19 (ach = e,d(string|e,d])) <= (be dla = c,e(string|e,e]|(e = d/{b}H(Vf(f el feb)))))))
D.20.deci — {0,1,2,3,4.5,6,7,8,0}
D21, = deci =0 =1=2<3<4<=5<6=T=8=20
D22 WNap = {a,e|(stringla,c](vd(d = e(d =" e(ec b)))))} <= ([a,b])
D23.a:b—c<= (Vd(de b(Jelec clald) = e(Vf(f¢ b Vglal f)= g
D24 anjection|a,b,c] = (a :b — cla(d) = ale) = d = €))
D .26.bijection|a. b, ¢| <= (injection|a,b, ¢|( surjection|a,b, c|))
D.27.|a| < |b] < (Jelitnjection|c, a,b]))
D.28 |a| = |b| <= (Ze(bijection|e, a,b]))
D.29.a.b <, a.d< (a.be Noela,de Nealstringa. b|(stringla, d]((|b| < |d|)&
([b] = |d[(3e(7f(f < e(fthla,b) = fthia,d)(eth(a,b) <x, eth(a.d)))})))))))))
D.30N, pic) = d = (ce Nopl|{e|lle <w,, )} = d))
D.31IN = {a|(2b 2e(string[b] (Ny(e) = a))))}
D32.TM|a,b,c.d,e, f.g] = (cebld=blclg< alf = al

e:(a/g) x bx {TML,TMR} — ax bx {TML,TMR}(|g] = N 40e:(2)))))))

D.33.a =y . d = ((set[a]velass|a]((set[d]vclass[d])(Vele = ale ~berired))))
D.34.compfunela,b] < (string|, a](Ve(b(c) = dle(c))(comp fune[f,e](d = supla)( f = a/{d})]})))
D.35.DTM[a,b,e,d,e, f,g, hi,j] < (,j=A,B,Cl(Ac g(BebCeWNTMa,b,ede, f g]l

stringl. i](stringl. §](i < b(comp fune[h. K| (k(f, . 1. N geei(0)) =.5([h] = IN(

(Ith(,h)(m.n,0) = p,q,7) <= (({(0 = N geci(0)(e(m,inf(n)) = p, N geci(1), TML

(r=IN_ deei(0)(inf(g) = e(7s(r < s(sth(n) = Sy (s)th(g))))))))B(oth(n) = sup(n)

(e(m, sup(n)) = p, sthig), TM R(Sg(0) = r(sup(q) = rthig)(rth(q) = e(7t(t < oftth(n) = tth(g))))))))))

Blo# N. geeil0)ie(m,othin)) = p,oth(q). TML{Vs(s # olsth(n) = sthig]))))))®loth(n) # sup(n)
(e(m, othin)) = p,oth(q), TMR(Vs(s # o(sthin) = sth(q))))))))))))1))))))
D36 NDTM|a,b,e,d.e, f,g,h,i,j| < (Ykike e(TM|a,b,e.d,k, f,g]l
compfunc[k (1 f,I.IN=- deei(0)) =. 7
(,i=A B ClAcg(BeblCeNV¥Ymim <y |hl(In(neelmth(h)lo,p,q) =r st
(((n(o,qth(p)) = r.qth(s),u((q # N. geei(0)(u = TM L{Sy (1) = q)))®(qth(p) # sup(p)(v = TMR
(Sii (@) = 1)) (n(0. gth(p)) = r,uth(s), v(s = N_ geez(1)(inf(s) = e(vw(wth(p) = S§ (w)th(s)(v = TML
(Sn(t) = a)))))))e(u = q(Sn(q)th(s) = sup(s)(gth(p) = sup(p)(v = TM R(sup(s) =
Yw(w <w q(wth(p) = wth(s))))))))))))))))))I)JI)))

