IOSR Journal of Mathematics (IOSR-JM)
e-1SSN: 2278-5728, p-ISSN: 2319-765X. Volume 12, Issue 5 Ver. | (Sep. - Oct.2016), PP 118-124
www.iosrjournals.org
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Abstract: In this paper, we introduce and study some characterization and some properties of fuzzy continuous
functions ( Fuzzy super continuous functions ) from fuzzy topological space into another fuzzy topological space

has its bases on the notation of quasi-coincidence , quasi-neighborhood, fuzzy O -closure and & neighborhood.

. Introduction
The first publications in fuzzy set theory by Zadeh [11] show the intention of the authors to generalize
the classical notion of a set and proposition (Statement) to accommodate fuzziness, Chang [4], Wong [9], [10]
and other applied some basic concepts from general topology to fuzzy sets and developed a theory of fuzzy
topological spaces in 1980, pu and liu [8], introduced the concepts of quasi-coincidence and quasi-neighborhood

Il. Preliminaries
We will discuss some fundamental notions and basic concepts related to fuzzy topological space.

Definition2 -1

A fuzzy topology is a family T of fuzzy sets X (X be any set of elements) which satisfying the following
conditions:

1-0,1(ie. @andX)ET
2- If A BeT thenAnBeT
3-If A eT foreach i € | (where I is the index set), then UA eT.

iel

T is called a fuzzy topology for X , and the pair ( X T ) is a fuzzy topological space. Every member of T is

called T open fuzzy set. A fuzzy set C inXisa T - closed fuzzy set if and only if its complement C sa
T. - open fuzzy set.

Definition 2 - 2

A fuzzy set A in a fuzzy topologlcal space ( X, T ) is said to be quasi —coincident ( q — coincident , for short
) with fuzzy set B , denoted by Aq B,

If and only if there exist X € X such that pag + pslp>1 -

Definition 2 -3

A fuzzy set A in a fuzzy topological space ( X, T ) is said to be quasi — neighborhood ( g — nbd , for thort )
of a fuzzy point X ('where x is the support and o is the value of the fuzzy point, O<a<l )if and only if

there exists open fuzzy set B such that X(XC]B C A

Definition 2 - 4

Two fuzzy sets A, B in fuzzy topological space (X, T )s A (- B ifand only if Ais not g — coincident with
B° (complement of B ) and denoted by AQB°.
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Definition 2 -5

A fuzzy point X(x cA ( the fuzzy closure of fuzzy set A inan fuzzy topological space ( X , T ) if and

only if each g — nbd of X is g — coincident with A.

Definition 2 - 6
A fuzzy set A in fuzzy topological space ( X, T ) is called open ( closed ) fuzzy regularly if and only if

(A)° = A (A°the fuzzy interior of fuzzy set Ain an fuzzy topological space ( X , T )) (respectively
(A°)=A).

Definition 2 - 7
A fuzzy point X is called a fuzzy O - cluster point of a fuzzy set A inan fuzzy topological space ( X, T )

if and only if every open fuzzy regularly g-nbd of X is g — coincident with A.

Definition 2 - 8
The set of all fuzzy & -cluster points of A is called the fuzzy O -cluster of A, to be denoted by [A],.

Remark 2 -1

A fuzzy set ;5\ is fuzzy O -closed if and only if A = [A]S and complement of a fuzzy O -closed is called
fuzzy 0 - open.

Definition 2 -9

If X, Y are fuzzy topological spaces and ;\ E are fuzzy sets of X and Y respectively , then the fuzzy set
Ax B of XxY is defined as M)y =N (Ao, wig)) where X € Xand Y €Y.

Throughout the paper , by ( X, T ), (Y, T ) etc. or simply by X, Y, Z, etc. we shall mean fuzzy topological

spaces.

I11. Fuzzy Super Continuous Functions
Definition 3 -1
A mapping f: X —Yfrom fuzzy topological X to an fuzzy topological space Y is said to be fuzzy super

continuous at a fuzzy point X of X if and only if for every q —nbd U of f( X, ), there is a g — nbd V of X,

such that f(V)O (- U ( equivalently , we can take U ,V to be open fuzzy set ). f is said to be fuzzy super
continuous on X if and only if it is fuzzy super continuous at each fuzzy point of X.

