IOSR Journal of Mathematics (IOSR-JM)
e-1SSN: 2278-5728, p-ISSN: 2319-765X. Volume 12, Issue 5 Ver. | (Sep. - Oct.2016), PP 65-69
www.iosrjournals.org

Growth Estimates of Entire Functions on the Basis of Central
Index and (p, q)th Order

Dilip Chandra Pramanik’, Manab Biswas® And Rajib Mandal®
'Department of Mathematics, University of North Bengal, Raja Rammohanpur, Dist-Darjeeling, PIN-734013,
West Bengal, India.

“Barabilla High School, P.O. Haptiagach, Dist-Uttar Dinajpur, PIN-733202, West Bengal, India.
*Department of Mathematics, Raiganj University, P.O. Raiganj, Dist- Uttar Dinajpur, PIN-733134, West
Bengal, India.

Abstract: In this paper we discuss (p, g)th order of an entire function in terms of central index and use it to
estimate the growth of composite entire functions.

AMS Subject Classification (2010): 30D20, 30D35

Keywords and Phrases: Entire function, maximum term, central index, (p, ¢)th order, ((p, q)th lower order).

l. Introduction, Definitions and Notations.
Let

0

f@) =) a"

n=0

be an entire function. M(r, f) = ! lax |f(z)| denote the maximum modulus of f on |z| =r and u(r,f) =
z|=r

max |a, |r™ denote the maximum term of f on |z| = r. The central index v(r, f) is the greatest exponent m

n

such that lan,|r™ = wu(r, ) . We note that v(r, f) is real, non-decreasing function of r.
We do not explain the standard definitions and notations in the theory of entire function as those are
available in [5]. In the sequel the following notions are used:

logl x = log(log~ x) fork=1,23,..
and logl%x = x.

To start our paper we just recall the following definitions:
Definition 1: The order p; and lower order A of an entire function f are defined as follows

e EME ) JogP MG )
pr=msup ey A A =

Definition 2: The hyper order p, and hyper lower order /Tf of an entire function f are defined as follows

_ : log®l M(r, f) = logBIM@, )
ps = limsup——— and 4; = liminf ———.
o0 logr ro® logr

Definition 3 ([4]): Let [ be an integer > 1. The generalised order p][f] and generalized lower order A}[f] of an
entire function f are defined as follows

log+1 M (7, logt+1 M (r,
Pl = limsupgTr(f) and 1) = 1iminngr(f)_
row =0

When [ = 1, Definition 3 coincides with Definition 1 and when [ = 2, Definition 3 coincides with
Definition 2.

Juneja, Kapoor and Bajpai [3] defined the (p, g)th order, and (p, g)th lower order of an entire function f
respectively as follows:

a8 M@ f)
pr(p,q) = ImSUp = el

ey
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logP*U M(r, f)

and 4 (p,q) = liminf oglr (2)

where p, q are positive integers with p > q.
For p =1and g = 1 we respectively denote ps(1,1) and A¢(1, 1) by p; and A;.

In this paper we intend to establish some results relating to the growth properties of composite entire
functions on the basis of central index and (p, q)th order, where p, g are positive integers with p > q.

1. Lemmas.
In this section we present some lemmas which will be needed in the sequel.
Lemma 1 ([1] and [2, Theorems 1.9 and 1.10, or 11, Satz 4.3 and 4.4]):
Let

o0

f@=) a7

n=0

be an entire function, u(r, f) be the maximum term i.e., u(r, f) = max la,|r™ and v(r, f) be the central index
n=

of f.Then
(i) For ay # 0,
log (r. f) = logla | + [
0

v(t, f)
t

dt,

(ii) Forr <R,
R
MG ) < G VR ) + o).

Lemma 2: Let f(z) be an entire function with (p, g)th order p;(p,q), where p,q are positive integers with
p = q and let v(r, f) be the central index of f. Then
— limeus 287V )
pr (P, @) = limsup Toglil 7
Proof: Set

0

f(2) = Z a, z".

n=0
Without loss of generality, we can assume that |a,| # 0. By (i) of Lemma 1, we have

V(ti; P dt = v(r,f)log2.