D.37.(a = b(a € N)) < (compfune[d, e](e(IN. geei(1)) = al|d] = c(7f(fth(,d)(g) = (b,g))))))
D.38.a(b) ~ O.(d(b)) < (Ie(3f(e e N(f € N(vg(g € c(a(g) <ix n(e,d(9))))))

D.39.|a| < [b] = ((la| = [b]) & (|a] < [8]))

D40, +n (a,b) = c= (ce N(ac N(be N({d|(d =w cla =w d))}))))
DAl la,b) = e« (cc N(ac hdsN({be IN

(compfunc(d, e](|d] = b(e(N . geci(0)) = (¥ f(Vg(fth(d)(g) = +n_ ,...(2,9))))))))))
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D A2.invath(b,c) = d < (|{e|dae}| = a
D.A3.P — {k|((set[k]v class[k])(Ia(Ib(Ie(Id(Ie(I f(3g(A(Zm(vi(3h(1j(NDTM|a.b, . d, e, f. g, h. i, 5]
|h| =iy (1,]]™(5 = n,0,p(n —e‘nf(.g'J -
ig k)((n=sup(,g) = ick)(n=supl,g)@&n=1inf(,9))))))]1))))))1N}
DAANP = {k|(3a(3b(3e(3d(3e(3 f 3g(3U3m(¥i(,i & k(3h(3 '(NDTM[a,b,a,d._e,f,g, h.i, 5]
(|h] =i (1,]8™)(G = n,0,p(n = inf(,g) = i ¢ k)(
(n=sup(.g) < ick)(n=sup(.g)@n=1inf(,g))))))))))))IN}
DASZ .y, = {a,c(stringla,c|(a,cc N, yBla,c = —ad(string[a, dl(a,de Wac)))))}
DA6.Z,(b) — ¢ < (INy(b) = e@ (b= —de(sm'ng[d el(c = —N,(d,e)))))
DATZ = {a|(3b(Ic(Zp(c) = a)))}
DA8Rap = {a,c|(stringla.c|((a,ce mathdszg:b&)(. eclveles elsupla,c) # (Vglge elg =" " hig+ .(heh
DIN)))@Elinf(a.e) = —(sup(a,c) # (Yglge clg # —(g # (g ="  h{he h(heb)))))))))))} < string|a,b]
DAORG(D) = Zy(b) < be Z,
D-50-:,'zu_,,(ﬂ-. e,a,d) = a,e < ((g, (a,c,a,d) = a,ed(y (a, e/linfla,c)}b,a,d/linf(a,d)}) = a,e
(infia,e) = —(inf(a,d) = —)))) @(infla,d) = —(inf(a,c) # —(—n,_,(a,c,a,d/ {infla.d)})))))
D51LR = {a|(3d(3b, e(string| b, e|(Ry o (d) = a))))}
D.52g (e,d) = e < (((+2,,(c;d) = e)&(((inf(c) = —(inf(d) = —))@(inf(c) # —(inf(d) # —)))

(= f(fthic) = )))igth(d) = .[c = a.i(d = a,j(z,  (e.{l|(l = mth{d)im <n g))}) = n(
e = a,nu{m|(m = oth(d)(g <w 0))}(sup(a,n)a(a, {m| m = othid)(g < 0)}}))))))))))
@(((inflc) = —(inf(d) = —))@(inf(c) # —(infld) # —)))(fth(c) = .(gth(d) = .(f = g(sup(c) = jth(c)
(sup(d) = kth(d)(compfunc|l,m|(m(d) = e(nthi,l){d) = o< ({(n <x —wlk, f)
(invnth(o) =N (i?wnth(c),z'ntrnth(d))(n',u b(znvnth( Joinvnthid)) = a,q(|q] = N - geeil 1)

