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Abstract: The purpose of this paper is to obtain a common fixed point theorem in a Menger space for weakly
compatible self-map satisfying a contractive condition by using an implicit relation and the property CLR which
will also generalize and improve several results on fixed point in probabilistic metric spaces and menger
spaces.
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. Introduction

Fixed point theory in Menger spaces can be considered as a part of Probabilistic Analysis, which is a
very dynamic area of mathematical research. The notion of probabilistic metric space is introduced by Menger
in 1942 [8] and the first result about the existence of a fixed point of a mapping which is defined on a Menger
space is obtained by Sehgel and Barucha-Reid. Recently, a number of fixed point theorems for single valued and
multivalued mappings in Menger probabilistic metric space have been considered by many authors
[11.[2].[3].[41.[5].[6].

In 1998, Jungck [7] introduced the concept weakly compatible maps and proved many theorems in
metric space.

Further, the study of common fixed point of mapping satisfying contractive type conditions has been a
very active field of research activity during the last three decades. Many authors have proved a number of fixed
point theorems for different contractions in Menger Spaces.

And, most recently, Sintunavarat and Kumam [9] defined the notion of “Common limit in the range”
property or CLR property in fuzzy metric spaces

In this note, we prove a common fixed point theorem for four mappings with weak compatibility
satisfying a new contractive condition without appeal to continuity in Menger space using contractive condition
with the notion of CLR property.

Il. Preliminaries
Definition 1[10] Suppose that (X ,d) is a metric space and f,g : X — X . The pair of mappings (f, g) is said
to satisfy the common limit in the range of g property if there exists a sequence {x,}in X such
that lim,,_.f(x,) = lim,_,g(x,) = g(x) for some x € X.
Similarly we can have the property (CLR) and the property (CLRs) if mapping f and g is replaced by T and S
respectively.

Definition 2 [11] A mapping F:R —» Rt is called a distribution function if it is non-decreasing and left
continuous with 22 F(t) = 0 and $*2F(t) = 1 where R is the set of real numbers and R* denotes the set of

non-negative real numbers.

Definition 3 [11] A Binary operation A: [0, 1]?> — [0,1] is called a t — norm if it satisfies the following
properties:

(i) Aisassociative and commutative

(i) A(a,1)=aVael0,1],

(iii) A(a,b) < A(c,d) whenevera < candb <d Va,b,c,d €[0,1].

Definition 4 [11] A Menger Space is a triplet (X, F,A), where X is a non-empty space, F is a function defined
on X X X to the set of distribution functions and A is a t — norm such that the following properties are satisfied:
(i) F,(0)=0Vxy€EX,

(i) Fy(s)=1Vs>0if andonlyif x =y,

(i) Fey(s) = F,,(s) Vs >0,x,y €X
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(iv) Foy(u+v) = A (F;C,Z(u),FZ‘y(v)) Vuv>0,xy,z€X.

Definition 5 [12] Let (X, F, A) be a Menger Space.

(i) Asequence {x,} in X is said to be convergent to a point x € X if lim, ,, F, ,(t) =1Vt >0.

(ii) A sequence {x,} in X is said to be a Cauchy sequence if for each 0 <& < 1 andt > 0, there cexist a
positive integer ny such that £, (t) >1—¢ foreachn,m = n,

(ili) A Menger Space in which every Cauchy sequence is convergent is said to be complete.

Definition 6 [13] The 3-tuple (X, M,A) is called a fuzzy metric space if X is an arbitrary set, A is a continuous
t-norm and M is a fuzzy set in X? X (0, o) satisfying the following conditions for all x,y,z € Xand t, s> 0.

(i) M(x,y,00) >0

(i) M(x,y,t)=1L,vt > 0iff x =y

(D Mx,y,t) =My, x, t),

(v) AM(x,y,t),M(y,2,5)) < M(x,z,t +5)

(v) M(xy, .):[0,00) = [0,1] is left continuous

(vi) lim;_,, M(x,y,t) = 1.

Definition 7 [7] The mappings f, g : X — X are said to be weakly compatible if f(g(x)) =g(f(x))Vx €X
such that f(x) = g(x).

