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Abstract: The purpose of this paper is to obtain a common fixed point theorem in a Menger space for weakly 

compatible self-map satisfying a contractive condition by using an implicit relation and the property CLR which 

will also generalize and improve several results on fixed point in probabilistic metric spaces and menger 

spaces. 
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I. Introduction 
Fixed point theory in Menger spaces can be considered as a part of Probabilistic Analysis, which is a 

very dynamic area of mathematical research. The notion of probabilistic metric space is introduced by Menger 

in 1942 [8] and the first result about the existence of a fixed point of a mapping which is defined on a Menger 

space is obtained by Sehgel and Barucha-Reid. Recently, a number of fixed point theorems for single valued and 

multivalued mappings in Menger probabilistic metric space have been considered by many authors 

[1],[2],[3],[4],[5],[6].  

In 1998, Jungck [7] introduced the concept weakly compatible maps and proved many theorems in 

metric space.  

Further, the study of common fixed point of mapping satisfying contractive type conditions has been a 

very active field of research activity during the last three decades. Many authors have proved a number of fixed 

point theorems for different contractions in Menger Spaces.  

And, most recently, Sintunavarat and Kumam [9] defined the notion of “Common limit in the range” 

property or CLR property in fuzzy metric spaces   

In this note, we prove a common fixed point theorem for four mappings with weak compatibility 

satisfying a new contractive condition without appeal to continuity in Menger space using contractive condition 

with the notion of CLR property. 

 

II. Preliminaries 

Definition 1[10] Suppose that (𝑋 , 𝑑)  is a metric space and  𝑓, 𝑔 ∶ 𝑋 → 𝑋 . The pair of mappings  𝑓, 𝑔  is said 

to satisfy the common limit in the range of 𝑔 property if there exists a sequence {𝑥𝑛 } in X such 

that  limn→∞f(xn) = limn→∞g(xn) = g(x) for some x ∈ X. 

Similarly we can have the property (CLRT) and the property (CLRS) if mapping f and g is replaced by T and S 

respectively. 

                                                

Definition 2 [11] A mapping 𝐹: ℝ → ℝ+  is called a distribution function if it is non-decreasing and left 

continuous with 𝐹 𝑡 = 0 𝑡∈ℝ
𝑖𝑛𝑓

 and  𝐹 𝑡 = 1 𝑡∈ℝ
𝑠𝑢𝑝

 where ℝ is the set of real numbers and  ℝ+  denotes the set of 

non-negative real numbers. 

 

Definition 3 [11] A Binary operation ∆∶  0 , 1 2 →  0 , 1  is called a 𝑡 − 𝑛𝑜𝑟𝑚 if it satisfies the following 

properties: 

(i) ∆ is associative and commutative 

(ii) ∆ 𝑎 , 1 = 𝑎 ∀ 𝑎 ∈  0 , 1 , 
(iii) ∆ 𝑎 , 𝑏 ≤  ∆ 𝑐 , 𝑑  whenever 𝑎 ≤ 𝑐 and 𝑏 ≤ 𝑑 ∀ 𝑎, 𝑏, 𝑐, 𝑑 ∈  0 , 1 .   
 

Definition 4 [11] A Menger Space is a triplet  𝑋, 𝐹, ∆ ,  where 𝑋 is a non-empty space, F is a function defined 

on 𝑋 × 𝑋 to the set of distribution functions and ∆ is a 𝑡 − 𝑛𝑜𝑟𝑚 such that the following properties are satisfied: 

(i) 𝐹𝑥,𝑦 0 = 0 ∀ 𝑥, 𝑦 ∈ 𝑋, 

(ii) 𝐹𝑥,𝑦 𝑠 = 1 ∀ 𝑠 > 0 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 = 𝑦, 

(iii) 𝐹𝑥,𝑦 𝑠 = 𝐹𝑦,𝑥 𝑠  ∀ 𝑠 > 0 , 𝑥, 𝑦 ∈ 𝑋 
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(iv) 𝐹𝑥,𝑦 𝑢 + 𝑣 ≥ ∆  𝐹𝑥,𝑧 𝑢 , 𝐹𝑧,𝑦 𝑣  ∀ 𝑢, 𝑣 ≥ 0 , 𝑥, 𝑦, 𝑧 ∈ 𝑋. 

 

Definition 5 [12] Let  𝑋, 𝐹, ∆  be a Menger Space. 