(Yplp # nlinvpth(o) = invpth(d)))))) & (n <x —n(k.g)(—w(j. f) <nn
(invnth(o) =N (i?ngnth,(c)._’in'vnth(d.))(D'[u b(z‘?wSﬁnth(c), invnth(d)) = a,q
(lg| = N < deei (1)(¥p(p # niinvpth(o) = invpth(d))))))))))®(d = o(invnth(d) = gth(d))))®
(n =y —nlk, f)linvnth(o) = 3'u,p(D',n_b(énvnth(c)_.i?wnth(d)))(ﬁu_b(intmth(c),'i?wnth(dj) = a.q(
lg| = W - qeci(2)(7p(p # niinvpth(o) = invpth(y_, (infla,q),d)))))))))
®(n <x —n(k, ) —n (i, f) <n n(invnth(o) = sup(f;_,
(invSx (ﬂ,)th(c),z‘?wnth(d)))(ﬂu_b(mvSﬁ (n)th(e), invnth(d)) = a.q(|q) = W_ geei(2)
(vp(p # nlinvpth(o) = invpth(y _ (inf(a.q),d))))))))))))))))N))))
D.53.5 (a.b) = c <= (3d,e(string(d, e](3f(3g(5hin, (f.9) = hMRae(f) = aRaclg) = b(Rac(h) = c)))))))))
D54.g(a,b) = (b.a)
D.55. Zapla,c,a,d) = a, e = ((('Na‘b(a._ ec,a,d) = a,e)
@la,cc Naplinfla,d) = —(n,,(a.c.a. d/linf(a,d)}) =a, fla,e = —aa,e)))))
@linfla.c) = —(infla.d) = —(, (a.c/{infla.e)}. a. d/{infla.d)})))))
D.56.z(a,b) = c— (d(Je(If(Ig(Zale, ) — g(Zale) = a(Za(f) = b(Zalg)))))))))
D.ET./Zg(b,e) = d < (g (d,e) = b)
D.58./Z(a.b) — ¢ < (zle.b) — a)
D.59.(, (a ca.d) =a.ela,ceZypDadeZap)) < (ki) =) = (ich
(tasup(a, b)( 1-1 ot (supla, b)) = k(™= (i,5) = k)
(z, ,la.c.a {l|(l = mthia,d)(m < g))}) = l(compfunc[m. n]
m(l)) = a,e((gth(,m)(r) = s = s = /g, (r hiylg, Fith(a.d)))))))))
D60, (a.cad) =ael—(aceBopDa.de Lap)))) < (({z, ,(a.coa d) = a ed
(fthia,c) = .(gthl(a,d) = .(((h(i) = ) <= (i€ b
(zasup(a, bJ(SH“ (sup(a.b)) — B(N=r(i.5) — k)))))
iz, (@ {1l = mthia,c)(m < f))}. a. {I|(I = mth(a.d)(m < g))}) = lecomp func|m, n](comp func|o. p|

DOI: 10.9790/5728-120402124136 www.iosrjournals.org 132 | Page



Using Recursively Defined Subsets Of The Power Set Of P To Show An Inequality Between P And..

