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I.  Introduction

In Chapter 1 of the Ph.D. thesis of Ahmed [15] we have proved the existence and uniqueness of a
solution for certain types of delay (functional) stochastic differential equations (delay SDE’s) with
discontinuous initial data,see also [1], [9] and the web cite www.sfde.math.siu.edu. See the delay SDE (1.1) in
the present work. In [18] we have established integration by parts formula involving Mallivan derivatives of
solutions to such type of delay (functional) SDE’s. The integration by parts formula which we establish can be
used to extend the formulas in [2] and [3] and to include delay SDE’s as well as ordinary SDE’s. In this work
we also establish some other useful applications to delay SDE’s. Generally speaking we can say that our work
extends the first three chapters of the work by Norris to include delay SDE’s as well as ordinary SDE’s; see
Theorems 2.3, 3.1 and 3.2 in [10] . In a sequal paper we will show that that the distribution of the solution
process has smooth densities. Moreover we will establish integration by part formula involving Malliavin
derivatives of higher order.

1.2 Notations And Definitions

The following notations and definitions will be used throughout this work: (2, F,P) is a probability
space; T is a positive real number; {F,}.cjo ) is an increasing family of sub-o algebras of F, each of which
contains all null subsets of 2; N is the set of natural numbers; W = (W?!,...,W"):[0,T] X2 > R" is a r-
dimensional normalized Brownian motion. If X is a topological space, then B(X) denotes its Borel field. The
symbol A refers to the Lebesgue measure on R%, and | - | denotes the Euclidean norm on R%, d € N.
Let G be a Banach space and let A be a sub-o algebra of F containing all subsets of measure zero in F, then
L?(0,A,P; G) denotes the space of all functions f: 02 — G which are A-B(G) measurable and are such that
JIfIZ dP < .

The symbol L2(2,A,P;G) denotes the Banach space (with norm determined by
||f||fz = fﬂllf(a))llé dP) of all equivalence classes of functions f:02 — G which are A-B(G) measurable and

which are such that fnllfllf; dP < . The symbol L(R™,R") (m, n € N) denotes the space of all linear maps
from R™ to R™. The symbol J refers to the interval [—1,0), and H (J) or B(J) refers to the Borel field on J.

If X:[—1,T] x 2 - R® is a process, then for each t € [0,T] and w € 2 we define the map: X,: 2 —
L%(J,RY) by X,(w)(s) =X(t+s,w) for all s€] and almost all w. For each 0 <t <T we write
I(X (), XOI? = IX(O)I* + 11X, I°. Let the function V belong to L£2(2,F, P;R%), 6 belong to L2(J X
LH ())OF 0A9P, R4, and for £=1,2,...,7 let /', gt be functions from [0, 77 2xRaxL2(/Rd) to R4. Then a
process X:[—1,T] X 2 —» R is called a solution of the delay SDE with integral form

() = {v + [y f X, X)du+ Xy [5 9° w, X(w), X,) dW'(w), 0<t<T, @)
o(t), tej,
If
(i) X is B([0,T]) ® F-B(R%) measurable;
(ii) For eacht € [0, T], the process X(t,") is F,-B(R%) measurable, and for each ¢ € J, the process

X(t,) is Fo-B(R%) measurable;
(ii)X € L2([-1,T] X 2, X F, A x P; R%),
(1V) X satisfies the delay SDE ([1.1.1]).
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The following conditions are sufficient for the existence of a unique solution to (1.1) (see [1] and [15]).

() V € L2(0, Fy, P; RY).

(ii)0 € L2 X, H Q Fy, A Q@ P,RY).

(i) £, g% [0,T] x 2 x R% x £2(J,R%) - R? are such that

(a) fandg® are B([0,T]) ® F ® B(RY) ® B(L*(J, R%))-B(R%) measurable.

