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Abstract: In this article, we devoted to study about the n-dimensional Finsler F* = (M™, L) with an (a, 8)-
metric L(a, B) to be projectively flat, where @ is Riemannian metric and g is differential 1-form under some
geometric conditions on the basis of Matsumoto results.
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I.  Introduction

The concept of an (a, 8)-metric L(a, ) was introduced in 1972 by M. Matsumoto [1]. An (a, B)-
metric is of the form F = a¢(s);s =§ where a? = a;; (x)y'y’ is Riemannian metric and g = b;(x)y" is a
differential 1-form with ||B,|| < by, x € M. The function ¢(s) is a c¢* positive function on an open interval
(—by, by) satisfying:
d(s) —s¢'(s) + (b% —s2) > 0.
In this case, the fundamental form of the metric tensor induced by F is positive definite.
An n-dimensional Finsler space F* = (M™, L) equipped with the fundamental function L(x,y) is called an
(a, B)-metric if L is a positively homogeneous function of degree one two variables « and £.
A Finsler space F" = (M", L) is called a locally minkowskian space [2], if M™ is covered by co-ordinate
neighborhood system (x!) in each of which L is a function of (y%) only. A Finsler space F* = (M™", L) is called
projective flat if F™ is projective to a locally minkowskian space. The condition for a Finsler space to be
projectively flat was studied by L. Berwlad [3], in tensorial form and completed by M. Matsumoto [4]. Later on
many authors worked on projective flatness of (, 8)-metric ([1], [5], [6], [7], [8], [9], [10], [11], [12]).

The purpose of the present article is devoted to studying the condition for a Finsler space with certain
special (a, B)-metrics to be projective flat.

Il.  Preliminaries
A Finsler metric on a manifold M is a function F: TM — [0, o) which has the following properties:
(i) Fisac™ on TM,,
(i))F(x,ly) = AF(x,y),A > 0,
(iii) For any tangent vector y € T, M, the vertical-Hessian %Fz given by g;; (x,y) = %[Fz]yiyj, is positive
definite.
The canonical spray of F denoted by G = y* {%} - 2G'(x,y) % and it is defined as

. 1 . 00; d i .
Gixy) = 19" Cow) {252 (v y) - 2k (o )}y,
where the matrix (g¥) means the inverse of the matrix gi)-

Let us consider an n-dimesional Finsler space F* = (M", L) with an (a, 8)-metric L(a, ). The space
R"™ = (M™, ) is called the associated Riemannian space. Let yjik (x) be the christoffel symbols constructed
from « and we denote the covariant differentiation with respect to yj‘k (x) by (]). From the differential 1-form
B(x,y) = b;(x)y’, we define

2ry = by + by, 255 = by — by,
sf = asy;, s; = b;sf, b' = a"b,, b* = b'b;.

According to [1], a Finsler space F* = (M™, L) with an (a, B)-metric L(a, B) is projectively flat if and only if
for any point of space M there exist local coordinate neighborhoods containing the point such that yfk (x)
satisfies:
(Vf)o—voooyi

S @ e - e
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JaL JaL

where a subscript 0 means a contraction by y’, L, = Pt Ly = R Lo ==, Lgg = —+ £ and C is given by
azL/; aLgq 212 arpo
c+<m)0+(5 )(ab [s’)(C+ ) 0. 2.2)
By the homogeneity of L we known a?Lg, = ﬁzLﬁﬁ , SO that (2.2) can be written as
68 25,2 2 argo a zalg
{1+ G) @ = (e +53) = ) oo — () ) @3)

If 1+ ( £E ) (a?b? — B%) # 0, then we can eliminate (C + “Tzo) in (2.1) and it is written in the form,

{HWWWﬂﬂL%J%%%%%%MF%%M”ﬂ)& 29

Lg

Thus we state that

Theorem 2.1: [12] If 1 + ( 28 ) (a?b? — B%) # 0, then a Finsler space F" with an (a, 8)-metric is projectively

flat if and only if (2.4) is satlsfled

According to [13], It is known that if a? contains 8 as a factor, then the dimension is equal to two and b% =
0. So throughout this paper, we assume that the dimension is more than two and b? # 0, that is, a® =
0(mod B).