(o(m(l)) = a,e((gth(,m)(r) = s = s = [z, (v, hiy(q. fth(a,d)))(qth(,0)(r) = s
=8 = .az“,(?‘ hin(g.g)th(a,c)))))))))))))
D.61.BPP = {a|(Zz(Jylz e R(y= R(Zb,e.d, e, fog. b, (Vi(g(i) = [{1[(Zm(
NDTMN:-‘J,d e, f.g. h.lk.m|(|l| < w(z [E[Y)))}]
(ke a) = (g(F(), Re deci (/R aee(2,3)) < |{f| NDTM[b c.d.e, f,9.h.1,k,m]
(m = n,0,p(n — sup(, h) (1] <j (@, KNIk & alk e e*)) = ({1|Gm(NDTM[b,c,d,e, f.g, b1, k,m]
(m = n,0,p(n = sup(.h)(|l| <i r(z.|k)))))} <k BBz deci (/R deei (1,3)), 5(k))))))))))}
D.62.a,bDTM|e,d, e, f,g, h,i]| < (Vi 2k(ZHDTM|e.d. e, fog,h, ik, 3,1k < b(|j](l = m,n,o0
((m = sup(,i) < j < a)
(m=inf(,i) <= (7¢a))))))))))
D.63.(a’(be W(a e IN))) < (compfunele,d]|(|d| = b(ve(eth(,c)(f) =i (fa)(d(N - geei(1)))))))
D.64.a = poly func <= (3d(Je(vbla(b) = e<> (e =4 (d.b%))))))
Ax.1.(Ja(set|a]))
Ax.2.Zalclass|al))
Ard.(dala = IN_ gori))
Az.5.(3a(a = IN))
Th.l.P < BPP
Prl.lac P)—= (Zb,e.d,e, f.g,hla, jDTM|b,e,d. e, f,g,R|(j = polyfune))))
All(3be.d,e, fog.hla, jDTM|b, e, d, e, f,g.h|(j e polyfune))) = (Jx(Zylx = Ry = R(Ib, e, d. e, f, g, h, (7i(
)= [{I|(Zm(NDTM|[b,e,d, e, f.g. h . k.m|(|l] < wlz. |k¥))))}
(ke a) = (R(F(K), Re deci(/R._aues(2:3)) <m [{1](2 NDTM’[b e.d.e, f,g.h,1 k,m]
(m = n,0,p(n = sup(, B)(1] <ix r(z, D))}k ¢ alk e &*)) = ({I|(Gm(NDTM[b,e,d, e, f, g, h,1, k,m]
(m = n,0,p(n = sup(,h)(|1| <k w(z, %))} <k BB decil /R deei(1,3)):3(k)))))))))))) }
Th.2.(Jala = Plstring|,a](string|,b|(|a| = |b/(Y7 (VR DT M|e,d, e, f, g, h, i, 5th(,b), k, 1]
I = m,n,o((m = sup(,i) < (ke jth( a)))((m =inf(,i) < (k¢ jth(,a))) (Vi(INDTM|e, d, e, f.b,h,i. 7, k1]
3] <i ®(Re deci(10), |k|B=aeei(1000))y (el (ke € @ (NDTM|e,d. e, £.b, b, i, 4, k. 1]
I =m,n,olm = sup(,i)JAIB(B r:polyftmc(A,BNDTﬂrﬁc,d e, f.b i, g, k)
(3C(C € polyfunc(ID(A, CDT Mle,d, e, f, Dth(, )b, h,i,5,%,1]))))))))))))0 Y ¢ PN
Pr2.((((({a(b,c) = d <= bthi,c) = d)(a1 = {a(z,b)|(z = N(be P(b, EI-DTM[ Teg hoyth(,é), 4, k|
(d e poly fune(vIl(l = aiIm(m = poly fune(In(n = g(l, nDT M|e, f,g.h,n,j. k|(vo(vp(p = poly fune(
o, pNDTM|e, f.g,h.q,3,k|(vr(reolrealJAZB(B < poly func( A, BNDT M |ec.d, e, f.b,h,i,3,k,1]
(—(3C(C & polyfune(ID(A,CDT M|e, d, e, f, Dth(,b), h,i,3,k,1]))))))))))))))))1)1))II)))I {01} € ay(ay € P
1)) = (a<a))n
((fild,0) = 0,0, TMR(f1(0,1) = sup(,h), LTMRE( fo(d,1,) = 0,0, TMR( f2(0,0) = sup(,h), 0, TMR
(fild, 1) = 2,0, TMR(f1(2,0) = inf(,h), 0, TMRE(f1(2,1) =inf(,h), 0, TMRE(f3(0,1) =inf(,h), 0. TMR(
f2(2,0) =infi,h), 0, TMR(f(2,1,) = inf(,h),0,TMR(f3(d,0) = inf(,h).0,TME(
f1{0, L20X{0,1} — {0, 1, 2} X{0, 1} X{TM L, TM R} f2 : {0, 1,2} X{0,1} — {0, 1,2} X{0, 1} X{TM L, TM R}
DINNNNN) = (lalb,e) = d < bthi,e) = d)(Zai(a: = {a(2,b)|(z € N(be P(
b, dDTM[{0,1,2},{0,1}, g, h,4, 7, k]((i = fi5i = fa)(d € poly fune(71(l € a;(Im(m < poly fune(
Inin e q(l,mDTM[{0,1,2},{0,1}, g, h,n. 7, k|(Yol¥p(p £ poly func(o,pNDTM[{0,1,2},{0,1},g,h,q,7, k|
(¥r(re o(re a)))))))))NIHOL} € an)))) A ((alb,e) = d < bth(,¢) = d)(
Joq(ay = {a(z,b)|(z € N(be P(b,dDTM[{0,1,2},{0,1}, 9. b, i, 7. k]( (i = f1Bi = f2)(d € poly fune(YI(] < ay(Im
m e poly fune(In(ne g(l,mDTMI[{0,1,2},{0,1}, g, h,n, 7, k|
(Yo(vp(p = poly funclo, pN DTM[{0,1,2},{0,1}.g.h.q. 7, k|(vr(r € o(r € al