Definition 8[15] Let (X, F,A) be a Menger Space with a continuous t — norm A. The two mappings f,g : X —
X are said to have the CLRg property if there exists a sequence {x,,} in X and a point z in X such that

limy, L, f(xn) = limy .8 (xn) = 8(2).

Definition 9 We will apply an implicit relation as, let ®sdenote the set of all continuous functions
from [0,1]° — R satisfying the conditions:

®@,: @ is non-increasing in t,, t3 tyand ts

®,: ® (u,v,v,v,v) =20 = u=vfor uve|01]

Example: @ (t,ty, ts, ty, ts) = t; — max{t,, t3, t,, ts}
Lemmal [14] Let (X,F,A) be a Menger Space and x,y € X. If there exists a constant k € (0,1) such that
F.,(kt) = F,,,(¢t) forall ¢ > 0, then x = y.

1. Main Result
Theorem: Let A, B, Sand T be self- maps of a Menger space (X, F, A) satisfying the following conditions:
(i) AX) € T(X),B(X) € S(X)
(i) (A,S)and (B, T) are weakly compatible pairs
(iii) (A, S)or (B, T) satisfy the property (CLRg) and (CLR<) respectively.
(iv) For some ® € @5, and forall x,y € X,t > 0 & ke (0,1),

Fpysx(@®) + Fpyry(®) Faxry (@) + Foyax ()
(P[FAX,By(kt):FSx,Ty(t): 2 2 rr ) = 2 S

If the range of one of the maps A,B,Sor T is a complete subspace of X. then A,B,Sand T have a unique
common fixed point in X.

’ FSx,Ax (t) =0

Proof: Without loss of generality, assume that B(X) < S(X) and the pair (B, T) satisfies property (CLR), then
there exist a sequence {x,} in X such that Bx, and Tx, converges to Tx, for some x in X as n — oo.
SinceB(X) € S(X), so there exist a sequence {y,} in X such that Bx, = Sy, , hence Sy, —» Txasn — o. We
shall show that lim,_, Ay, = Tx.

Suppose Ay, — w(# Tx) then by taking x = y,,, y = x, in (iv)

+F Bxy,TXn (6)  F Ay, Txy O+F sy a4y, @)
2 ! 2

F Bxp,Syn @®)
¢ I:FAYH'BXn (kt)’ FSanTXn (t)’ sy ’ FSYn‘AYn (t)] = 0
Letting n — oo we get

F 1o T (O+F 736,16 () F oy 73 (O FF 7,0 (8)
0 [Furx k), Fiy (6, 1128 © Lo O 1w ® )] > 0
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= (P[FW,TX (kt): 1' 1' Fw,Tx (t)' FTx,w (t)] =0

= O[Fyrx k), Fy12(©), Fryrx (8), Foyrx (), Foy 12 (£)] = 0 since @ is non-increasing in t,and t;
Therefore using the property ¢, (in definition 1.9), we have F,, 1, (kt) = F, 1, (¢).
Thus by using lemma 1 we have Tx = w
This shows that Ay, - Tx as n — .

Now suppose that S(X) is a complete subspace of X then Tx = Su for some u € X. Subsequently we have,
Ay, — Su,Bx, » Su, Tx, » Suand Sy, = Su asn - o«
Taking x = u, y = x,, in (iv), we have,

Fxn Sul)+F pxy 70 ) F guTxy (O)+F su 4u(t)

0 [Faux, (KO, Fourx, (0), - : -  Fouaa(®)] 2 0

Letting n — oo we get
Fsusu(t) + Fsusu(®) Fausu(t) + Fsyau(t)
(P[FAu,Su(kt)i FSu,Su(t)l - 2 Sl ) - 2 —

= (P[FAu,Su (kt)' 1' 1' FAu,Su (t): FSu,Au (t)] =0

= [ Fausu kD), F pu50(0), F gu50 (), F au,s0(®), Fsuau(t)] = 0since @ is non-increasing in t, and t;.
Therefore using the property ¢, (in definition 1.9), we haveFy, s, (kt) = F 4,5, (t).

Thus by using lemma 1 we have Au = Su

But weak compatibility of A and S implies ASu = SAu

Hence AAu = ASu = SSu.