2r
logu(2r, f) = loglay| +J

0
Using the Cauchy inequality, it is easy to see that u(2r, f) < M(2r, f). Hence
v(r,f)log2 <logMQ2r,f) +C,

where C(> 0) is a suitable constant. By this and (1), we get
logPlv(r, f) logP* I M(r, f)

li <li — " = p.(p,q). 3
imsup — Ty S imSup——mT pr(@,q) 3)

On the other hand, by (ii) of Lemma 1, we have

M(r, ) < u@r, Av@r, ) + 2} = |a,q.p|r TP v, £) + 2},
Since {|a, |} is a bounded sequence, we have

logM(r,f) <v(r,f)logr +logv(2r, f) + C;

= logP U M@, f) < loglPlv(r, f) + loglP* v (2r, £) + loglP+r + ¢,

logP*v(2r, f)
loglPlv(2r, f)

where G; (> 0) (j = 1, 2, 3) are suitable constants. By this and (1), we get

= logP*UM(r, ) <loglPlv(2r,f) |1+ + loglPtr + ¢5,
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. log®* I M(r, )
pr(p,q) = limsup—————

7 00 loglal r
logPlv (27, logPlv(r,
< limsupig 2. f) = limsupig ( f). 4
T —0 log[q] 2r r —>n log[q] r

From (3) and (4), Lemma 2 follows.

Lemma 3: Let f(z) be an entire function with (p, g)th lower order A(p, q), where p, q are positive integers
with p > g and let v(r, f) be the central index of f. Then

log?*1 v (r,
A(p,q) = lignjgfg—(f)

loglal r
Proof: Set
f(2) = Z a, z".

n=0
Without loss of generality, we can assume that |a,| # 0. By (i) of Lemma 1, we have

2r

v(t, f)
logu(2r, ) = loglay| + . dt =v(r,f)log2.

0
Using the Cauchy inequality, it is easy to see that u(2r, f) < M(2r, f). Hence
v(r,f)log2 <log M(Q2r,f) + C,
where C(> 0) is a suitable constant. By this and (2), we get

logPlv(r, ) log"* I M(r, f)
- i _
T e EE AL ©

On the other hand, by (ii) of Lemma 1, we have

M(r! f) < ,u(r,f){v(ZT, f) + 2} = |av(r,f)|r1/(r'f){v(2r1 f) + 2}
Since {|a, |} is a bounded sequence, we have

logM(r,f) <v(r,f)logr +logv(2r, f) + C;

= logP* U M(r, f) < logPlv(r, f) + logP*Uv(2r, f) + logP™r + C,

loglP*v(2r, f)
logPlv(2r, )

where G; (> 0) (j = 1, 2, 3) are suitable constants. By this and (2), we get

log?* I M(r, )

= logP*UM(r, ) <loglPlv(2r,f) |1+ + loglP™r + ¢5,

¢ (p, q) = liminf

0 log[q]r
logPly 2r, logPly T,
< liminf 28 YCLS) oy plog” V) 6)
r —>m log[q] 2r r >0 log[q] r

From (5) and (6), Lemma 3 follows.

I11.  Theorems.
In this section we present the main results of the paper.
Theorem 1: Let f and g be entire functions such that 0 < A, (9, q) < pfog (P, q) < © and 0 < A;(m,q) <

pg(m,q) < . Then

Atog @, @) B liminflog[”] v(r, fog) B Arog 0, Q)
pgm,q) = o= logmlv(r,g) = A,(m,q)
logPl v (r, ,
< limsup -8 v(r, fog)  Prog (p q),
row logmlv(r, g) Ag(m, q)
where p, q, m are positive integers with p > g = m.
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Proof: Using respectively Lemma 3 for the entire function fog and Lemma 2 for the entire function g, we
have for arbitrary positive £ and for all large values of r that
log®lv(r, fog) = (05 (. q) — €) logltl 7 (7)
and
log™v(r,g) < (pg (m,q) +¢)logld!r, (8)
Now from (7) and (8) it follows for all large values of r,
lOg[p] v(r,fog) > )'fog (pv Q) —€
logmlv(r,9) ~ py(m,q) +e¢
As g (> 0) is arbitrary, we obtain that
lOg[p] V(T‘, fog) > ﬂ-fog (pv Q)

