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l. Introduction

Atanassov[2] introduced the concept of Intuitionistic Fuzzy (IF) relations and intuitionistic fuzzy graphs
(IFG). Later the study on intuitionistic fuzzy graphs found spontaneous growth as a branch of combinatorics,
witnessing application areas in different disciplines including medical and life sciences, management sciences,
social sciences, engineering, statistics, artificial intelligence, signal processing, pattern recognition, computer
networking, decision making etc. Intuitionistic fuzzy graph model is a useful tool as it reduces the inconvenience of
traditional numerical models used in engineering and other sciences and thus increases the use of symbolic models
as in expert systems.

In [8], Parvathi and Karunambigai elaborated the study on IFG by explicitly defining operations on IFG. In
[6] Nivethana and Parvathi A. analyzed those operations for vertex sets with one or more common vertices. In [9],
authors Radha and Kumaravel introduced the concept of edge regular fuzzy graphs. In [3, 4], Karunambigali,
Sivasankar and Palanivel studied regular IFG and their properties, which motivated us to introduce extended edge
regular IFGs. In section 2, the preliminary definitions needed are discussed. In section 3, we introduce the
definitions of extended edge degree, extended vertex regular IFG, extended edge regular IFG and extended regular
IFG and then we study their properties. The necessary conditions for an IFG to be an extended edge regular IFG are
also analyzed. In section 4, an application of extended edge/vertex regular IFG in stem cell therapy which generates
a symbolic model (IFG) that makes the analysis of the effectiveness of the treatment more convenient and easier is
provided.

Il.  Preliminary and Definitions

Definition: 2.1 An intuitionistic fuzzy graph (IFG) is of the form G: (V, E) where,
i. Vis finite non-empty set of vertices such that pa: V—[0,1] and va: V—[0,1] denotes the degree of membership
and non-membership of the elements xeV respectively and 0 < ua(x)+va(x) <1 for every xeV.

ii. Ec VxV is finite set of edges such that us: VxV—[0,1] and ve: VxV—[0,1] are such that pe(xy) < min{pa(x),
pa(y)} and ve(xy) < max{va(x), va(y)} and 0 < ug(xy)+ve(xy) < 1 for every (x, y) €E.

Definition: 2.2 The complement of an IFG, G: (V, E) is an IFG, G: (V, E) where
i. V=V
i pa(x) = pa(X); vax) =va(x) Vv xeV

o ([ ® A, )] - g xy) VxyeE
e B(Xy)‘{[uA(x)Aqu)] vxyeE
_ _([va®) vva(] — ve(xy) VxyeE
ve(y) = { DA vva®)]  VxyeE

Definition: 2.3 An IFG G:(V, E) is said to be strong IFG if pe(xy) = pa(X) A pa(y) and ve(xy) = va(X) v va(y) V
xyeE.
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Definition: 2.4 Let G1:(V1, E1) and G2:(V2, E») be two IFGs with one or more vertices in common. Then the union
of Giand G; is another IFG G:(V, E)=G1 U G, defined by,
X) VxeV
(i) pax) = {HlA( ) 1 and  va(x) = {le(x) v xeV;

vaoa(x) VxeV,

vip(xy) VxyeE,
voe(Xy) VxyeE,

Hp(X) VxeV,
npxy) Vxyek;

and X :{
Hp(xy) VxyeE, ve(xy)

(i) ps(xy) = {

Definition: 2.5 Let G1:(V1, E1) and G2:(V2, E2) be two IFGs with one or more vertices in common. The sum Gz +
G is another IFG G:(V, E) defined by,

. (M) VeV _{le(x) Vv xeV;
() pal) = {uZA(X) vV xeV, and - va(x) = voa(x) VxeV,
N _ (mpxy) VxyeE; _{le(xy) v xyeE,
(i) B(Xy)_{uw(xy) V xyeE, and velY) =1y, (xy) ¥ xye<E,

(iii) There exists a strong edge between every pair of non-common vertices in G and Ga.

Definition: 2.6 The neighborhood degree of a vertex is defined as dn(v) = (dnu(V), dnv(V)) where

dnu(v) = wc21:V ) pa(w) and dv(v) = wczl:\l (V)VA(W).

Definition: 2.7 Let G:(V, E) be an IFG, then the degree of a vertex vi is defined by

de(vi) = (du(vi), dv(vi)) = (K1, k2) where ki =du(vi) = pe(vivj) and ko = dv(vi) = ve(Vivj).

Vi¢V]‘ Vi¢Vj

Definition: 2.8 An IFG G:(V, E) is said to be (ki, kz)-regular if ds(vi) = (ki, ko) for all vieV and also G is said to be
aregular IFG of degree (ki, k).