I1l.  Projective Flat Finsler Space with (a, g)-metric L? = a? + eaf + kf3?
Let F" be a Finsler space with an (a, 8)-metric is given by

L?> = a’ +eaf + kB% €,k # 0. (3.1)
The partial derivatives with respect to @ and g of (3.1) are given by
L = 2a+ef L (4k— 62)/32
@ 2aZ+eaB +kp?’ aa 4\/ ZyeaB +kB2(a+eap +kB2)’
_ ea+2kp (4k—€2)a?
Ly =37 ZicaB +kp2’ Lgp = 4/aZreaB kB2 (a+eaB +kp2) (32)

If 1+ ( ke ) (a?b? — B%) = 0, then we have [{4 + (4k — e2)b%}a® + 6ea?B + 3eaf? + 2ekB3] = 0 which

leads to contradiction. Thus 1 + ( ”) (a?b? — B?) # 0 and hence theorem (2.1) can be applied.

Substituting (3.2) into (2.4), we get
{(2a% + 2eap + 2kp*)(2a + €f) + (4k — €2)(a®b? — aBHH (a0 — Yoooy') Ra + €B) + 2a>(ea +
2kf4s0i+4k—e2a3a2bi—Lyir002a+cf—2aca+2kLs0=0. (3.3)
The terms of (3.3) can be written as
(p7a® + psa* + psa® + pa + (pea® + psa’ + pra’ + p) = 0. (34)
Where
p; = {8e + (8ek — 2€3)b?}s§ — 2e(4k — €2)s, b,
Do = 2{4 + (4k — €®)b?}y{y + {12€? + 16k + (16k? — 4€2k)b?}siB + 2(4k — €*)b'ryy —
4k(4k — €?)Bsyb’,
ps = {16€ + e(4k — €2)b?}Byly + (24€k + 6€3)p?sé + (4ke — €3)Bryob’ + (8ke — 2€3)Bsyy",
D = 12€2B%yly — {8 + (8k — 2€2)b%}yooy’ + 16ke?B3sh — (8k — 2€2)By'ryy + (16k? — 4€2k) %5,y

ps = (3€ + 4ek)B3y5o — {16€ + (4ke — €¥)b*}yo00y' B + Bk*ef*sh — (4ke — €3) B2y 1y,
P2 = —12€B%yq00y" + 2%k B*yo,
p1 = —4€kB3yo00y",

1~
Do = —2€ k134l’000y
Since (p;a® + psa* + psa? +p;) and (pga® + p,a* + p,a’ + p,y) are rational and « irrational in y*, we
have
(p70° + psa* + psa® +p;) = 0, (3.5)
(Psa® + psa’* + pra® +py) = 0. (3.6)
The term which does not contain S in (3.5) is p;a®. Therefore there exist a homogeneous polynomial v, of
degree six in y' such that
[{8e + (8ek — 2€®)b?}s) — 2e(4k — €®)syb']a’® = Bv§.
Since a? # 0(modf), we have a function u’ = u’(x) satisfying

{8e + (8ek — 2€3)b?}sé — 2e(4k — €?)syb’ = pu'. (3.7)
Contracting above by b;, we have
8es, = u'Bb;, (3.8)
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implies 8es; = u'bjb; = 0. Again transvecting by b/, we have u'b; = 0. Plugging u'b; = 0 in (3.8), we
have s, = 0. Thus from (3.7), we have
{8e + (8ek — 2¢3)b?}s;; = u;by, (3.9)
which implies u;b; +u; + b; = 0. Contracting this by b/, we have u;b? = 0 by virtue of u;b’ = 0. Therefore
we getu; = 0. Hence, from (3.9), we have s;; = 0, provided 8¢ + (8ek — 2¢%)b? # 0.
Again, From (3.6), we observe that the terms —2e2kB*yy00y" must have a factor a’? . Therefore there exist a 1-
form v, = v;(x)y’ such that
Yooo = voa?. . (3.10)
Plugging sy = 0,s§ = 0 and (3.10) in to (3.3) which yields,