(b) For each t € [0,T], the stochastic variables f(t,-,) and g‘(t,,,) are  F, ® B(R?) ® B(L2(J,R%))-
B(R%) measurable.

(c)There  exists a constant K and a function ¢ € L?(Q,F,P;RY)  such that
If (t, @5, )| + Xi_i|g’(t, w,5,B)| < K(Is| + lIRll + [{(@)]) (1.2) (12)

for almost all w and for all t € [0,T]; s € R? and h belongs to £2(J, R%).

(d) There exists a constant K’ such that, for almost all w,
|f(t' w,Ss, hl) - f(t; w,u, h2)| + Z?:1|g€(tl w,Ss, hl) - gg(t' w,u, h2)| (1 3)
< K'(Is —ul + lhy — hal))
forall t € [0,T]; forall s, u € R%, and for all hy, h, € L2(J,R%).

Il. Integration By Parts Formula
In the beginning of this section we recall the following eight basic numbered equations and definitions,
See(16) and(17) . For (X(0),X,) = (x,&) € R¢ x L2(J,R?), let v = DYX*%(t), be the Malliavin derivative of
the solution process X< (t). We write DVX,”* (9) = DX (¢t +9) (t € [0,T], ¥ € ] = [-1,0)) for its time
delay. In the following definition we give a precise definition of the Malliavin derivative of a real-valued
functional F of Brownian motion.

I.Definition: Let F((W(s))o<s<r) be a functional of r-dimensional Brownian motion, and let v(t) =

v'(t)
@), .., v @) = : be a deterministic vector-valued function in L?([0,T],R" ® R%). Then
v (t)
DYF((W(s))g<s<r) is given by the limit:
DYF((W(8))o<s<r)

.1 2.1
=lim (F (W) + &/ v(0)do) _ ) = F(W (Doz=)). @D
The mapping v = DYF((W(s))o<s<r) is a linear map (functional) from the space L*([0,T],R" ®
Rato R. Here R7&R & denotes the space of all 7<z~matrices (7 rows, &columns).
vi(t)
Notice that, for wv(t) = (W'(t),.., v (t))" = : be a deterministic matrix-valued function in
v (t)
L*([0,T],R" ® R%), UY(t) can be considered as a d x d-matrix where each entry is an R-valued adapted
stochastic process; U7 can be considered as a d x d-matrix where each entry is an L?(J, R)-valued adapted

. . , : s .
stochastic process. If M = (my, )1sjsd,1sksrls a real d X r matrix, then M™ = (mkf)1g<sr,1gjsd denotes its

transposed: it is rxd matrix with entries my;.

The process D”Xf‘f(-) satisfies the following delay stochastic differential equation:
dD"X,(9) =dD"X(t +9)

= (Z—f (¢ +9,X(t +9), X,19)D"X(t + 9)

I EE+9,X(E+9), Xero) (@)D Kesg (9) dop) dt
+¥ ‘;—ff (t+9,X(t +9), X p9)DX(t + 9)AWi(t + 9)
FT0 2+ 8, X(E + ), X,1) (@)D" oo () dip AW (2 +9)
+ 30195+ 9, X(t +9), Xepo VIt + 9, X(t +9), X19)dt,

2.2)

where 9 belongs to J. If t + U belongs to J we replace t + 9 with 0 in (2.2). If 9 = 0 we obtain the
delay stochastic differential equation for the processDV X (t):
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dDVX(¢)

= (L@ x®,x)D"X(®) + [, 5 (6, X(©), X) (©)D"X, (9)dD) dt
(23)
+ 37 (2 (6, X (0, X)D*X () + |, %(t,X(t),Xt)(ﬁ)D"XAﬁ)dﬂ) aw'(t)

+ Z;:l g[ (tv X(t)' Xt)v[(t' X(t)’ Xt)dt-

We also write U5 (t) = —X"f(t) and U (t) = —Xx'f(t) In addition, we write UJ; (t) =