Definition: 2.9 Let G:(V, E) be an IFG and let vivj €E be an edge in G, then the degree of vivj €E is defined by
du(vivj) = du(V% + du(vj) — 2us(Vivi) 5 (or)

=ViVk € E [ps(vivi)] + vivj € E [us(vev))]
k # ] k#i
dv(vivj)) = dv(vi) + dv(vj) — 2va(Vivj) (or)
2 %

=ViVk € E [va(vivi)] + vivj € E [va(vivj)]
k#j k #i
and the edge degree of G is defined by da(vivj) = (du(Vivj), dv(Vivj)).

Definition: 2.10 Let G:(V, E) be an IFG and let viv; €E be an edge in G, then the total edge degree of vivj €E is

) )
defined by tdu(vivj)) = vivk € E [us(vivi)] + vivj € E [ps(vkvj)] + ps(vivj) and
Kk # ] k#i
) X
tdv(vivj) = vivi € E [ve(vivi] + vivj € E [ve(vivj)] + va(Vivj)
k #j k#i

and the total edge degree of G is defined by tdg(vivj) = (tdu(Vivj), tdv(Vivj)).

Definition: 2.11 Let G:(V, E) be an IFG, if each edge in G has the same degree (li, I2) then G is said to be an edge
regular IFG.

With the above definitions in view, we try to extend the study on regular intuitionistic fuzzy graphs and
their properties. Here, in section: 3, we have introduced a new notion on the degree of vertices and degree of edges
in intuitionistic fuzzy graphs. Accordingly extended degree of vertices and extended degree of edges have been
introduced and on the basis of these, extended vertex regular intuitionistic fuzzy graphs, extended edge regular
intuitionistic fuzzy graphs and extended regular intuitionistic fuzzy graphs are also introduced and their properties
are studied in the following section.
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I11.  Extended Regular Intuitionistic Fuzzy Graph

Definition: 3.1 Extended vertex degree of a vertex xeV of an IFG G:(V, E) is defined by€da(X) = (Edu(x), Edv(X))

L Tue0)] + 1a0) and € = 2 [ve(y)] + va(x).

where €du(X) = X%y %y

Definition: 3.2 An IFG in which all the vertices are of equal extended vertex degree is known as extended vertex

feQU|af IFG. & (0.5.0.4) (0.1, 0.15) d\[n 3,0.15)
Example: ™~ 0200
This is an extended vertex regular IFG with N c0s05
extended vertex degree €da(x) = (0.6, 0.7) V xeV. @019 A
02,02) /,/U}']'o)
a(0.4,03%) bD3,05)

Definition: 3.3 Extended edge degree of an edge xy<E in an IFG G:(V, E) is defined by
€ds(xy) = (Edu(xy), Edv(xy)) where Edu(xy) = [ua(X) + pa(y)] — us(xy) and

Ech(xy) = [va(x) + va(y)] - ve(xy) 303,029
Example: €0.05.0.1) ©.0.1)

In this IFG,

€dg(ab) = (0.5, 0.5), €ds(bc) = (0.3, 0.7), ©0.35.0.35 b € (03,035

€dg(cd) = (0.3, 0.1), €dg(de) = (0.5, 0.1),
€ds(ae) = (0.6, 0.5)

(0.15, 0) (0.05,0.3)

(02,035 ¢ (0.15,0.3) d (0.25, 0.05)

Definition: 3.4 An IFG in which all the edges are of equal extended edge degree is known as extended edge regular
IFG. C06.03

Example:
This is an extended edge regular IFG with
€ds(xy) = (0.6, 0.5) for all xyeE.

T (0.4,0.2)

e b (0.4,04
©5.01 _ebo4.0n

103,02

a&US.U:'}

Definition: 3.5 An IFG G:(V, E) is called extended regular IFG if it is both extended vertex regular and extended

edge regular. ©04,02b a (0.6, 0.3)
Example: i ©4.02) *
This is an extended regular IFG with
€da(x) = (1.0, 0.5), €ds(xy) = (0.6, 0.3) (0.2.0.1)
forallxe Vand xy € E. 04 0.2
(04,02¢ 8{0.6, 0.3)

Proposition: 3.6
Inany IFG, G:(V, E) with n vertices v z Edu(x) = ) pua(x) + ZnyZe E us(xy) and

x€EV Vx eV
% D) %
VreV Edv(x) Vi eV va(x) + 2ch e Evs(xy)
Proof:

We prove the result for an IFG with vertex set n=2, n=3 and extend the result for a graph with n vertices by method
of induction.
If n=1, where there is only one vertex, the edge set is an empty set as loops does not exist in our study.
If n=2, let {V} = {v1, vo} and {E} = {vav2}
&d,(x) = &d,(vy) + &€d,(v2)
= ua(vy) + ug(vyvy) +ZHA(V2) + ug(vivy) = pa(ve) + pa(v2) + 2 ug(vyvy)
D)
- Vx €V HA(X) + vay €E HB(XY)
If n:S, Iet {V} = {Vll Vo, V3} and {E} = {V1V2, V2V3}
&d,(x) = &d,(vy) + &€d,(v2) + €d,(v3)
=ua(ve) + ua(vy) +pa(v3) + 2 ug(vivy) + 2 pg(vyvs)

D) 2
- Vx €V HA(X) + vay €E HB(XY)

Vx eV

2
Vx eV
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For vertex set with n-1 vertices, let V={vy,v,, ....vp,_  } and E={v,v,, vyv3, ... vivi} Vi j = 1,2, ..n — 1

VXZE L £, 00 = €4, (vy) + Edy (V) . +E0, (V1)
n—1 n—1 n—1 n—1
_ 2 % 2 )
Ha(v) ) Zog(Vavid + (V) + 2 g (Vovid H iy (va) + ) 2 g (Vavid et () + 0 20 (Vg vid
k#1 k#2 k+#3 k#n-1
Since in our study we avoid loops p,(v;v;) is not considered and all other edges are counted twice in the above

equation. (i.e.) pg(v,vs) is same as p (v3vs).

>
Vx eV

n—1
€d,(x) = p, (v1) +p, (v2) + -+ 1, (Vaog) + 2 ' .Z 1pB(ViV]-)
L] =
D) - X 2
: Vx € V Sdp(x) - VX € V MA(X) + 2 VXy € E MB(XY)
Hence the result can be extended for vertex set with n vertices.
. D) X
Wi VEdp(x) Vx €V n, (x) + ZVXY cE g (xy).
Similarly it can be proved that,

2 _ X
Vx € VSdV(X) T VX E VVA(X) +2

2
VXy €E VB (XY)

Note: In view that any connected IFG with n edges can have a maximum of n+1 vertices, proposition: 3.7 follows.

Proposition: 3.7
Inany IFG, G:(V, E) with n edges

L e (viv)) = 2 ki, (vi) — > (vVivy)
VViV]'EE AN VViEV IHA 1 VViV]‘EEuB 7]

2 x X
Vv €E de(ViV]’) TVv, eV ki(va(vi)) — Vv €E ve(Vivj)
where ki is number of incident edges to vertex v;, i,j=1,2....n+1 and i# j.
Proof:
We prove the result for an IFG with edge set n=1 and n=2 and extend the result for a graph with n edges by method
of induction.
If number of edges n=1; Let {V} = {v,,v,} and {E} = {v,v,}
In this case the number of incident edges for both viand v are ki= ko= 1.

2

- VViVj eE Edp(vivj) = Sdp(VlVZ) = “’A(Vl) + HA(VZ) - H'B (V1V2)

= kl“A(vl) + kZH'A(VZ) - “B(V1V2)

X ))
—i=12 [kiMA(Vi)] “Vvwv: €E [“B(Vivj)]
v Vi € \'% o

If number of edges, n=2, Let {V} = {v;,v,,v3} and {E} = {v,v,, v,v3}
In this case the number of incident edges to vi, voand vs are ki= ks= 1 and ko= 2.

2
Vv, €E Sdu(vivj) = &d,(vqvy) + &d,(v,v3)
= IJ'A(Vl) + “A(VZ) - “B(V1V2) + IJ'A(VZ) + “A(V3) - HB(V2V3)
2
= H'A(Vl) + ZHA(VZ) + HA(VS) - VViVj €E MB(ViVj)
2
= kl“A(Vl) + kZlJ'A(VZ) + k3l'LA(V3) v ViV €E Hg (Vivj)
P )
= i=123 [k, W — gy o e p (i)l
v Vi eV e
Hence the result can be extended for edge set with n edges.
. 2 X X . o
" vy, €E Sdp(vivj) = Vv, eV ki, (vi) — vvv; € E uB(vivj); fori,j=12...... n+l and i# j

X

. . > %
Similarly, it can be proved that v, € E &dy(vivy) = Vv ev kiva(v;) — Wy, € E vg(vivj).
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Proposition: 3.8

Inan IFG G:(V, E), py(xy) < €d,(xy) and vg(xy) may be greater or less than €d, (xy).