{(2a% + 2eap + 2kp*)(2a + €f) + (4k — €2)(a®b? — aB?)Hvéo — vo¥')
+(4k — e?)a(a’b’ — By)ryy = 0. (3.11)
Terms of (3.11) can be written as

[{(4 + 4k — €b?)a” + 322} (vl — voy') + (4k — €D (a’b' — By )ryo]a
+[6ea’p + 2ekB3] (v — voy') = 0. (3.12)
Again (3.12) written in the form Pa + Q = 0, where
P ={(4+ 4k — €’bHa? + 32} (vlo — voy') + (4k — €2)(a?b' — By )0,

Q = [6€a’B + 2¢kB*(vbo — voy*)-
Since P and Q are rational and « irrational in (y'), we have P = 0 and Q = 0.
By the term @ = 0, we have

(Yoo — voy') = 0. (3.13)
which yields
2V, =16, + 1,8, (3.14)

which shows that associated Riemannian space (M, ) is projectively flat.

Again from P = 0 and (3.13) we have

(4k — €?)(a®b' — By ry, = 0. (3.15)
Transvecting (3.15) by b?, we have (4k — €2)(a?b? — f?)ry, = 0 implies rp, = 0 provided that €, k # 0.

i.e,, ;; = 0. By summarizing up the above results, i.e., by using s;; = r;; = 0 we conclude that b;; = 0.
Conversely, if b;; = 0, then we have 1y = sb = sy = 0. S0 (3.3) is a consequence of (3.13).

Thus we state that,

Theorem-3.1: A Finsler space F™ with an (a, ) -metric L(a, ) given by (3.1) provided that €,k # 0 is
projectively flat, if and only if we have b;; = 0 and the associated Riemannian space (M", ) is projectively
flat.

2

IV.  Projective Flat Finsler Space with (a, )-metricL = a +  + Q“T
Let F™ be a Finsler space with an (a, 8)-metric is given by
2

L=a+ﬂ+aaTﬁ. (4.1)
The partial derivatives with respect to « and g of (4.1) are given by
_ 2a2+,82—4aﬁ _ 2a2+ﬁ2—2a[ﬁ’
L e N
_ 2p? _ 2a?
“@ T @-p)¥ Los = o (42)
If 1+ (ZBT) (a?b? —B?) =0, then we have {a®(2+ 2b%) —6a?B +3aBp?— B3} =0 which leads to
contradiction. Thus 1 + (iﬁT) (a?b? — B?) # 0 and hence theorem (2.1) can be applied.

Substituting (4.2) into (2.4), we get
{a®(2 + 2b%) — 6a*B + 3ap? — B3 (a®vio — vooo ') (2a? + B% — 4aB) + 2a®(2a® + p% — 2apB)si}

+2a3{Q2a? + % — 4aP)ryy — 2a(2a® + % — 2aB)sy}(a?bl — By') = 0. (4.3)
The terms of (4.3) can be written as,

psa® + pea® + pya* + pya® + py + a(psat + ps;a® +p;) =0, (4.4)
Where

ps = 4{(2 + 2b*)s§ — 2b'sy},
p; = (4 + 4b?)yl, — (32 + 8b2)stB + 4biry, + 8Bsib’,
pe = —(20 + 8b?) By, + (40 + 4b?)B%sE — 8B1ob' + 8Bsyy’ — 4f%s,b’,
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= B*(32 + 2b*)yfo — (4 + 4b*)ygoy' — 283351 + 2B%b'rog — 4By o0 — 8BS0y,