liminf > . 9
P g v g) =, (m0) ©
Again for a sequence of values of r tending to infinity,
log[p] v(r, fog) < (Afog (p,q) + e) log[q] r (10)
and for all large values of r,
log™v(r,g) = (2,(m, q) — &) logl¥ 7. (11)
So combining (10) and (11) we get for a sequence of values of r tending to
infinity,
log”lv(r, fog) - Afog 0, @) + €
logmlv(r,g) = A4(m,q) — ¢’
Since (> 0) is arbitrary, it follows that
logPlv(r, fo A ,
limin g V( f g) < fog (p Q) (12)
roo  logMmlv(r, g) Ay(m, q)
Also for a sequence of values of r tending to infinity,
log[m] v(r,g) < (Ag (m,q) + e) log[‘” r. (13)
Now from (7) and (13) we obtain for a sequence of values of r tending to infinity,
lOg[p] V(Tv ng) > Afog (p' Q) — €
logmlv(r,g) — A,(m,q) +¢
Choosing € — 0 we get that
logPv(r, fo A ,
limsup 8 (r,fog) > Hog (. q) (149)
row logmlv(r, g) Ag(m, q)
Also for all large values of r,
log?P v (r, fog) < (prog (P, q) + €) logltl T, (15)
So from (11) and (15) it follows for all large values of r,
log?!v(r,f09) _ prog®. @) + £
log[m] V(Tl g) - Ag (m' Q) — €&
As (> 0) is arbitrary, we obtain that
logPlv(r, !
limsup og?'v(r, fog) < Prog (@) (16)

row logmlv(r,g) = 2,(m,q)
Thus the theorem follows from (9), (12), (14) and (16).

Theorem 2: Let f and g be entire functions such that 0 < As,; (P, @) < pfog (P, q) <0 and 0 < p,(m,q) <
o0, Then
logPly T, fo , logPly T, fo
liminf 28 (r,fog) < Prog X < limsup 28 rf g)’
oo lOg[m] V(T, g) pg (m: Q) r—0n log[m] V(T, g)
where p, g, m are positive integers with p > g = m.
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Proof. Using Lemma 2 for the entire function g, we get for a sequence of values of r tending to infinity that
log[m] v(r,g) = (pg (m,q) — e) log[q] T. (17)

Now from (15) and (17) it follows for a sequence of values of r tending to infinity,
log”v(r, fog) _ prog @) + ¢
logl"lv(r,g) = pg(m,q)—¢ "

As (> 0) is arbitrary, we obtain that
log®Plv(r, ,
liminf 28V fog) Spfog(zo q)_
roo logmlv(r,g) = py(m,q)

(18)

Again for a sequence of values of r tending to infinity,
log®lv(r, fog) = (pfog (0, q) — €) logl?l 7. (19)

So combining (8) and (19) we get for a sequence of values of r tending to
infinity,

logPlv(r, fog) _ Prog@® @) —€
logMlv(r,g) — py(m,q) +e

Since &(> 0) is arbitrary, it follows that
logPlv(r, fo ,
limsup griv(r, f g)zpfog(p q)_
roo logmv(r,g) ~ py(m,q)

(20)

Thus the theorem follows from (18) and (20).
The following theorem is a natural consequence of Theorem 1 and Theorem 2.

Theorem 3: Let f and g be entire functions such that 0 < A¢,; (P, q) < pfog (P, @) <0 and 0 < A;(m,q) <
pg(m,q) <. Then

liminf

logPlv(r, fog) < iy [ 208 @D Prog @, D)
>0 log[m]v(r,g) -

/‘lg (m) CI) ’ pg (ml Q)
Afog @, @) Prog (P, q)}
/‘lg (m) CI) ’ pg (ml Q)
_ logPlv(r, fog)

< limsup —————,

ro logmlv(r, g)

where p, q, m are positive integers such that p > q = m.
The proof is omitted.

< max{
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