- 2 x5 = U, (the delay of U (t)), and U (t) = —Xxf Uy, the delay of the process Uy (t). The

matrix Uy, (t) can be identified with an operator from Rd to itself, the matrix U;; (t) can be considered as an
linear mapping from L2(J, R%) to R?, the matrix U (t) as a mapping from IRd to L?(J,R%), and, finally,

225 (t) as a mapping from L2(J, R%) to itself. Notice that Uy (t) can be considered as d x d-matrix where each
entry is an R-valued adapted stochastic process; Uff (t) can be considered as d x d-matrix where each entry is
an L% (J, R)-valued adapted stochastic process. To be precise, write the solution process as a d-vector X*¢ (t) =
(Xf’f ®, ...,X;"f (t)), and consider the mapping (1 < j, k < d)
fk _)X]'Xn(fl:--ufk—lnfk-fk-%—lu-ufd)(t)' (24)

which is a mapping from L?(J,R) to R, and where each variable &, , [ # k , is a fixed function in

L?(J,R). The derivative of the function in (2.4) can be considered as a continuous linear functional on LZ(] R).
xs

®
Therefore it can be represented as an inner-product with a function in L?(J, R), which is denoted by
Consequently, we write

X?C.(fll--ufk—l'fk+h'I:§k+1'---nfd)(t)_Xff:(fl;--»fk_1.§k,§k+1.---.§d)(t)

(m =lim- /

3§k h—0 h (2 5)

x,& )
X" (1) )
=n @) —;—@)de, neL’(R).

After giving a brief introduction to our work, we are now ready to continue the work that we have started in
(16).
Here, and in the sequel, we write f(t) and g‘(t) instead of f(t,X"'f (t),Xt"‘f) and gf(t, X*5 (t),Xt’“f)

respectively. For a concise formulation of the stochastic differential equation for the matrix-valued process
(U(t):t =) and its inverse we introduce the following stochastic differentials:

ox;” JO)

a —ag’
h(t) = %(t)dt +z%(t)d W) (2.6)
he(t) = (t)d £+ z 99"y aw @2.7)
he (£, 9) (t 9dt+ Z %9 1, ) Wi ©O(28)

Application of the Integration by Parts Formula:
Relevant SDE’s are (v(t) is a r X d matrix-valued adapted process: d columns, r rows)

dDYX(t) = h,(t)D'X(t) + f he (t,9)DVX,(9) dY + Z gl (Vi) dt; (2.9)
I =1
dve(t) = V' ()R, (t) — V¥ (D) f he (t,9)DVX,(9) d9(D*X(1)) "
]

e N (99°®) 9g'(t,9) vt
+v (t);( B X.(9) d9(D"X(®)) ) dt; (2.10)

duv(t) =h,(@QU(t) + f he (t,9)DVX,(9) dﬁ(D”X(t))_lU”(t). (2.11)
]
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Next we come to higher order Malliavin derivatives. As above the first order Malliavinderivative
DV X (t), which, by the way, is linear in the process v(t), satisfies the following stochastic differential equation.
T

dDVX(t) = h,(t)DVX(¢t) + f he (t,9)D"X,(9) d9 + Z gt Vi) dt. (2.12)
J =1
In this equation we replace W (t)with W1 (t): = W (t) + fot vy (s)h(s)ds, where v;t) is a column vector of
1
vi (1)
an r X d-matrix: vy (t) = i |. Here each v{(t), 1 < ¢ < r is row vector of length d. The corresponding
vi (t)
delay stochastic differential equation for the process DV X (t) reads as follows
dD"rhX (1)

.
= R (6)DVVIRX(E) + f R (£, 9)DPPX, () 9 + Z g OV ()" dt
J =1

9 ad
= 56X (), XDV " X (t)dt + f a—];(t,X(t),Xpﬁ)D”'”l"’Xt(@ dd dt
]
S
+ Z f &g"(t.X (©), X, 9DV X, (9) dY AW (L)
="

+ ; £ a%,gf(t,X(t). Xt,ﬁ)DU.vl,hXt ) dd Uf(t)rh(t)dt + Z g[ (t)U[(t)T dt. (2.13)

=1
Here we used the fact that h::l'h (t,9) is given by
.
hvl,h _ af d ¢ tv1,h
e (GU) = g(t,X(t),Xt,ﬁ) dt + a_fg (t, X(t), X, 9)d WoLh (¢).