P4 = B(20 + 8bH)yo00y" — 2083y + 10B*s + 8B2rgoy’ + 4B7spy",

=—-(32+ 252)[”2]’000}’ +7B*bo — 2B°sb — 283100y’
Pz =20p° Voooy —5 Yoo
b1 = —73 Voooy )
Po = 3 Voooy
Since (pga® + pga® + paat + p,a? + py) and (psa’ + psa? + p,) are rational and « is irrational in y¢, we
have,
pea® + pea® + pya* + pra® +py =0, (4.5)
psa* + psa® +p; = 0. (4.6)
The term which does not contain 8 in (4.5) is pga®. Therefore there exists a homogeneous polynomial vg of
degree eight in y* such that
4{(2 + 2b¥)s} — 2b's,}a® = Bvi.
Since a? £ 0(modp), we have a function u’ = u!(x) satisfying

4{(2 + 2b%)s} — 2b's,} = pu'. 4.7)
Contracting above by b;, we have
8s, = u'Bb;, (4.8)

implies 8s; = u'b;b; = 0. Again transvecting (4.8) by b/, we have u'b; = 0. Plugging u'b; = 0 in (4.8), we
have s, = 0. Thus from (4.7), we have

4(2 + 2b%)s; = b, (4.9)
Which implies u;b; + u;b; = 0. Contracting this by b/, we have u;b? = 0 by virtue of Y b/ = 0. Therefore we
getu; = 0. Hence, from (4.9), we have s;; = 0, provided (2 + 2b?) # 0.

Again, From (4.6), we observe that the terms —7%y,0,y" must have a factor a? . Therefore there exist a 1-form
v = v;(x)y" such that

Yooo = Vo’ ‘ (4.10)
Plugging sy = 0, s§ = 0 and (4.10) in to (4.3) which yields,
{a?(2 + 2b%) — 6a%B + 3ap? — B3} (vio — voy') + 2a(a®b’ — By )1y = 0. (4.11)
Terms of (4.11) can be written as
[{2 + 2b%)a? + 382} (vbo — voy') + 2(a?b' = By Irg @ — Bl6a? + B(vdo — voy') = 0. (4.12)
The terms in (4.12) are rational and irrational in y*, which yields

{2 +2b%)a? + 3%} (véo — voy') + 2(a?b' — By )1y = 0, (4.13)
And [6a® + Bl(vie — voy') = 0. (4.14)
From (4.14), it follows that
(vbo — voy*) = 0. (4.15)
which yields
2y = v;6; + .6/, (4.16)

which shows that associated Riemannian space (M, ) is projectively flat.

Again from (4.13) and (4.15), we have

o0 (@?b! — By') = 0. (4.17)
Implies r;; = 0. By studying the above results i.e., using s;; = r;; = 0, we conclude that b;; = 0.

Conversely, if b;; = 0, then we have 1y = s§ = sy = 0. So (4.3) is a consequence of (4.10).

Thus we state that,

Theorem-4.1: A Finsler space F™ with an («, 8)-metric L(a, ) given by (4.1) is projectively flat, if and only if

we have b;; = 0 and the associated Riemannian space (M", a) is projectively flat.
; } ; B ; ﬁm+1
V.  Projective Flat Finsler Space with (a, g)-metric L = o
Let F™ be a Finsler space with an (a, 8)-metric is given by
m+1
L=C (5.1)
The partial derivatives with respect to a and [3 of (5 1) are given by
m+1
L, = _mimT' Ly =m(m+ 1) ey
- ki = g
Lﬁ = (m + 1) o’ Lﬁﬂ = m(m + 1) am (52)
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If1+ (%) (a?b? — B?) = 0, then we have {£%(m + 2) — (m + 1)a?b?} = 0 which leads to contradiction.
Thus 1 + (L"”—) (a?b? — B?) # 0 and hence theorem (2.1) can be applied.

aly
Substituting (5.2) into (2.4), we get
{(1 +m)B? — maa?b*H(a®vio — voooy')B — 2Aa*sh} — mAa®{Bryy + 22a’se}(a?b’ — By) = 0.  (5.3)

+1
where 1 = 2=,
m

Only the terms - 83 (1 + mA)yq00y" Of (5.3) seemingly does not contain a? as a factor and hence we must have
hp(5)vi satisfying - B3(1 + mA)yey' = avi.