Proof:

Hp(xy) < p, (x) and py(xy) < p,(y) from the definition of IFG. Adding the above two statements we get,
2pg(xy) < p, (X) + 1, ()

Subtracting p (xy) on both sides, p (xy) < p, (X) + 1, (v) — pp(xy)

- HB (XY) = Sdp(XY)

Since vg(xy) < max (v4(x), va(y)) by definition of IFG, vg(xy) may be greater than va(x) or va(y).

If vg(xy) is greater than v, (x) and is equal to v, (y), then v (x) + va(y) — vg(xy) < vg(xy)

where as if vg(xy) is greater than v, (x) and is less to v, (y) then v (x) + va(y) — vg(xy) may be greater than or
equal to vg(xy). Hence €d,(xy) may be greater or less than vg(xy).

Proposition: 3.9

If G: (V, E) be an IFG and G: (V, E) be its complement then,

Hp(xy) + [, () v in, ()] = €, (xy) and Vg(xy) + [Va(x) A VA (Y)] = €d,(xy) if xy €EE.
Proof:

By definition of complement, i, (xy) = [, () A p, ()] — pg ).

- ﬁB(XY) + [H'A(X) Vv HA(Y)] = [H’A(X) Vv P-A(Y)] + [“A(X) N HA(Y)] - “B (XY)

- ﬁ'B (XY) + [ﬁA(X) Vv }_'LA(Y)] = HA(X) + HA(Y) - I"LB (XY) = SdpL(XY)

Similarly it can be shown that, Vg(xy) = [VA(X) A VA (¥)] = &d, (xy).

Remark: If xy & E, then €d,,(xy) = 0 and &d, (xy) = 0. Hence by definition of complement IFG,
iy (xy) = [, () A, )] = [B,0) AR, ()] and Vg(xy) = [va®) v va(¥)] = [VaX) v V2 ()]

Proposition: 3.10

The necessary condition for a strong IFG to be an extended edge regular IFG is

(]JA(X) A uA(y)) =c¢; and (va(x) Ava(y)) =c, V xy € E where (cy, C2) = Edg(Xy).

Proof:

Let G:(V, E) be a strong IFG. By definition p,(xy) = [1,(x) A p, ()] and vg(xy) = [va(x) v va(y)] and since
A () + 1, () — pp(xy) = €d, (xy),

a0+, ) = [y () A, ()] = €dy(xy)

= [, v, )] = €d,(xy)

2, ® v, )] = Vxy €E.

Similarly it can be shown that [v,(x) A va(y)] = ¢, Vxy € E.

[HA(X) v HA(Y)] = ¢; and [va(x) A va(y)] = c, where (cq, c;) = Edg(Xy) V xy € E.

Proposition: 3.11

A strong IFG which is extended edge regular is extended vertex regular IFG if all the vertices and edges
have the same membership and non-membership values, and hence it must be extended regular IFG.
Proof:
By definition of strong IFG and by above Proposition: 6, all the incident edges p (xy) = p, (x) A n, (y) and hence
€da(x) and €d, (y) will be equal only if p, (x) and p,(y) are all equal for every x € V since €dg(xy) = (¢;, ¢3)
is constant for all the edges. Hence minimum and maximum of both the end vertices of all edges must be equal in an
extended edge regular IFG, which is again equal to p;(xy). - €da(x) = (c1, cz) ¥V Xe V.
~ Combining both the results €dg(xy) = (c;, ¢;) V Xye E and €d,(x) = (c;, c) V xe V gives, all the vertices
and edges have equal membership and non—-membership values. Hence it is an extended regular IFG.

Proposition: 3.12

A Hamiltonian IFG G: (V, E) with n vertices and n edges which is extended regular IFG satisfies the following
conditions.

i. (na(x), va (X)) = (Cl, Cz) VXxeV.

ii. (us (xy), ve (Xy)) = (c3, Cs4) V XY € E.

