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Abstract: The aim of this research paper is to derive some hypergeometric formulas of
Laguerre polynomials of two, three and several variables. Also we apply this formulas to derive
some integral formulas involving Laguerre polynomials of several variables.

Keywords: Generalized Lauricella function, Hypergeometric formulas, Integral formulas, Laguerre
polynomials.

I.  Introduction
In 1991,Ragab[7] defined Laguerre polynomials of two variables L*” (X, y) as follows :

@5 F(n+a+l)F(n ++1) & (—y)" L (x)
L (% y) = Z:rll“(a+n—r+1)1“(ﬂ+r+1)

where L(n”‘) (X) is the Laguerre polynomials of one variable [8]
l+a -n;
L (x) _(+a), F X|. 1.2)
n! l+a;

In 1996, Khan and Shukla [5] defined the Laguerre polynomials of I -variables L) (x,,---,X.)
as follows :

1.1)

Hl(l+a )h
LE]a1,-~-v“r)(X1,,,,’Xr) J_(n—|)lP2(r) [—n;1+0C1, "',1+(Zr;Xl,"',Xr] (1.3)
where lI’z(r) is a confluent hypergeometric function of r-variables [10]
> ) I X" X
\P(r) [ G X, r] Z ( )mﬁ il b S (1.4)

m =0 (€, =+ (€)M my!
Srivastava and Daoust [9] defined extremely generalized hypergeometric function of N -variables (which
is referred to in the literature as the generalized Lauricella’s function of several variables) defined by [10]

’. (n)
= A:B':---:B 2,012 ]
Cc:D';---;D™ "
AB B ([@):0 e 00 (095 [07):67]:
=F Zn
C:D'" D™ [(C) V/ ’W(n)]' (d )5] [(d (n)) 5(n)]
0 Zml er]nn
mly_%ﬂ_og(ml’.“'m”) rﬁll 1 , (1.5)

where
A B' B(M
li[l(aj)m103+---+mn9(”) U(b;)mﬁﬁ] o (b(”))
Qm,---,m )=~ (1.6)
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and the coefficients «9-(k) j=1,2--- A ¢-(k), j=1,2,---,B(k); l//fk)’ j=12,---,C;
51-(k),j=l,2, D% - for all ke{l 2,- }are real and positive, (&) abbreviates the array of A
parameters ai,---aA,(b(k’) abbreviates the array of B™ parameters bfk),j=1,2,~--,B(k) for all

ke {1,2,~--,n }with similar interpretations for (C) and (d®) kel,2,---,n; etcetera. Note that,

when the coefficients in equation (1.5) equal to 1, the generalized Lauricella function (1.5) reduces
to the following multivariable extension of the Kamp“e de F eriet function [10]:

o IR o IREER : b EETI b(”) :
L P By Rl (@) : (b) ( qnn) 2,2,
|:m1;...;mn Iml,,m (C|) :(dml) e ,(dé]n))a
zsl zr
} z Q 1, .S n Y sn!’ @7

where
p ql ’ qn (n)
_1_[1(aj)51+---+sn _I_Il(bj)s1 l_Il(bJ )sn
. 1=

Qs n18,) = 0 T 19
H(Ci)51+"'+5n H(d;)sl H(dj )sn
j=1 j=1 j=1

a,)
%]

Two interesting generating functions of Laguerre polynomials of two and several variables are given by
Chatterje [2]and Khan and Shukla [5]

Il.  Hypergeometric Formulas of L(r(]xl,...,

= niled (x, et
- : = F(—1+a,;—xt) F (-1 ;= 2.
S (n!)Si1 tn (g, -+ 05) t S . .
D L) (k%) =€ T, R (514 a5 = X t) (2.2)
j-1

n=0 H(aj +1)n
j=1

In(2.1) if wereplace y and # by —X and « and use the result [3]