(i) A sequence  𝑥𝑛   in X is said to be convergent to a point 𝑥 ∈ 𝑋 if lim𝑛→∞ 𝐹𝑥𝑛 ,𝑥 𝑡 = 1 ∀ 𝑡 > 0. 

(ii) A sequence  𝑥𝑛   in X is said to be a Cauchy sequence if  for each  0 < 𝜀 < 1 and 𝑡 > 0, there cexist a 

positive integer 𝑛0 such that 𝐹𝑥𝑛 ,𝑥𝑚
 𝑡 > 1 − 𝜀  for each 𝑛 , 𝑚 ≥  𝑛0 

(iii)  A Menger Space in which every Cauchy sequence is convergent is said to be complete. 
 

Definition 6 [13] The 3-tuple (X, M,∆) is called a fuzzy metric space if  X is an arbitrary set,  ∆ is a continuous 

t-norm and M is a fuzzy set in X2 × (0, ∞) satisfying the following conditions for all x, y, z ∈ X and  t , s > 0. 
(i) 𝑀(𝑥, 𝑦, 0)  >  0 
(ii) 𝑀(𝑥, 𝑦, 𝑡) = 1, ∀ 𝑡 >  0 𝑖𝑓𝑓  𝑥 =  𝑦 
(iii) 𝑀(𝑥, 𝑦, 𝑡) = 𝑀(𝑦, 𝑥, 𝑡), 
(iv) ∆(𝑀 𝑥, 𝑦, 𝑡 , 𝑀(𝑦, 𝑧, 𝑠)) ≤ 𝑀(𝑥, 𝑧, 𝑡 + 𝑠) 
(v) M x, y, .  : [0, ∞) → [0,1] is left continuous  

(vi) lim𝑡→∞ 𝑀 𝑥, 𝑦, 𝑡 = 1. 

 

Definition 7 [7] The mappings 𝑓, 𝑔 ∶ 𝑋 → 𝑋 are said to be weakly compatible if  𝑓 𝑔 𝑥  = 𝑔 𝑓 𝑥   ∀ 𝑥 ∈ 𝑋  

such that 𝑓 𝑥 = 𝑔(𝑥). 

 

Definition 8[15] Let  𝑋, 𝐹, ∆  be a Menger Space with a continuous 𝑡 − 𝑛𝑜𝑟𝑚 ∆. The two mappings 𝑓, 𝑔 ∶ 𝑋 →
𝑋 are said to have the CLRg property if there exists a sequence {𝑥𝑛 } in X and a point 𝑧 𝑖𝑛 𝑋 such that 

 limn→∞f(xn) = limn→∞g(xn) = g(z). 

 

Definition 9 We will apply an implicit relation as, let Φ5denote the set of all continuous functions 

from [0,1]5 → R satisfying the conditions: 

Φ1: Φ is non-increasing in t2 , t3,t4and t5 

Φ2: Φ  u, v, v, v, v ≥ 0 ⟹ u ≥ v for  u, v ∈ [0,1]  
 

Example:   Φ  t1 , t2, t3 , t4 , t5 = t1 − max t2 , t3, t4 , t5  
Lemma1 [14] Let  𝑋, 𝐹, ∆  be a Menger Space and 𝑥, 𝑦 ∈ 𝑋. If there exists a constant 𝑘 ∈ (0, 1) such that                     

                         𝐹𝑥,𝑦 𝑘𝑡 ≥ 𝐹𝑥,𝑦 𝑡  for all 𝑡 > 0, then  𝑥 = 𝑦. 

 

III. Main Result 
Theorem: Let A, B, S and T be self- maps of a Menger space  𝑋, 𝐹, ∆  satisfying the following conditions:  

(i) A X ⊆ T X , B(X) ⊆ S(X)  

(ii)  A, S and (B, T) are weakly compatible pairs  

(iii)  A, S or (B, T) satisfy the property (CLRS) and (CLRT) respectively. 

(iv) For some Φ ∈ Φ5, and for all x, y ∈ X , t > 0 & k ϵ (0,1), 

 

φ  𝐹𝐴𝑥 ,𝐵𝑦 𝑘𝑡 , 𝐹𝑆𝑥,𝑇𝑦 𝑡 ,
𝐹 𝐵𝑦 ,𝑆𝑥 𝑡 + 𝐹 𝐵𝑦 ,𝑇𝑦  𝑡 

2
,
𝐹𝐴𝑥,𝑇𝑦  𝑡 + 𝐹 𝑆𝑥 ,𝐴𝑥 𝑡 

2
, 𝐹𝑆𝑥,𝐴𝑥 𝑡  ≥ 0 

If the range of one of the maps A, B, S or T is a complete subspace of X. then A, B, S and T have a unique 

common fixed point in X. 