=1
Then we differentiate equation (2.13) with respect to h to obtain a delay SDE for the process D*1DVX(t) =
D" (DVX(1)):
dDV1DVX(t)

_ 4 24 g v pv
—af(t,X(t),Xt)D D X(t)dt+f]a€ (t, X(t),X;,9)D"" DX, (9) dV dt

— [ d
+; f] 579/ (6, X(), X, 9)D" DX, (9) A9 AW’ (1)

<
+ Z f a_fgf(t,x(t),xt,ﬁ)Dle”Xt (9) d9 vi(t)"dt
=1

= h, ()D"1D"X(¢) + j he (t,9)D¥1DVX, (9)d®
]

— [ d
+;f]a—fgf(t,X(t),xt,ﬁ)D"lDVXt(ﬁ) dd vi (t)"dt. (2.14)
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dDViDVX(t)
2

9 0
= (3) FOPx@D X+ [ o (8)d9 DX (£) dt

) 0°
+ 5 f(OD DX (D)dt +f]afﬁf(t’ﬁw 1X(t) DX, (9)dV dt
62
* f] J]- ﬁf(t' 9,9)D" X, (9,)D" X, (9)dd dI, dt

)
+f]a—ff(t,z9)D DX, (9)dd dt

r 6 2
+ (5-) g'OPUXODX (AW (©)
=1

r az
+;Iafax95(t,l9)D 1X,(9)d9 DX (t) dW'(t)

+ Z = 4{ DI DX (AW (D)

¥ Z j, 5z 9 (LOD"X () DV X, (9)dd dW (1)

.
aZ
+Z f f 579" (&9, 90D X, (9)D" X, (9)dd d; dW' (1)
=17

<
+; j] 529/ (L ODYDX(O)dD AW (D
T d t { T d € £
+Z&g (OD"X (! () dt +Zja—€g (t,9)d9 v’ (£)" dt
+Zg (t)—vf’(t)fD”lX(t) dt + Zg (t)f —v(t,9)D"1 X, (9)dV dt

+ ; — g OD* X (O)vi(Odr. (2.15)

We need to mention that the integration by parts formula in [18] can be used to extend the formulas in
[2] to include delay SDE’s as well as ordinary SDE’s. For this purpose we need to use the integration by parts
formula in [18]where v; = v, = -+ = v, 4. See the proof of the following Theorem 3. We also need the
following definition.

2 Definition: For a stochastic variable Y attaining its values in R™ x L2(J, R™) the space D(Y) consists of those
functions F: R™ x L?(J, R™) — R such that for some open subset 0 of R™ x L?(J, R™)

I. The variable Y belongs to O almost surely;

I1. The restriction $F\bigm\vert_O$ is C*;

I1l. Forevery @ € N™ and § € N" the Frechet derivative D,‘}DfF(Y) belongs to

L2([0,T] X 2,B® F, A x P).
3 Theorem: Let W (t) be r-dimensional Brownian motion and let X (t) be the solution of

dX(t) = F(t, X(£), X,)dt + Z gL (& X (), X,)dW' (D), (2.16)

=1
with (X(0),X,) = (x,&), where f, g', g%, ...,g" are maps from [0,T] x R* x L*(J,R%) to R* and
J=1[-1,0) and T is a positive real number. Let vand v:[0,T] x R? x L*(J,R?) - R?, (£=12,..,T,
j=12,..,n+ 1) be C*-mappings, with all their derivatives of polynomial growth. Then the linear delay SDE
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dD'X(t) = aa_x F(&, X (), X,)DX(t) dt + f] a% F(&, X (), X,)(©)DV X, (9) do dt
— 9
+ > —g'(t, X(), X,)D"X(t)dW’(t)