For sake of brevity, we suppose a? # 0(modp), then we have

Yooo = Voa®. (5.4)
Where v, is hp(1).

Plugging (5.4) in to (5.3), we have

{(1 +m)p? — maa?b*H(vbo — voy")B — 22a?sh} — mA{Bry + 2Aa’so}(a’b’ — By') = 0. (5.5)
The terms of (5.5) which seemingly does not contain a? are (1 +mA)B3(yigy — voy') + mAL 1oy’ .
Consequently we must have hp(1)u} such that the above is equal to a?%u}).

Thus we come by

(1 +mD)B(véo — voy') + mArgey' = a?ub. (5.6)
Contracting (5.6) by a;,y", leads to

miry, = upy;. (5.7)
Substituting (5.7) in (5.6), we get

Yoo = Voy', (5.8)
which yields

25 = 16 + v, 6, (5.9)

Consequently (5.9) shows that associated Riemannian space is projectively flat.
Again substituting (5.8) in (5.5), we have

—22a?{(1 + mA)B? — mAa?b?}si — mA{Bry, + 2Aa’sy}a’b' — By') = 0. (5.10)
Contracting (5.10) by b;, we have,

(—2Bsy — mb?1y)a? + mpBrry, = 0. (5.11)
Then there exists a function k(x) such that

—2Bsy — mb?ry, = kB?, and mry, = ka’. (5.12)
By eliminating r,, from the above, we have

2Bsy = k(B? — a?b?). (5.13)
Implies

(sib; + s;b;) = k(bib; — b?ay). (5.14)

Contracting the above by a¥, we have k = 0.

From (5.13), we have s, = 0 and hence from (5.12), we obtain ryy = 0.

Again from s; = 0 and ryy = 0, (5.10) implies s§ = 0 implies s;; = 0.

Since r;; =s; = sy =0, we have b;; = 0.

Conversely, if b;; = 0, then we have 15y = s§ = so = 0.0 (5.3) is a consequence of (5.8).
Thus we state that,

Theorem-5.1: A Finsler space F™ with an («, 8)-metric L(a, ) given by (5.1) is projectively flat, if and only if
we have b;; = 0 and the associated Riemannian space (M™, «) is projectively flat.

VI.  Conclusion

A Finsler metric being projectively equivalent on a manifold means their geodesics are same up to a
parametrization

G'=G'+ Py,
where P = P(x,y) is a positively y-homogeneous of degree one. If a quantity does not change between two
projectively equivalent Finsler metrics, then it is called as a projectively invariant.

We have a two essential projective invariants, namely Weyl tensor W and the other is the Douglas
tensor D. A Finsler space where both of these tensors vanish is characterized as a projecitvely flat Finsler space
which can be projectively mapped to a locally minkowskian space. A Locally minkowskian space with (a, 8)-
metric is flat parallel if « is locally flat and 8 is parallel with respect to a.
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A Finsler space is called projectively flat, or with rectilinear gedesic, if the space is covered by
cordinate neighborhoods in which the geodesic can be represented by (n — 1) linear equations of the
coordinates. Such a coordinate system is called rectilinear.

Still now it is an open problem to classify the projectively flat (a, 8)- metrics in dimensionn = 2. In
this article we are discussing about the condition for Finsler space F™ of dimension n > 2 of the above
mentioned metrics are projectively flat if and only if b;; = 0 and F™ is covered by coordinate neighborhoods

on which the Christoffel symbol of the associated Riemannian space with the metric a are written as yjk =
V.8 + ;6.
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