aa 1l -x
F(—a;x) F(=a,-XxX)=,K|—a,=-,=—+=;— |, 2.3
o (=a%) (R ( )03( 2224] (2:3)
we get
0 1] (a.2) _ n  __________ . 2
ntLy (x,— x)t _¢.F, »—(xt) (2.4)
= (a+)),(a+1), a+l3(a+l), $(ax+2); 4
On expressing e'and 0 F3 in series forms, we get
© 1 21 (a,a) _ o [n/2] _y?2 k ¢n
(nH” Lo (x,— x)t" ZZ (=x“/4)" t (2.5)
= (a+),(a+)), = (a+1), (e+D)12), (+2)/2),(n—2k)! k!
Comparing the coefficient of t" on both sides of (2.5) and using the following identities [10]:
—D*n!
-k =D ok <n 2.6)
(=n),

and
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(yn=2"(32),(32+%),, n=0,12,-, (2.7)

we get

Ll (x—x)=(a+1)”(a+1) AN —x’ (2.8)
" ’ (n)? Y1+ a, 1(1+a),2(2+a) '

where Fq is the generalized hypergeometric function of one variable[10]

a1 a . ~ o (ai)n (az)n'“(ap)n Xn
pﬁhﬁvww{rg<mxmquhm' 2.9)

Now,wecon5|der(2.2)Withn=3,X1=X,X2=—X,X =Y. =a,= a,a3=ﬂ,using(2.1)and

comparing the coefficient of t", we get

(n* L5 (x,~ X, y) Z”: (n—k)'(=y)" L ()

(@+D, @@+, G40, Z(@+D, (@D, (B+DKk ™" (x—X) (2.10)
In (2.10) if we apply (2.6)and (2.8),we arrive to the following result :
L (x,—x, y)= (a+1), (a+1), (B+1),
(n1)*
{ S - N
031 —— ta+Li(a+1)1(a+2);f+1; 4 :

where X C}D‘;E;. is Exton double hypergeometric series [4]

A B B[(a): (0); (0'); X y} _ i ((@))2mn (0] ((B7), X" Y

c: DD ©): @) (@) Y |72 (@) (@), (@), mIn @12

Similarly ,in (2.2) ifwe putN=4,X =X,X, ==X ,X; =Y, X, ==Y, 4=, =, &=, =)
and use (2.1),(2.3)and (2.6), we get

L(a,a,;/,y) (X X V.— ): (a+1)n (a+l)n (7+1)n(]/+l)n F 2:0;0 _%n’_%n—i_%:

o =X Y,y (n1)°* 0:3;3 ——_———
o : D ; —x2,—y2}, (2.13)

a+l,3(a+1),3(@+2) ;7 +1,3(r+1),3(y +2);

where F P l:][X, y] denotes the Kampé de Fériet function of two variables[10]

p:q;k |:(a'p)l (bq) 1(Ck); :|
I:m;n X,y
T L@):(Bn) (7n);
H(a )HSH(b) H(C) s

i X—I y_l : (2.14)
:waﬁnw)nwnf-&

Further, in (2.2), if we put N=4, X, =X, =X, X; =Y, X,==Y, 4=, a,=f, ay=a,=y
and use (2.1) and (2.3), we get
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$ (N1 Ly 7 (%, %, y,=y)t°
o (@+1),(B+D),(r +1), ¢ +1),
i i n! L(n“ A (x,x) t" ((~y*t®)/4)"
o o (@+D),(B+D, (y+D), (¥ +D/2), (r+2)/2) k!

Now, using the identity (2.6) and comparing the coefficient of t" , we get

(2.15)

(N> L= P277 (%, %, y,—Y)
(@+1),(B+D, (¢ +1), ¢ +1),
(2] (n—2k)! (-y*)/ 4" LA (x, ) (2.16)

& @+, 2 (B+D, (7 +D (7 +D/2), (7 +2)12) K ™
In(2.16), if we use the result [7]

L@ (x,x) = A+ LrB), Sp{—n,%(mml),%(a+ﬂ+2): 4x] 01
(nh? a+l, f+la+[f+1 X

we arrive after some simplification to the following result :