 

Proof: Without loss of generality, assume that 𝐵(𝑋) ⊆ 𝑆(𝑋) and the pair  B, T  satisfies property (CLRT), then 

there exist a sequence  xn  in X such that  Bxn  and Txn  converges to Tx, for some x in X as n → ∞. 

Since𝐵(𝑋) ⊆ 𝑆(𝑋), so there exist a sequence   yn  in X  such that  Bxn = Syn  , hence  Syn → Tx as n → ∞. We 

shall show that limn→∞Ayn = Tx.   

Suppose Ayn → w ≠ Tx  then by taking x = yn , y = xn  in (iv) 

 

 

  φ  𝐹𝐴yn ,𝐵xn
 𝑘𝑡 ,  𝐹𝑆yn ,𝑇xn

 𝑡 ,
𝐹 𝐵x n ,𝑆y n  𝑡 +𝐹 𝐵x n ,𝑇X n  𝑡 

2
,

𝐹 𝐴y n ,𝑇x n  𝑡 +𝐹 𝑆y n ,𝐴y n  𝑡 

2
,  𝐹𝑆yn ,𝐴yn

 𝑡  ≥ 0  

Letting n → ∞ we get 

φ  𝐹𝑤,𝑇𝑥 𝑘𝑡 , 𝐹 𝑇𝑥,𝑇𝑥  𝑡 ,
𝐹 𝑇𝑥 ,𝑇𝑥  𝑡 +𝐹 𝑇𝑥 ,𝑇𝑥  𝑡 

2
,
𝐹 𝑤 ,𝑇𝑥  𝑡 +𝐹 𝑇𝑥 ,𝑤  𝑡 

2
, 𝐹𝑇𝑥,𝑤 𝑡  ≥ 0   
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  ⇒  φ 𝐹𝑤,𝑇𝑥 𝑘𝑡 , 1, 1,  𝐹 𝑤 ,𝑇𝑥 𝑡 , 𝐹𝑇𝑥,𝑤 𝑡  ≥ 0                                                                                                                                                                         

  ⇒ φ 𝐹𝑤,𝑇𝑥 𝑘𝑡 ,  𝐹 𝑤 ,𝑇𝑥  𝑡 ,  𝐹 𝑤 ,𝑇𝑥 𝑡 ,  𝐹 𝑤,𝑇𝑥  𝑡 ,  𝐹 𝑤 ,𝑇𝑥 𝑡  ≥ 0 since Φ is non-increasing in t2and t3   

Therefore using the property  φ
2
 (in definition 1.9), we have 𝐹𝑤,𝑇𝑥 𝑘𝑡 ≥  𝐹 𝑤 ,𝑇𝑥  𝑡 . 

Thus by using lemma 1 we have   𝑇𝑥 = 𝑤  

This shows that 𝐴𝑦𝑛 → 𝑇𝑥 𝑎𝑠 𝑛 → ∞.  
 

Now suppose that S(X) is a complete subspace of X then 𝑇𝑥 = 𝑆𝑢 for some 𝑢 ∈ 𝑋. Subsequently we have, 

