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Abstract: Let G be a simple connected graph. The connected domination polynomial of G is defined by
v(G)
Cu(G)x) = Z cy(G,i) X', where ¥ 4 (G) is the minimum cardinality of connected dominating set of G. In this
i=74(G)
paper, we find the connected dominating polynomial and roots of some general graphs.
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I.  Introduction

A connected dominating set of a graph G is a set D of vertices with two properties: (i) Any node
in D can reach any other node in D by a path that stays entirely within D. That is, D induces a connected
subgraph of G (ii)Every vertex in G either belongs to D or is adjacent to a vertex in D. That is, D is a
dominating set of G.

A minimum connected dominating set of a graph G is a connected dominating set with the smallest
possible cardinality among all connected dominating sets of G. The connected domination number of G is the
number of vertices in the minimum connected dominating set. By the definition of connected domination

number, ¥, (G) is the minimum cardinality of a connected dominating set in G. For more details about
domination number and its related parameters, we refer to [1] — [4].
For a detailed treatment of the domination polynomial of a graph, the reader is referred to [5], [6]. We

introduce the connected domination polynomial of G, we obtain connected domination polynomial and compute
its roots for some standard graphs.

I1.  Introduction to Connected Domination Polynomial
2.1 Definition
Let G be a simple connected graph. The connected domination polynomial of G is defined by Cy4(G,x) =
V(©S)
cg(G,i) X', where 74 (G) [ is the connected domination number of G.
i=74(G)

2.2 Theorem
Let G be a graph with [V(G)| =n. Then

(i) 1f G is connected then C4(G,n) =1 and Cy(G,n-1) =n.

(i) Cy(G,i) =0ifand only ifi < ¥4 (G)andi>n.

(111)C4(G,x) has no constant and first degree terms.

(IV)C4(G.x) is a strictly increasing function in [0,0).

(V) Let G be a graph and H be any induced subgraph of G. Then deg(Cy(G.x)) > deg(C4(H,X)).

(Vi) Zero is a root of C4(G,x) with multiplicity 7, (G).

Proof:

(i) Since G has n vertices, there is only one way to choose all these vertices and it connected and dominates all

the vertices. Therefore, c4(G,n) = 1. If we delete one vertex v, the remaining n-1 vertices are connected
dominate all the vertices of G. (This is done in n ways). Therefore, c4(G,n-1) = n.

(i) Since C4 (G,i) = @ if i <y, (G) or €4 (G,ntk) = @, k= 1,2,.... Therefore, we have c4(G,i) =0 ifi <y, (G)

ori>n. Conversely, ifi<y, (G)ori>n, cy(G,i) =0. Hence the result.
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(i) Since y, (G) > 2, the connected domination polynomial has no term of degree 0 and 1. Therefore, it has no

constant and first degree terms.

(iv) The proof of (iv) follows from the definition of connected domination polynomial of a graph.

(V) We have, deg(C4(H,x)) = number of vertices in H. Also, deg(C4(G,x)) = number of vertices in G. Since the
number of vertices in H < the number of vertices in G, deg(Cy(G,x)) > deg(Cy(H,X)).

(vi) As C4(G,x) has no constant term, C4(G,x) = 0 implies x = 0. Hence x = 0 is the root of polynomial C4(G,X).

Also since least power of x in expansion of Cy4(G,x) is ¥4 (G), multiplicity of rootis y, (G).

I11.  Connected Domination Polynomial and Roots for Some Graphs
3.1Theorem

If F_is a friendship graph with 2m+1 vertices, then the connected domination polynomial of F_ is
iz
Co(F,x) = x [(1+x)®™ — 1] and the connected dominating roots are 0 with multiplicity 2 and €™ —1,
i2z i(m-1)z
e™ —1,.,e ™ —T1with multiplicity 1.
Proof:

Let G be a friendship graph of size 2m + 1 and m > 2. By labeling the vertices of G as vy, Vy,..., Vome1
where v, is joined with all the vertices and (v,,V3), (V4,Vs),...,(Vom,Vom+1) are joined itself. Clearly there are 2m
connected dominating set of size two namely {vi, vo}, {Vi, V3},..., {v1, Voms1}. Similarly for the connected
dominating set of size three, we need to select the vertex v; and two vertices from the set of vertices { v,, vs,...,

m
_ ,2<i<2n+l.

2m
Voms1}. That means there are ( 5 j connected dominating sets. In general, c4(G,i) = (I 1

2m 2m
Hence Cy4( F, ,x) = 2m x* + XL+ X2
2 2m

= x [(1+x)*™ - 1].
iz i2x
Consider, x [(1+x)*™ — 1] = 0. The roots of this polynomial are 0 with multiplicity2and €™ -1, e ™ —1,...,
i(m-1)7
e ™ —1with multiplicity 1.