L85 (5 yomyy = E D B+ D, b 4D, +1),

(n})*
Loz T T T e gler frl)ioy ) (2.18)
0: 33| —:y+12(y+10),3(y+2); a+lp+la+p+1l ; 4

On the same lines of derivation of the results (2.11), (2.13) and (2.18), we have the following formulas for

L(nal,...'ar) (Xl’ . Xr) :

(0, a0, @)
I—n o a [1’ Xty X, ’_Xr'xr+1]

(@), @+ a),) G+ a,),

(n!)2r+1
1:0;---;0;0{(-=n:2,---,21): = ———
0:3;--+3;1 — (l+e 1), GA+ ) 1), G2+ y)1); -
ey e —— ——— =X —x?
Ty T 1Xr+1 ’ (219)
--;(1+a,:1),(%(1+ar):1),(%(2+ar):1);(1+ar+1:1); 4 4
fa+a,),@+a,),]
L(al,al,---,ar,ar) [X11_X1""1Xr:—xr]= = i " i
(nY
2:0;--;0/-in—-3n+1:  ———————
0:3;---;3 _ 1+, 1+ a),;: 2+ o)
”.; __________ ;_XZ!_X21”'i_X2
e, il+a)i@24e); H 7 f (2:20)

and
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QPO P VLV YY)
PGS T T IOt X Yo=Yy Y Vo)

I+ a,), @+ B, T+ 7)), @+ 7,),]

(n!)Z(I’+S)
1:0;---;0;2;---;2{(-n: 2,---,21,---,1) © ————————————— R
0:3; +3;8;:8] —————————- (W70, G W) D) G @24 7):0); -

————————————— (@2 +a+8)1) (At ey + B

@), A+ 7)) G CHr)D) At 1), @+ B 1), Loy + Bii1); -
ci@ra ), GUras Aoyt oyh (2.21)
ci@a, L), @B L) (Lta, + B,:1) ;4 4

respectively .

. o,
I11. Integral Formulas Involving L(n1 r)[Xl,---,xr]

In this section, we use the results obtained in the section Il to obtain the following integral
formulas involving Laguerre polynomials of several variables :

[e XL (i, = 7X) - L (7%, = 7,X) X
0

:W)Jl][(“%)m,-(l*%)mj]Fz:z;---;zFﬂ,%m%: _im,—im 4t e

o’ ﬁ(mj 1)2 0:3;--;3 - A+ey, 20+ e), 2 2+a)
j=1

s _%mr’_%mr—i_% ’_4712 _47r2

clte, A+ ae), i+ 68T of 31)

[ (a0 Lo (%, 7 )

0

TN )y G P 1553 F:—ml,%(lml+ﬁ1).%(2+a1+ﬂ1);---

GAIL[(m,-!)Z 0:3;--3|—: 1+, 1+ B 1+, + B,

j=1

“;_mr’%(1+ar+ﬂr)’%(2+ar+ﬂr) 1% % 3.2)

. 1+a, 1+ B 1+a, + B, o o | '

Te“”x“ L(al’ﬂl""’ar'ﬂr'plvpr'”'ps'ps)[
n

0

71X VX, 7 X ,yrx,5lx,—51x,---,§sx,—5sx]dx

r(z)}jl[am,-)n(1+ﬂ,->n]§11[(1+pj)n @+p,),]

- al (n!)Z(H—S)
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F20’ e 0’2”2 (ﬂ 2”2’1,,1)’(_n 2,’2’1”1)

A+ 0,:1), G A+ p)2), G+ p)A); - A+ p: 1), B A+ p):2) R 2+ p):);
@+ +A)1)GA+a+ )i (3Q+a +5)1). (A e +5)1);
(Q+e,:1),Q+4,:1), A+ + 5,:1) ;-5 A+, D),Q+ 6, :1) ,Q+a, + 4. :1) ;

2
_52 e ’_652 ’ﬁ,...,ﬂ , (3.3)
4o 4o° o o
where Re(4) >0;Re(o) >0and I is the will known Gamma function defined by [10]
I'(z) = j t*%e 'dt, Re(z)>0 . 3.4)