; dx

<
+ — g%(t, X (1), X,) (9)D" X, (9) d9 dW'(¢)
2.
+Z g’ (6, X (), X)v' (&, X (£), X,)dt. (2.17)
=1

with(DVX(0), D¥X,) = 0 € (R? x R? x L?(J,R? x R%)) has a unique solution with
sup|D¥X(s)| and sup|D¥iX(s)|

s<t s<t

belonging to L? (2, F,, P), and
sup|D¥X,| and sup|D"iX]

s<t

s<t
belonging to LP (2 X J,F, @ B,P x A) forall t = 0 and for all p <o and forall j =1,2,...,n+1.
The notation DVX, is also employed for the delay process ¥ — DVX(t + ). Furthermore, for any function
@:U, - R, where U, is an open subset of [0,T] x R¢ x L?(J,R%) with (t,X(t),X,) € U, a.s. such that & is
differentiable, and D@ (t, X (t), X,) and @ (t, X (t), X,) belonging to L?(2, F,, P),

E ad) X(t), X faqb X(t), X)) (@)DVr+1X, (9)(DV+1 X (t)) " 1dY
(55 2@, %) + J, @ X©, X)@D™ X, @) (01X (6) o}

0
J DX (@)% (DX ()6 (y™ ()]
= E[@(t, X(t), X)ATn "D G (y "D (6))] (2.18)
where
Aln=2)G (y D (1)) = ‘I’(D""X(t))G(y(”)(t))z jtv1€+1 (5, X(5), X;)"dW*(s)
=10
=¥ (DX ()DG (y™ (1)) D+ (y ™ (1))
—Dp¥(D¥X())(D"+1D" X ()G (y(n)(t)); (2.19)
y®() = (y(o)(t),Dvly(o)(t),DVZDvly(O)(t)' ., DPnDVn1 ... Dvly(o)(t)); (2.20)
yO() = X(),DVX(t),R"(t)); (2.21)
R'(t) = tvf (s)"dWi(s), (2.22)
2)
andG € D[y™ (t)] where a choice for v’ could be
V(s X(5), X)) = (V($)g'(5, X(5), X)) - (2.23)

As in (2.12) in [18] a specialization of ([E: int.formula2]) to the partial derivatives % and % yields:
k k

E 0 [0)) X X f 9 (o) X X NDVn+1 X, (9)(DVn+1 X _1d19
[{E (&, X(©), X,) + 1 3%, tX(), X)) L(9)( ®)) }

DX (O (D X(6)G(y™(1))]
= E[®(t, X (£), X )AL "G (y D (6))] (2.24)
whered" "D G (y @+ (t)) is the k-th component of A®n-vDG (y™*+1(t)). which is row vector of length d.
We shall prove this theorem by induction on the non-negative integers n=0,1, 2, ...

Proof: We first observe that the formula in (2.10) in [18] with y™)(t) replacing the pair (X(t), X,), and v,
replacing the vector v, implies

E [D”n+1 (CD(t,X(t),Xt)lP(DU"X (t))G(y(")(t)))]
= D E[0@ X, X)W 0" XN (Y ©)f s vh (5 AW ()] (2:25)

(=1
which in turn, by Leibniz rule, implies
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E[Dn+1@(t, X (£), X )P (DX ()G (y™ (1))]
+E[®(t, X (6), X, )D"n+1 @ (DX ()G (y™ (©))]
+E[@(t, X (), X)W (D" X (£))DU+1G(y™ (1))]

=E [qb(t,X(t),Xt)'zU(D”"X(t))G(y(")(t)) pX | (fv,iﬂ(s)fdwf(s)l (2.26)