(
(
(
(—
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JA(IBIB = polyfune( A, BNDTM |e,d, e, f,b,h,i,7, k.|
(—(2C(C e poly func(ID(A, CDT Mle.d, e, f, Dth(,b), h, &, 3. k.1]))1)1))))))0)0NININININHOLY € a1))) =
((—(((a(b,e) =d < bth(,c) = d)(a1 = {alz.b)|(ze N(be P(b< y(b,dDTM e, f.g.h,i, 3. k|(d = poly func
(711l = ai(Zm(m  polyfune(Zn(n = g(l, mDTM |e, f,g,h.n, j. k|(Vol¥p(p = poly fune(
o, pNDTM e, f.g.h,q,3, k]| (vr(rco(re a (ZA(ZB(B & poly func(A, BNDTM |c,d, e, f,b,h,i,7, k1]
(—(2C(C e poly func(2D(A, CDTM |e,d, e, f, Dth(,b),h,i, 7, k. 1]

DIIININNININININ{01} € ai(ar € P)))) =
((alb,c) = d < bth(,e) = d)(Var(ar = {alz,b)|(z e Nibe P(b,dDTM |e, f.g,h.1,j. k| d = poly funec
(711 = alZmim = poly fune(In(n = g(l, mDT M|e, f. g, h.n, i, k] (Yo(vp(p = poly func(
o, pNDTM e, f.g.h.q,3, k]| (¥r(rcolrcalZA(ZB(B ¢ polyfune( A, BNDT M|e,d, e, f.b,h,i,7, k. 1]
(—(3C(C = poly func(AD(A, CDT M|e. d, e, f. Dth(,b), h, &, 4. k. 11))1)))))1)))11) 1)) {01} € ay
(ar ¢ P))))))))
All—lalb,e) = d < bth(,e) = d)(a; = {a(z,b)|(z e N(be P(b< y(b,dDT M]|e, f,g.h,i,7,k|(d = poly fune
(YUl £ ay(Im(m e poly fune(Zn(n = g(l.mDTM |e, f.g,h.n, . k|(Vo(¥p(p = poly func(
o, pNDTM e, f.g.h,q,3, k] (vr(rcolrea (ZA(ZB(B & poly fune(A, BNDTM |e,d, e, f,b,h,i,7, k1]
(—(2C(C € poly func(ZD(A, CDTM |c,d,e, f, Dth{,b),h,i, 7, k. 1]
)N DININNIDNNINHL0LY € ai(ar € P))))) =
((a(b,c) = d < bth(,c) = d)(Vay(a; = {a(z.b)|(z € N(be P(b,dDTM|e, f,g.h.i, 3, k|(d e poly fune
(W1l = alZm(m = poly fune(In(n e g(l,mDT M|e, f,g.h,n, 3, k|(Vo(Vp(p € poly func(
o, pNDTM e, f.g.h.q, 3, k](vrireo(realJAIB(B = poly func( A, BN DT M|e,d. e, f.b, R, i, 7. k[
(—(2C(C € poly fune(3D(A, CDTM|c,d, e, f, Dth(,b),h,i. 4, k1]