Proof:

i Let a Hamiltonian IFG G: (V, E) be extended regular IFG. Let {V} ={v1, v2,...... vn) and

E= {V1V2, VaV3,..., Vn-1Vn ,anl}
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Since G is extended regular IFG, the extended vertex degrees of all vertices are equal.
=~ &d,(vy) = &d,(vy) = ... = &d,(vy_1) = €d,,(vp)
pe(Vavi) + us(Viva) + pa(vi) = pe(vive) + us(vava) + pa(ve) = ... = pe(VnoVn1) + pe(VaaVn) + pa(Vit) =
pe(Vn-1vn) + pe (Vavi) + pa(Vn)
Cancelling common terms in above equality,
Ha(V1) = pa(v2) = ... = pa(Vn)
pa(X) = ¢1 V x e V. Similarly it can be shown that va(x) =c.V x € V.
ii. Since G is extended regular IFG, the extended edge degree of all edges are equal.
=~ &dy,(vq vp) = €d, (v, v3).
pa (V1) + pa (V2) - pe (Vava) = pa (V2) + pa (Vs) - ps (V2Vs)
By (I), HA (Vi) =c,VvieV.> us (V1V2) = uB (V2V3).
Hence it can be shown that pg (Vav2) = ps (V2vs) = ........ = ug (Vn-1Vn) = g (VaV1)
~ s (Xy) = ¢z V xy € E. Similarly it can be shown that ve (xXy) = ¢4 V Xy € E.

Note: By the above proposition, in any extended regular IFG, every path is firm path and all arcs are sturdy arcs as
defined by the authors in [7].

1IV.  Extended Regular IFG In Stemcell Therapy — An Analysis

A report on “Stemcells: 10 Diseases they may- or may not- cure”, by “health.usnews.com” released
recently can be taken for our study on application of extended regular IFG. According to the report the following are
a few of the conditions that can be treated with stemcell therapy that might someday cure — or atleast help treat.

i. Spinal cord Injury: The first — ever human study of a medical treatment derived from human embryonic
stemcell helped to regain some feeling in and control over their lower extremities of the spinal cord for a
paralyzed volunteer.

ii. Diabetes: Stemcells may be the answer for diabetic patients, whose insulin — making pancreatic cells have been
killed off by their immune system.

iii. Arthritis: A degenerative joint disease has been examined by scientists, how best to use them to rebuild and
replace shot joints.

iv. Heart disease: Researchers have reported success in injecting the cells into the heart. They could help
regenerate heart muscle damage for example, a heart attack.

v. Lung disease: From human embryonic stemcells, researchers in Texas showed lung cells could potentially be
used to repair damage brought on by variety of pulmonary conditions.

vi. Organ Failure: Scientists think that with stemcells the vision to grow new organs which is the better way to
ease the shortage of new organs may become true more than a mere pipe dream.

Based on this report and data provided, extended edge/vertex regular IFG’s are generated for our study. The
degree of membership/non—-membership of all the vertices and edges are rate of possibility for the disease may / may
not be cured with stemcell treatment. The vertices labeled SI, D, A, HD, LD, and OF denote the above six categories
of diseases respectively. The degree of membership/non—membership are assigned to all vertices and edges so that it
forms corresponding edge regular and vertex regular IFG.

S1(0.3,04) 02,03 LD (0.3,0.3) SL(0.3.0.9)
\\‘
0.5.0.3 ©.15. 02 N(©.15.0.2)
03,02 ( . 0.3) / \
( " ) \\\
N\
N\
s \
D.€0:45.0.0) ,‘:0 315, 0.6
HD (04,05 (0.1,02) OF (0.4, 04) z
Gava. Ex)
G(vi.Ep

The graphs Gi: (V1, E1) and Gz: (V2, E) are extended vertex regular IFG and extended edge regular IFG
respectively. In particular G,:(V2, E») is extended regular IFG in which both
€d,(x) = Edg(xy) = (0.6,0.8). This can also be called an extended regular
IF tree. In both Gi: (V31, E1) and G2: (V2, E2) the vertex “SI” is common.
Hence by definition of operation ‘U’ as in [6], G1 U G2 is not an extended
edge regular IFG. On the other hand if G; is extended edge regular IFG and
Gjis extended regular IFG with one or more vertices in common, then Giu Gj . s
must be extended edge regular IFG. The graph Gi U G, of the above graphs 20409 ¢ o 20409
G1: (V1, E1) and G2: (V2, Ey) is as follows.

D (0.45, 0.6) LD (0.3,0.3)

OF (04,0.4)
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In our above study we have used extended regular IFG to represent the stemcell treatment similar to a graphical
method of representing data as we do in histogram or frequency polygon etc. Further it can be used to study the
operations such as complement, union, addition etc. The study on arcs of extended edge/vertex regular IFG is also
an open problem.

V.  Conclusion
This study gives a clear idea on degree of an edge in IFG’s and new extended degree of edges in IFG’s
which is more effective in application oriented view. An application to construct an extended regular IFG as a
symbolic model to make computation easier is given. The work can be proposed to extend with study on each arc in
extended regular IFG. Also extended regular intuitionistic trees, spanning trees etc can be generated which find
more areas of application.
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