A yn → Su , Bxn → Su , Txn → Su and Syn → Su   as n → ∞  

Taking 𝑥 = 𝑢, 𝑦 = 𝑥𝑛   in (iv),  we have,  

  φ  𝐹𝐴u,𝐵xn
 𝑘𝑡 ,  𝐹𝑆u,𝑇xn

 𝑡 ,
𝐹 𝐵x n  ,𝑆u  𝑡 +𝐹 𝐵x n  ,𝑇X n  𝑡 

2
,

𝐹 𝐴u ,𝑇x n  𝑡 +𝐹 𝑆u  ,𝐴u  𝑡 

2
,  𝐹𝑆u,𝐴u 𝑡  ≥ 0  

Letting n → ∞ we get 

 φ  𝐹𝐴u,𝑆u 𝑘𝑡 ,  𝐹𝑆u,𝑆u 𝑡 ,
𝐹 𝑆u,𝑆u 𝑡 + 𝐹 𝑆u,𝑆𝑢  𝑡 

2
,
𝐹 𝐴u,𝑆u 𝑡 + 𝐹 𝑆u,𝐴u 𝑡 

2
,  𝐹𝑆u,𝐴u 𝑡  ≥ 0 

⇒ φ 𝐹𝐴u,𝑆u 𝑘𝑡 , 1, 1, 𝐹 𝐴u,𝑆u 𝑡 ,  𝐹𝑆u,𝐴u 𝑡  ≥ 0 

⇒ φ 𝐹𝐴u,𝑆u 𝑘𝑡 , 𝐹 𝐴u,𝑆u 𝑡 , 𝐹 𝐴u,𝑆u 𝑡 , 𝐹 𝐴u,𝑆u 𝑡 ,  𝐹𝑆u,𝐴u 𝑡  ≥ 0 since  Φ is non-increasing in t2 and t3. 

Therefore using the property  φ
2
 (in definition 1.9), we have𝐹𝐴u,𝑆u 𝑘𝑡 ≥  𝐹 𝐴u,𝑆u 𝑡 . 

Thus by using lemma 1 we have  Au = Su 

But weak compatibility of A and S implies ASu = SAu  

Hence  AAu = ASu = SSu . 

 

On the other hand since  𝐴 X ⊆ T X  , therefore there exist u, v ∈ X. such that Au = Tv.  
Now we show that  Tv = Bv . 

Taking x = u, y = v in (iv),we have φ  𝐹𝐴u,𝐵𝑣 𝑘𝑡 ,  𝐹𝑆u,𝑇𝑣 𝑡 ,
𝐹 𝐵𝑣 ,𝑆u  𝑡 +𝐹 𝐵𝑣 ,𝑇𝑣  𝑡 

2
,
𝐹 𝐴u ,𝑇𝑣  𝑡 +𝐹 𝑆u ,𝐴u  𝑡 

2
,  𝐹𝑆u,𝐴u 𝑡  ≥

0 

  

⇒ φ  𝐹𝑇𝑣,𝐵𝑣 𝑘𝑡 ,  𝐹𝑇𝑣,𝑇𝑣 𝑡 ,
𝐹 𝐵𝑣 ,𝑇𝑣  𝑡 +𝐹 𝐵𝑣 ,𝑇𝑣  𝑡 

2
,
𝐹 𝑇𝑣 ,𝑇𝑣  𝑡 +𝐹 𝐴𝑢 ,𝐴𝑢  𝑡 

2
,  𝐹𝐴u,𝐴u 𝑡  ≥ 0 

  

⇒ φ 𝐹𝑇𝑣,𝐵𝑣 𝑘𝑡 , 1, 𝐹 𝑇𝑣,𝐵𝑣 𝑡 , 1,1 ≥ 0 

⇒ φ 𝐹𝑇𝑣,𝐵𝑣 𝑘𝑡 , 𝐹 𝑇𝑣,𝐵𝑣 𝑡 , 𝐹 𝑇𝑣,𝐵𝑣 𝑡 , 𝐹 𝑇𝑣,𝐵𝑣 𝑡 , 𝐹 𝑇𝑣,𝐵𝑣 𝑡  ≥ 0 since Φ is non-increasing in t2 , t4and t5. 

Therefore using the property  φ
2
 (in definition 1.9), we have 𝐹𝑇𝑣,𝐵𝑣 𝑘𝑡 ≥ 𝐹 𝑇𝑣,𝐵𝑣 𝑡 . 

Thus by using lemma 1 we have Tv = Bv.  

Hence Au = Su = Tv = Bv.  
But the weak compatibility of B and T implies that BTv = TBv  

Hence  TBv = BTv = BBv .  

 

Now let us show that Au is a common fixed point of A, B, S and T.  

Taking x = Au, y = u  in (iv), it follows   

φ  𝐹𝐴𝐴u,𝐴𝑢  𝑘𝑡 ,  𝐹𝐴𝐴𝑢 ,𝐴𝑢  𝑡 ,
𝐹𝐴𝑢,𝐴𝐴𝑢  𝑡 + 𝐹 𝐴𝑢 ,𝐴𝑢  𝑡 

2
,
𝐹 𝐴𝐴u,𝐴𝑢  𝑡 + 𝐹 𝐴u,𝐴u 𝑡 

2
,  𝐹𝐴𝐴𝑢 ,𝐴𝐴u 𝑡  ≥ 0 

 