0
Proof of (3.1):

To obtain the main integral formula (3.1), we consider the left-hand side of (3.1),using (2.8), expressing
’ F3 in series forms and changing the order of integration and summation we get

A+ a;), Q+a;), ]

LHS=12——
JH(mJ-!)z
b Cim),Cim+2), 00" (am), (Cim+1), 6D
SalatD), B+ D), He+2), 0 (@ +D),, e, +D), (e, +2), P/

je Ky AF2Pr++2pr =1 gy (3.5)

In (3.5) using the definition of Gamma functlon (3.4) and finally considering the definition

(1.7),we obtain the right —hand side of (3.1). This completes the of (3.1).The integrals (3.2) and (3.3) can
be proved in the same manner.

Following two integrals can be obtained readily from (3.3) as follows:

J'e—O'X L L(Oﬁﬂl & B [7.x, 7%, 7 X, 7, x] dx

_ F(/ﬁt)gl[(l_'-aj)”(l-i_ﬂj)"] F2:2;“';2Fvv_n :%(2+a1+ﬁ1) 1%(1"'051"':31) 7t

ﬂ,(n|)l’ 0:3:...:3 —_—— 1+0£1 ,1+,8111+a1+ﬁ1 e
woa@ra )3 Ura + ) Ay Ay (36)
o 14, , I+ B lt+a, +f ;O ‘o |

and

(1) jri11(1+a,.)n U+a)),

O_i (n !)Zr

O =y 8

—oxyi-1 1 (@04, 0 O) _
e XML PO X = X v X = v x]dx =

A+, s (1+a),52+a) ;
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o T m e =4y -4y
. ) ) e S f’}- 37
lvo 50+ 0,),5(2+a); o o}
Now, we mentioned the following special cases :
Onsetting ' =S =1and y = Jin (3.1) and using the result [1]
K;(a,a,a,a;b,b,d,d;e,ehh;y-y,z,-2)
_p 22245+ 1b,1(b+1) ; id,i(d+1) 4y 1 9
0:3:3 - ede i(e+)); hih, i(h+D); ' ' '
we get
< rA)[+a), Q+a,),. T
—oxy -1y (@) _ (ay,5) _ — 17m 27m,
.([e X I-ml (rX, 7/1)()|-m2 (72X, —7,%) dX ai(mllmz 1)?
K{}L,ﬂ,ﬂ,}t;—ml,—ml,—mz,—mz;u a1,1+a1,1+a2,1+a2;&,—ﬁ,ﬁ,—ﬁ} , (3.9)
o o o O

where K. is the Exton’s quadruple hypergeometric series[3]
Ks(a,a,a,a;b,b,b,,b,5¢,,¢,,¢5, ¢ %, Y, 2, )
— i (a) p+g+r+s (bl) p+q (bz)r+s Xp yq Zr ts (310)
p.q,r,s=0 (Cl)p (CZ)q(CS)r (C4)s plqlrlsl

On setting = 2, integral (3.2) reduces to a known result [6]
Je XA (nx LG (7%, %)
0

T A+ )y, A+ B) 0, A+ ap), A+ ),

o’ (m!)*(m,!)’
123;3{/13—”11,%(17“0!1 +8)32+a+B);

0:3;3| —: 1+, 14+ B, 1+ 04 + B ;
_mz’%(1+a2+:82)v%(2+a2+ﬂ2);% ﬂ (3.11)
1+a,,1+ 6, 1+a, + 5, Lo o '
Onsetting ' =S =1and & = /3, integral (3.3) reduces to
0 2
J'e—o—xxi—l L(Ol,a,Plp) [7/)(,7/)(,5X,—5X]dX= 1—‘(ﬂ’)[(:l-_'_/la)n(:I-:_ p)n]
5 n o” (n!)
1:0;1{4,—-n: ————- ; 1(1+2a) ;-6 4
X . . 2 ) - p/al (3.12)
0:3;2| —— 1+p,5(1+p)52+p);1+a,14+2a; 40° ©
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