3.2 Theorem

For any helm graph H | with 2n+1 vertices, where n > 3, C4( H , ,x) = x" (1+x)™" and the connected
dominating roots are 0 with multiplicity n and —1 with multiplicity n+1.
Proof:

Let G be a helm graph of size 2n+1vertices and n > 3. By labeling the vertices of G as vy, Va,..., Vo1
and vy is joined with vy, Vs,..., Vpig. AlSO (V2,Vii2), (V3,Vnes),-..»(Vne1,Vane1) are joined itself. Clearly the only set
{V5, Vs,..., Vns1} is connected dominating of size n. Clearly for the connected dominating set of size n+1 we need
to select {vi, Va,..., Vier by {V2, Va,. vy Viit, Vieods V2, Va,ety Viety Vieatseos {V2, Va,..t, Vit Voner}  That means

n+1 o ) n+
there are 1 connected dominating sets. In general, c4(G,i) =

1
i ,n1<i<2n+l.
I—-Nn
n+1 n+1
Hence C4(H ,,x) = x" + X"+ x2mt
1 n+1

- Xn (1+X)n+1
Consider, x" (1+x)™* = 0. The roots of this polynomial are 0 with multiplicity n and —1 with multiplicity n+1.

3.3 Theorem
For any lollipop graph L, with m+1 vertices, where m > 2, Cy(L,; X) = x [(1+x)™ — 1] and the
2z 4z i2(m-1)7
connected dominating roots are 0 with multiplicity 2 and e™ -1, e™ -1 ..., e ™ —1 with

multiplicity 1.
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Proof:

Let G be a lollipop graph of size m+1 and m > 2. By labeling the vertices of G as vy, Va,..., Ve Where
V1 1S joined only with vy and the remaining vertices are joined with each other except v,y Clearly there are
m connected dominating set of size two namely {vi, v}, {v1, V3},..., {v1, Vms1}. Similarly for the connected
dominating set of size three, we need to select the vertex v; and two vertices from the set of vertices { v,, vs,...,

m m

Vme1}- That means there are (2 ] connected dominating sets. In general, c4(G,i) = ( :J, 2<i<mtl.
I —
2 m 3 m m+1
Hence C4( L, X) =mx“ + X+ . X
' 2 m
=x [(1+x)™ - 1].
2z iz

Consider, x [(1+x)™ — 1] = 0. The roots of this polynomial are 0 with multiplicity 2and e ™ -1, e ™ -1

i2(m-1) 7
,..., @ ™ —7with multiplicity 1.

3.4 Theorem

For any barbell graph B, with 2n vertices where n > 3, Cy( B, x) = x* (1+x)*™™® and the connected
dominating roots are 0 with multiplicity 2 and -1 with multiplicity 2(n-1).
Proof:

Let G be a barbell graph of size 2n and n > 3. By labeling the vertices of G as vy, Va,..., Vi, Vs, ...
Vaon, @and v, is joined with v,.1. AlSO vy, Vs,..., v, are joined with each other and V.1, iz ..., Vo, are joined with
each other. Clearly the only set (v, , Vn+1) is connected dominating of size 2. Clearly for the connected
dominating sets of size 3, we need to select the vertices v, , Vp+1 and one vertex from the set { vy, vo,..., Vo1,

2n—-2 o ~(2n-=2
V2, ... ,Von}. That means there are 5 connected dominating sets. In general, cq(G,i) =| . 5 ,2<

i<2n.

, (2n—=2) ., (2n-2) , 2n—-2) |
Hence Cq( B, ,X) = x° + x® + X+t x°"

1 2 2n-2
= X% (1+x)2"D,

Consider, x* (1+x)*™Y = 0. The roots of this polynomial are 0 with multiplicity 2 and -1 with multiplicity 2(n-
1).
3.5 Theorem

For any tadpole graph T, , with n+1 vertices, where n >4, Co(T  ; X) = (n-2) X2+ (2n-3) X"+ n X" +

x"* and the connected dominating roots are 0 with multiplicity n-2 and —1 with multiplicity 2 and — n+2 with
multiplicity 1.
Proof:

Let G be a tadpole graph with n+1 vertices and n > 4. By labeling the vertices of G as vy, Va,..., Vo,
Vhe1. The first n vertices are a cycle C, and v, is connected with the vertex v,,. Clearly the set {vi, V,..., vpi1}
is a connected dominating set of cardinality n+1. We remove one vertex from C, we get the connected

dominating number of cardinality nis n. That is cd(Tnyl,i) =n. Also connected dominating number with

cardinality n — 1 is 2n — 3 and connected dominating number with cardinality n — 2 is n — 2. Therefore, C4( T, ;

X) = (n-2) X"2 + (2n-3) x"* + n x" + x™. Consider, (n-2) xX"2+ (2n-3) X" +nx"+ x"™' =0

= x"2[x¥+nx*+(2n-3)x+n-2] =0

= X"? (x+1) (x+1) (x + n-2) = 0.
Hence the roots of this polynomial are 0 with multiplicity n-2 and -1 with multiplicity 2 and — n+2 with
multiplicity 1.

IV.  Conclusion
In this paper the connected domination polynomial for some standard graphs by identifying its
connected dominating sets. It also helps us to find the roots of those polynomials.
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