Definition 3 -2
A function f : X —— Y from an fuzzy topological space X to an fuzzy topological space Y is said to be fuzzy

continuous at a fuzzy point X of X if and only if for every q — nbd U of f(X ) there is a g - nbd V of X,

such that f (V) (- U . fis called fuzzy continuous on X if and only if f is fuzzy continuous at each fuzzy
point of X.
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Remark 3 -1
If a mapping f : X, T) — (Y, F) , from an fuzzy topological space
(X, T) to an fuzzy topological space (Y, F) is fuzzy super continuous at a fuzzy point X of X, then f is

fuzzy continuous at X, but the converse is false.

Theorem 3-1
For a mapping f: (X, T )—> (Y, F), from an fuzzy topological space (X, T) to an fuzzy topological space

(Y, F ), the following are equivalent:
(@) fisafuzzy super continuous .

(b) f([;\]a) c f(/&) , for every fuzzy set ;\ in X.
© [f + (/Z\)]6 cf? (/Z\), for every fuzzy set ;\ inYy.

(d) For every closed fuzzy set A in'Y, ™ (A) is fuzzy & -closed in X.

(e) For every open fuzzy set A inY, f1(A) is fuzzy 5-open in X.
(f) For every open fuzzy point X of X and for each open fuzzy g-nbd M of f(X,), there is a fuzzy 5- open

gnbd N of X, sucnthat F(N) = M,
Proof. (a) —>(b):
Let X, €[Al, and U be any open fuzzy g-nbd of Y, =T(X_) , where y=F(x).
By (a) , there is open fuzzy g-nbd N of X, such that f(KI)0 U
Now, if X, e[;\]ﬁ then (ﬁ)"q A so that
f(N)° g f(A) and hence Uq F(A).
Therefore f(X ) € (f(,&)) and it follows that
X, € FL(f(A)).

Thes [A], < F*(F(A)) and hence F([A],) = F(A).
(b) = (0):

sy ), if f([F L(A)]s) < FIF LA < A

Then it follows that [ (A)], < f*(A).
(c)— (d) : Immediate
d) = (e): C_:Jear

e —> H: N=f" (|\7|) serves the purpose.

~

(f) — (a) : For any fuzzy point X, and open fuzzy g-nbd V of f(X,) , there is a fuzzy 0 - open g-nbd
N of X, such that f(N) cV.
Then 1— N =G (say)isfuzzy O -closed in Xand X, & G.

~

So the exist a open fuzzy regularly g-nbd M of X, such that M is not g-coincident with G.
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~

~ 0 ~ ~
Now, XaqM_)XaQ(M) cl-G=N
—=\0 ~ ~
From which it follows that f (M) < T(N) < V and thus f is fuzzy super continuous.

Theorem 3 -2
Afunction T : X =Y from fuzzy is a fuzzy super continuous if and only if for any fuzzy point X of X and

~ ~ —=0 ~
for each g-nbd M of f(X,) , there g g-nbd N of X, such that f(N )0 (- M.

Lemma3-1

Let F:X—Y bea mapping from an fuzzy topological space X to an fuzzy topological space Y the
following are equivalent:

~

() For any fuzzy point X = of X and for any g-nbd M of f(X,), there is a g-nbd N of X, such that
f(N°)c M

(b) For any fuzzy point X of X and for any g-nbd M of f(X,), there is a g-nbd N of X, such that

—=0 ~
f(N) < M.
Proof : it is immediate .

Corollary 3-1
If one of the conditions of Lemma 3 -1 holds then f is fuzzy super continuous.
That the converse of the above corollary is false is shown by the following example.

Example 3-1
Let X be a non-empty setand d € X.

Consider T ={O,1,,Z\},
Where pa(a) = 1/3 and pa(x)=0 , for X Zad ( Xe X), and consider the identity map
f:X,T)>XT).

)
We consider the fuzzy point a, of X , where & = E

Then A is open fuzzy g-nbd of f(a,),
But f(UO) SA for U=Aor1

Hence condition (a) of lemma 3 — 1 fails. But if clearly fuzzy super continuous.

Lemma3-2
Let A, X, Y be fuzzy topological spaces and T, : A — X and f, : A — Y be any functions .

Let T 1 A— XxY bedefined by f(a) = (,(a),f,(a)), for a € A where X x Y is provided with
the product fuzzy topology.