=1

Again, by applying Leibniz rule to the Malliavin derivative D"n+1®(t, X (t), X,) we see that the first
term of the right-hand side of equality [2.26] coincides with the left-hand side of the equality in [2.18].
Consequently [2.18] follows from [2.26] here we applied the chain rule for the Malliavin derivative D¥r+! a
number of times.
Then by choosing G = 1 we can formulate the above equation as follows:

9
E [acb(t,X(t),Xt)D w1 X ()P (D "X(t))]

0
+E [ J, §¢>(t,X(t),Xt)(19)D”n+1Xt (a)W(D”nX(t))dﬁ]
+E[®(t, X (t), X, ) D r+1W (D" X (t))]
=E [fb(t,X (O, X)¥ DX (), vﬁﬂ(S)TdW"(S)] (2.27)

Hence we can rewrite equation ([int.formula 3]) in the following form:
d 0
E [{ad)(t,X(t),Xt) ], a—f<I>(t,X(t),Xt)(19)D"n+1Xt(19)(D””“X(t))_ldﬁ}
[, P X (¥ (D" X (1))
= E[®(t, X (1), X )¥ (D" X (t))R"+1(1)]
+E[®(t, X(t), X, ) D¥ (D" X(t))D*r+1D"n X (t)]
= E[A@n+1D1(y™(1))]. (2.28)

Hence the theorem is valid for all non-negative integersn =0, 1, 2, ....

4 Theorem: Let W (t) be r-dimensional Brownian motion and let X (t) be the solution of equation (2.9) in [18],
to wit:

dX(t) = f(t,X(t), X,)dt + Z g* (6, X(6), X)dW'(®),
(=1
with (X(0),X,) = (x,&), where f,g', g% ...,g% are maps [0,T] x R¢ x [?(J,R%) - R* and | =
[—1,0) and T is a positive real number. Let v*:[0,T] x R¢ x L*(J,R%) -» R¢, (£ = 1,2, ...,7) be C*, with all
derivatives of polynomial growth. Suppose that fore some t € [0, T] the inverse (DVX(t))~! of the Malliavin
derivative D" X (t) belongs to LP (2, F,, P) for all 1 < p < . Then the law of X (t) has a C*-density.

proof As in Theorem 3.2 page 121 of Norris’ paper [10] the present Theorem 3 implies:
IE[D,‘jl1 DD (X () DX ()W (D)6 (Y™ )]

= E[o(X (04" o0 AL GV (®)], (2:29)
where® is a bounded C*-function. If v,,; = v, = -+ = v; = v, then from (2.29) we get
E[D}, ..D} ®(X(£)G(y"(1))]
—E [(D(X(t))A',j;;"’” o0 AV G (y<n+1>(t))]. (2.30)

Hence, with C(kq, ..., k,;; G) = E ”AI((ZU) 0.0 AS?G(y”“(t))” we obtain
|E[DE, ... D, @(X ()G (" (ON]| < C(ky, vy Ko DD

I11. Remarks
1. All the results which we have established in this work can be extended by replacing the Brownian motion
W by another processZ: [0,a] X 2 — RY, (d € N) which is a continuous martingale adapted to {Fi}eo,a
and has independent increments and satisfies with some constant K the inequalities |Z(t) — Z(s)F;| <
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[14].
[15].
[16].
[17].
[18].

[19].

K(t—ys) and
E(IZ(t) — Z(s)|*F, < K(t —s)for 0 < s < t < a . Observe that the above properties of Z which we have
just mentioned are the only properties of W which we have used (in case of Brownian motion) to prove
the results which we have obtained in this work.See [1], [15], [16], [17], [18], and [19].

All the lemmas and theorems in this work hold for any delay interval J'= [-r,0) (r = 0) inplace of
J =[—1,0). See [1], [15], [16], [17], [18], and[19].
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