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Abstract: The g-frame operator for g-frames in C* algebra is introduced. The results on g-frame operators
are proved. Frame identities are shown. Result on direct sum of g-frame operators on direct sum of Hilbert
Spaces is presented.

I.  Introduction
Frames are generalization of bases .D. Han and D. R. Larson have developed a number of basic
concepts of operator theoretic approach to frame theory in C* algebra. Peter G Casazza presented a tutorial on
frame theory and he suggested the major directions of research in frame theory. Radu V. Balan and Peter G.
Casazza have analyzed decomposition of a normalized tight frame and obtained identities for frames. A. Najati
and A. Rahimi have developed the generalized frame theory and introduced methods for generating g-frames of
a C* algebra.

1.1. Banach Algebra:- A Banach Algebra is a complex Banach space A together with an associative and
distributive multiplication such that A(ab)=A(a) A(b) ,

[labll < |la|ll|b]| va,be Aand A € C

Forany x,x!,y,y' € A we have |lxy — x'y!|| <

lxllly = y* 11+l — I

The algebra A is said to be commutative if ab=bava,b € A

1.2. Definition (Involution of an algebra):- Let A be a Banach algebra .An involution on Aisa map *: A—A
such that

1.a*=a

2. (Aa + ub)* =Aa*+jib*

3. (ab)*=b*a*

1.3. Definition:- (C* algebra) If A is a Banach algebra with involution and also ||aa *||=||a]|® then A is called
a c* algebra.

Example:- C(X) let X be a compact space and C(X) is a Banach space of all complex valued functions on X
with norm [|f|| =sup,ex|f (x)| Multiplication on C(X) is defined as pointwise ief.g(x)=f(x)g(x)

And involution by complex conjugation f*(x)=f (x)

Il1. G- Frame And G-Frame Operator
Throughout this paper {4; jeJ} will denote a sequence of C* algebras .Let L (A,4;) be a collection of

bounded linear operators from A toA; and {A;e L (A,4;); j € J} we obtain some characterization of g-frame
operator. They are the generalizations of results of frame operator.
2.1. Definition: - A sequence of operators{4; }; ¢, is said to be g-frame for C* algebra A with respect to

sequence of C* algebras {4;, j € J} if there exists two constants 0 <~ A = B < oo for

any vector f e H,

AIFI? < Bye 118y FII? < BIIF2I where £(x) = £ (x)

The above inequality is called a g-frame inequality. The numbers A, B are called the lower frame bound and
upper frame bound respectively.

2.2. Definition: -A g-frame for {4;};¢; is said to be g-tight frame if A=B, then we have
Alf|?= Zie 4 flI? for all f* e A
2.3. Definition: - A g-frame {4, }; ¢, for A is said to be a g-normalized tight frame for A if A=B =1. Then
we have If||*> =X llA; fI|* forall fe H
2.4. Definition: -Let {A;};¢; be a g-frame for c* algebra. G-frame operator
S9 1 A — Alis defined as
S9f =Yg A4 feforall fxe A
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By using above definitions we have the following theorems.

I11. Main Result
3.1. Theorem: If SY is a g-frame operator, then we have

1) <S9ff==3q 14 f||* forallfe A
2) SYis a positive operator
3) SYis a self-adjoint operator.

Proof: -S9 is a g-frame operator means
ng = Z]E] A]* Ajf* for all f*e A
1) <SIF = =<3 A A P4, =

= N <ANNfANf>

=D NATPL =%, x == lx?]| ]
(2) Clearly S9 is a positive operator by definition
(3) It is left to the reader

3.2. Theorem: Suppose {4;};¢; is a g- frame if and only if Al< 59 <Bl and {A;};¢; isa
g-normalized tight frame if and only if S9 =I where | is an identity operator on A.
Proof: Since {4;};¢; is ag-frame so we have
Al < 14 711 <B|I 72|l for all £ €A 2
Consider(AIf.f) =A(f.f) =AllF*[| < ;¢ [aF]" < BIFI?
=B(f.f)=(BIf.f)
Conversely suppose Al< S9 < BI
= (AIf.f) < (S9F.f) < (IBf.f)forall f €A
. —12 =112
= Al < Zig 4 71" < BII7]
Which implies {4, };; is a g-frame for A.
Suppose {4 };¢; is a g-normalized tight frame for A
= T/ |8 71" =|F|" for all €A
If and only if (s9 f,f)=(If.f)
If and only if S9=I

Note: We can easily see that frame operator S9 is invertible and s9 " isa positive operator.