’ FSu,Au(t) =0

On the other hand since A(X) < T(X) , therefore there exist u, v € X. such that Au = Tv.
Now we show that Tv = Bv .

Taking x = u, y = vin (iv),we have ¢ [FAU_BU (kt), Fsy 1y (t),
0

FBU,Su(t)‘H:Bv,Tv(t) FAu,Tv(f)‘H:Su,Au(f)
2 ’ 2

» Fsu,au (t)] =

F gy,rv (O+F gy,rv () F1y,1v (O+F au,au (t)
= (P[FTU,BV(kt)F FTU,T‘V(t)' Bet 2 Zul , == 2 it ) FAu,Au(t)] =0

= (P[FTU,BV(kt)' 1' FTU,BV (t)r 1'1] =0

= ¢[Fryp,50(kt), Fr0 5, (©), Fp50 (), Fru 5 (£), Fry 5, (t)] = 0'since @ is non-increasing in t,, tyand ts.
Therefore using the property o, (in definition 1.9), we have Fr,, g, (kt) = Fr, p, (2).

Thus by using lemma 1 we have Tv = Bv.

Hence Au = Su = Tv = Bv.

But the weak compatibility of B and T implies that BTv = TBv

Hence TBv = BTv = BBv.

Now let us show that Au is a common fixed point of A, B, Sand T.
Taking x = Au, y = u in (iv), it follows

Fpuame @) + F 40,00 () F ga0,00 () + F gy,40 ()
¢ [FAAu,Au (kt)’ FAAu,Au (t): el 2 LA ) e 2 o

» Frpuaau (@) =0

Fay,aau ()41 F g44,4u (£)+1
= (P[FAAU,Au(kt)' Fp a0 (1), - AAZ , 24 AZ ,1] =0

= (P[FAAu,Au (kt), Fapuau (®)s Fapuau (@), Fasy,au (@), 1] =0

= 0 Fanuau k8), Fapunu ) Faguau ), Fas s (0, Fa 4 ()] = 0'since @ is non-increasing in ts.
Therefore using the property ¢, (in definition 1.9), we have Fyy 4, (kt) = Fpay 40 (8.

Thus by using lemma 1, we have AAu = Au.

Hence Au = AAu = SAu and Au is a common fixed point of A and S.

Similarly we can prove that Bv is a common fixed point of B and T.

Now since Au = Bv, we conclude that Au is a common fixed point of A, B, Sand T.

The proof is similar when T(X) is assumed to be complete subspace of X. The cases in which A(X) or B(X) is
complete subspace of X are similar to the cases in which T(X) or S(X) respectively is complete since A(X) €
T(X) and B(X) € S(X).

For uniqueness of fixed point, let Au=Bu=Tu=Su=w; and Av=Bv=Tv=Sv=w,
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Then using (iv), we have
Fppsu(t) + Fpyry(t) Faure(®) + Fsyau(t)
() [FAU,Bv(kt)r FSu,Tv(t)v o 2 = ) 2 2 s ’ FSu,Au (t) =0
Fw W (f)“’FW W ® Fw W (t)+Fw W ®
= (P [le,wz (kt)l le,WZ (t)l Al 2 am2 ’ 122 2 121 1] le‘wl (t)] 2 0

Fywowi(@®+1 Fyqwy()+1
=0 [le.wZ (ko), Fy iy (B, . 21 , L2 ) 1] =0

= OBy, (KE), Foyyiy (8, By (), By, (6),1] 2 0

= (p[FWIM,2 (kt), Fyywy, () Fyyw, ), Fyyw, (0, By, (6)] = 0'since @ is non-increasing in ts.
Therefore using the property ¢, (in definition 1.9), we have F,, ., (kt) = F,, w,(t).

Thus by using lemma 1 we have w; = wy.

Hence the common fixed point is unique.

IV. Conclusion
The result on a common fixed point is successfully obtained for weakly compatible maps in a Menger
space using the common limit in the range property of mappings called (CLR) property. Moreover the result
does not require the continuity of maps and improves several results on fixed point in probabilistic metric spaces
and menger spaces.
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