 ⇒ φ  𝐹𝐴𝐴u,𝐴𝑢  𝑘𝑡 ,  𝐹𝐴𝐴𝑢 ,𝐴𝑢  𝑡 ,
𝐹𝐴𝑢 ,𝐴𝐴𝑢  𝑡 +1

2
,
𝐹 𝐴𝐴u ,𝐴𝑢  𝑡 +1

2
, 1 ≥ 0 

⇒ φ 𝐹𝐴𝐴u,𝐴𝑢  𝑘𝑡 ,  𝐹𝐴𝐴𝑢 ,𝐴𝑢  𝑡 ,  𝐹𝐴𝐴𝑢 ,𝐴𝑢  𝑡 ,  𝐹𝐴𝐴𝑢 ,𝐴𝑢  𝑡 , 1 ≥ 0 

   

⇒ φ 𝐹𝐴𝐴u,𝐴𝑢  𝑘𝑡 , 𝐹𝐴𝐴𝑢 ,𝐴𝑢 𝑡 , 𝐹𝐴𝐴𝑢 ,𝐴𝑢  𝑡 , 𝐹𝐴𝐴𝑢 ,𝐴𝑢  𝑡 , 𝐹𝐴𝐴𝑢 ,𝐴𝑢  𝑡  ≥ 0 since Φ is non-increasing in t5. 

Therefore using the property  φ
2
 (in definition 1.9), we have 𝐹𝐴𝐴u,𝐴𝑢  𝑘𝑡 ≥ 𝐹𝐴𝐴𝑢 ,𝐴𝑢  𝑡 . 

Thus by using lemma 1, we have AAu = Au. 

Hence  Au = AAu = SAu  and Au is a common fixed point of A and S.  

Similarly we can prove that Bv is a common fixed point of B and T. 

Now since  Au = Bv , we conclude that Au is a common fixed point of A, B, S and T.  

 

The proof is similar when T(X) is assumed to be complete subspace of X. The cases in which A(X) or B(X) is 

complete subspace of X are similar to the cases in which T(X) or S(X) respectively is complete since A X ⊆
T X  and B(X) ⊆ S(X).  

For uniqueness of fixed point, let  Au = Bu = Tu = Su = w1 and Av = Bv = Tv = Sv = w2   
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Then using (iv), we have  

φ  𝐹𝐴u,𝐵𝑣 𝑘𝑡 ,  𝐹𝑆u,𝑇𝑣 𝑡 ,
𝐹 𝐵𝑣,𝑆u 𝑡 + 𝐹 𝐵𝑣,𝑇𝑣 𝑡 

2
,
𝐹 𝐴u,𝑇𝑣 𝑡 + 𝐹 𝑆u,𝐴u 𝑡 

2
,  𝐹𝑆u,𝐴u 𝑡  ≥ 0 

⇒ φ  𝐹w1 ,w2
 𝑘𝑡 ,  𝐹w1 ,w2

 𝑡 ,
𝐹 w 2,w 1

 𝑡 +𝐹 w 2,w 2
 𝑡 

2
,
𝐹 w 1,w 2

 𝑡 +𝐹 w 1,w 1
 𝑡 

2
,  𝐹w1 ,w1

 𝑡  ≥ 0 

 

⇒ φ  𝐹w1 ,w2
 𝑘𝑡 ,  𝐹w1 ,w2

 𝑡 ,
𝐹 w 2,w 1

 𝑡 +1

2
,
𝐹 w 1,w 2

 𝑡 +1

2
, 1 ≥ 0  

⇒ φ 𝐹w1 ,w2
 𝑘𝑡 ,  𝐹w1 ,w2

 𝑡 ,  𝐹w1 ,w2
 𝑡 ,  𝐹w1 ,w2

 𝑡 , 1 ≥ 0                           

⇒ φ 𝐹w1 ,w2
 𝑘𝑡 ,  𝐹w1 ,w2

 𝑡 ,  𝐹w1 ,w2
 𝑡 ,  𝐹w1 ,w2

 𝑡 ,  𝐹w1 ,w2
 𝑡  ≥ 0 since Φ is non-increasing in t5. 

Therefore using the property  φ
2
 (in definition 1.9), we have 𝐹w1 ,w2

 𝑘𝑡 ≥  𝐹w1 ,w2
 𝑡 . 

Thus by using lemma 1 we have  w1 = w2.  

Hence the common fixed point is unique. 

 

IV. Conclusion 

The result on a common fixed point is successfully obtained for weakly compatible maps in a Menger 

space using the common limit in the range property of mappings called (CLR) property. Moreover the result 

does not require the continuity of maps and improves several results on fixed point in probabilistic metric spaces 

and menger spaces. 
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