JIDIIINININE{01} € ay(ay ¢ P))))))
Thi. (Zala= Plag¢ Placs BPP))))
Prila— Pistring|.a|(string|,b](|a| = |b(VF vk DTM|ec,d, e, f,g,h, i, jthi, b), k1]
(I =m,n,o((m = supl,i) < (ke jth(,a)))((m =inf(,i) <= (k¢ jth{,a))) (Vi(INDT M|ec,d,e, f.b. i g, k]
(7] =iz m(Re gl 10), [k[Beaees 100y (k| (k& v (NDTM e, d,e, f.b, ki, 4, k.,
(I =m,n,olm = sup(,i)(ZA(ZB(B = poly funcl A, BN DT M|e,d, e, f.b,h,i, 3,k 1] —(2C(C = poly funec(2D(
A, CDTMle,d.e, f, Dth(,b), h, i, 3. k. 1)) = 2(2 ¢ P))I) = (z€ BPP))~
(Hala = Plstring|,a]istring|, b
(|la| = |B|(7F(VE(ZDTM|e,d, e, f.g,h, i, jth(,b), k1]
(I =m,n,o((m = supl,i) < (ke jth{,a)))((m = inf(,i) = (k¢ jth(,a)))(VIINDT M|ec,d,e, f.b. h,i, 3, k1]

(7] =i (B deei(10), [k|F=e=ec000 (U (k& aw (NDTM e, d. e, f,b, h,i, 7, k. 1]
(I = m,n,olm = sup(,i)(TAIB(B = poly func(l A, BN DT M|, d, e, f,b, i, j, k1]
(—(3C(C & poly func( 3D
A, CDTM[c,d.e, f, Dth(,b), k2.5, k. 1])))))))00))00) = =(= ¢ P11
Th4P - BPP
Pra.((dalagd¢ Plas BPP))) ~ (P < BPP))

V1. English nomenclature
a L b in this section means every formal mathematical statement in the languageof the paper about b has an
equivalent formation in the english language about

a

N.1
ais an subset of b= a <= b

N.2
aiff b <= (a<=b)

N.3
a is a set <> set|al

N .4.

a iz a state set for some deterministic confipuration that solves b
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= (Je(3d(Ze(2 f(3g(ZR(Ve(27(ZR( DT M|a,c.d. e, f,g. h, 7.1, k]|
(E=ILmmn((n=inf(,h)@En = sup(,h))((n =inf(,h) <, i¢ b)(n = sup(,h) <=, 4<b))))))))))

N.5.

a is a state set for some non deterministic confipuration that solves b

< (Je(dd(Ze(If(3gFh(Vi(3F(FR(NDT M|a, e, d, e, f,g. h, j,i, k|

(E=0Lm,nl(n=1tdnf(,h)En =sup,h))(n=inf(,h) =, id¢ b)n==sup,h)=_4icb))))))))
N.G.
a is an element of b <+ a= b
N.T
there exists a such that b <= (Jai(b))
N.8.
for every a such that b ¢ <= (Yaib(e)))
N9
if a then b == a — b
N.10
It is mot true that a = (—(a))
N.11
a is not an element of b == a & b
N.12
a is a superset of b == & — a
N.13
cardinality of a L. |a
N.14
delta 2 of a that solves b LL 6E|_ a
N.15
a is a proper subhset of b <= a — b
N.16
a is an impbroper subset of b <+ a — b
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