(@ If B,Ul,U2 are fuzzy sets in A, X and Y respectively such that f(é) (- leDZ then
fl(é) (- Ul and f2 (é) c 02
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(b) If \7V is open fuzzy g-nbd of f(Xa) = (f1 (X), f2 (X)) . N XY,
Then there exist open fuzzy g-nbd 0 of (fl (X))u in X and open fuzzy g-nbd \7 of (1"2 (X)) . INY such
that F(X ) (UxV)cW.

() If fl(Al) Xf2 (AZ) - Ul X U2 ,where A, A\, are fuzzy sets in A and Ul, U2 are fuzzy sets
of x and y respectively , then f(\~/) - 01 X 02 where \7 = Al M AZ'

Proof. (a) we prove that fl(é) - 01.
Infact, Let X € X, then
f(ua(x))= SUP  pa(x)

zef (%)
Now, Zef " (X) —f,(2) =x.
Let f2 (Z) =Y, € Y. Then
f2)=(x ,y,) >zef[(x ,y)]—>
Now
fus)[(xY)]=  Sup  us(®)

tef [0 yy)]
Obviously

us(z) < Sup  pa(t)
tef 1 (x yy)]

By (1).
But

Sup  ug(® = Uy x Up)[(xyp)] = w2 S, g, [(xy1)]
tef oyl

g cpg () @
Since (2) is true for all Z € flf1 (X) , we have fl (]JB)(X) - },lol (X) and hence fl(B) - Ul'
Similarly , we can prove that f2 (B) c U2 :
(b) Since W is open fuzzy set in XxY , we have W = U(UB X V}l) , Where the UB ’s are open set in
X and the V},l ’s are open fuzzy setin Y.

Then obviously UB X \7H - W for each 3 and each .
We claim that for some 3 and some L.

f(x,)aq UpgxV,

In not then for each [3 and each L

o+ min(ug, (f00)uy, (F(0) <1

So that 0L+ M(DBXVM) (f(x)) <1 , foreach [ and each L,
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And thus 0L+ Sup|[ L (O )(f(x)) <1.
n

Butthen 0L+ L, (f(X)) <1 and hence (X, )0 W, a contradiction .
Therefore f(xa)q UB x V. , for some [} and some L ,

So that 0+ nﬂn(uDB (fl(x)),],t\~/ILl (fr(x)) >1.

Then fl (Xa)qUB and f2 (Xa)un we have proved our desired result.
(c) Straight forward and left.

Theorem 3 -3

Let A, X, Y be fuzzy topological spaces and fl Ao X, f2 A > Y be any functions. Then
f:A—>XxY, defined by

f(X) = (fl(X),f2 (X)), for all X € A, is fuzzy super continuous iff 1:1 and f2 are fuzzy super
continuous.

Proof.

Let X, be a fuzzy point of A and Ul, U2 be open fuzzy g-nbds of fl(Xa) and f2 (Xa) in Xand Y
respectively.

Then U 1><U2 is clearly open fuzzy g-nbd of f(Xa) .
i.e., of (f(X)) o
Then by fuzzy super continuity of f , there is open fuzzy g-nbd V  of X, in A such that
~ 0 ~ ~
f(V)° cU;xU,.
By lemma 3 - 2 (a) , we then have
—~ 0 ~ —~ 0 ~
fl(V) c Ul and fz(V) c U2 .
So that f1 and f2 are fuzzy super continuous conversely ,
Let X, be any fuzzy point of A and W be any open fuzzy g-nbd of f( X ) in XxY.
Then by lemma 3 — 2 (b) , there exist open fuzzy g-nbds Ul of 1:1 (Xa) and U2 of f2 (Xq)such that

f(Xa)C]UI X U2 C W . Also since f1 and f2 are fuzzy super continuous , there exist open fuzzy g-nbd
Vl and V2 of X, in A such that fl(Vl)o - Ul and f2 (Vz)o - U2 , S0 that
~ o) —~ o) ~ ~
fi(V1)” xf,(V2)" cU; xU,
Now by lemma 3 — 2 (c) we have f(V)o c Ul X U2 , where V = Vl F\VZ and \~/ is obviously

open fuzzy g-nbd .
Hence f is fuzzy super continuous function.
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