3.3. Theorem: Let S9 be a g- frame operator for the g-frame {4;};¢; with frame bounds A,B in the

C*algebra A. Then B~1 1< §97' < A1)
Proof: Since {4;};¢; is a g-frame for C* algebra A ,we have Al< S9 <BI

Since AI< S9 = 0=(S9-Al)S9 ' =0=|-AS9 "
=597 <A 1)
Similarly, we can prove B~11< 597 2)

Hence from (1) and (2) B~ 1< §97" < A1
3.4. Theorem: A sequence of operators {A;};¢; where A_J-:A]-Sf1 is a G-frame for C* algebra with
frame bounds 1/B and 1/A

Proof: Consider Zj€,| A*jf”Z:ZjE]”Ejf“Z
— 2
=Yje1l8y$7 1f_|1| »
=T (8857 f57 f)
= (X 478 S £57f)
=(s959" 1597 f)
= (£, F) < SIFIP
_ 1
- Z||Ajf||2 < —IfII?
je

112 = (T & AL ) =X {0 A f)
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=%/ (8 B 1)
Dl } IZlIAfll
Jjel jel
< VEIFI | 5 £
i€l
1/2
= IFI? < VEIFI | Y I3 £
Jj€l
1 _
= =I7I2 < ) 57
j€l

Hence = LIIfI> < 3¢5 £]° < T IFIP

Which shows that the sequence of operators {Ej }je is a g-frame for the C* algebra A with frame bounds
1

Land 2t

B A

3.5. Theorem: - Let {A;};¢; be a g-frame for C* algebra A with respect to {4;, jeJ} and
VeB (H) be an invertible operator. Then {4;V};; is a G-frame for A with
respect to {4;, jeJ} and its g-frame operator isV*S9 V.

Proof: - Since VeB (H), ¥feH, we have Vf €H given that {4};¢ is a G-frame for H, so for
all VfeH we have IVf]|? < g 14y VFII? < BIVA|?
Since V is invertible operator, therefore we have
IVE]|? <IV]|?If]|? and IV =Y 216]]? <IVA]|?
By above inequalities, the equation become
AIVTHIZ2I2 < X5 14 VEII? < BIVI2IA)?, WeH

= {4;V};¢is a g-frame for A.

For each, feA. We have S9V f=};; A7 A VF
= V'SIVE=3 V" A A VE
= V"SIV is a g-frame operator for the frame {A;V};¢,

Frame Identities for g-frames

3.6. Proposition: If, T; and T, are two operators in a C* algebra A satisfying T; + T, = 1,
ThenT, - T, =T - T?
Proof: Consider T; - T, =T; — (I -Ty) = TZ — (1 - 2T, +T#)
= Tf —(1-Ty)?
= TE-T7
3.7. Theorem: - Let {A;};¢; be a g-normalize d tight frame for A for ICJ, then
Yig 18y fIIP =15, & 4117 © S7S =0
Proof: Consider };; |4 fl? = 1Yo 47 4 1> Yie ||A f||
SI%g 4 A *=0
<:z:je] ”Ajﬂlz'<2/e/A*A f Z/e/ 'A/'f>:0
<SP, f=- <SP, SFHf>=0
o< (SF-sH2f,f==0
e SE(I-sHf=0
e SlgSlgc 0 for all feH
3.8. Theorem: Let {A;};¢; be a g-normalized tight frame for H, for 1CJ with respect to [H;, jeJ]. Then
for ICJ and for all feH.
T 118 U2 1S HI12 = 3 118 FI12 + 157 ]2
Proof: Science {4;};; is a g-normalized tight frame for H,
Therefore S9 = I'and S + S;% = |, for all feH.
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Consider ;¢ [I4; fI[>+1S7 fl2= < Sf £, f = + < Sjif, S =
=< (SP+SDAff=
=< (SP+ (-5, f=
=< (1-57 +S7)2f,f=
=< (ST +S87)2 1 f=
=<Siff2+<s/f s>
=Yjere I8y FIZ+ ISP 17
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