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On Designs arising from Corona Product H - K3
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Abstract: In this paper, we determine the partially balanced incomplete block designs and association
scheme which are formed by the minimum dominating sets of the graphs C3 - K3, we determine the
number of minimum dominating sets of graph G = Cp 2 K3 and prove that the set of all mini- mum
dominating sets of G = Cp °©K3 forms a partially balanced incomplete block design with two association
scheme. Finally we generalize the results for the graph H - K3.
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I. Introduction

By a graph, we mean a finite undirected graph without loops or multiple lines. For a graph G =
(V,E), let V and E respectively denote the vertex set and the edge set of graph G. For any vertex u
EV, Nu=+{veEV :uv € E} is called the open neighbourhood of u in V, and the closed
neighbourhood of u in G is N[u] = N(v) U {u}. The degree of u in G, deg(u) = |N(u)|. The open
Neighborhood of a setof verticesS in G is
N(S) = U,esN(V) and the closed neighbourhood of the set S is
NIS] N(S) US. A subsetD S V is called dominating set of G = (V,E) if
N[D] = V. The domination number y(G) of G is the minimum cardinality of a dominating set.
A dominating set D is called minimal dominating set if no proper subset S C D
is a dominating set.
The PBIBD with m-association scheme which are arising from dominating sets has been studied
extensively by many for example see [8],[1]. In this paper, We study the PBIBD and the association
scheme which can be obtained from the minimum dominating sets in (Cpn o K3) graph. Finally we

generalize the results for the graph H °» K3.

Il.  PBIBD arisingfromminimumdominating sets of (Cp °K3)
Definitionl. Given v objects a relation satisfying the following conditions is said to be an association
scheme with m classes:

(i) Any two objects are either first associates, or second associates...., or mth
associates, the relation of association being symmetric.
(ii) Each object a has nj ith associates, the number nj being independent of a.

(iii) If two objects a and B are ith associates, then the number of objects which are jth associates of a and
kth associates of B is pjy

and is independent of the
pair o f ith associates a and B. Also p' b =Py

If we have association scheme for the v objects we can define a PBIBD as the following definition.

Definition2. The PBIBD design is arrangement of v objects into b sets (called blocks) of size k where k
< v such that

(i) Every object is contained in exactly r blocks.

(if) Each block contains k distinct objects.

(iif) Any two objects which are ith associates occur together in exactly Aj blocks.
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Theorem3. From (C3 °K3) we can get PBIBD with parameters
(v=12,k =3,r =16,b =64,41 =0,42 =4) and association scheme of 2-classes

[ﬁh Pi:] [iil P’:]
With P, = %1 P%: :[g g] and P, = gj_ p§= :[0 3].

Proof. let G = (V,E) be a corona graph C3 ° K3.

By labelling vy, vo V3, vy, V, V3, V), V5, V3, Vy ,V, ,v3 } as in Figure.l, we can
Define PBIBD as follows:

The point set is the vertices and the block set is the minimum dominating

sets vy, vo, vab, v, v va b vy o vo v b vy ovy L v bl v, v v b Av, vaL s ),
Wi, va, vy b, v va, et vy o vo, vk vy o vaL vak vy, vaa v b vy vy, Vi ),

Wi, vy o vad v, vo, vab o v, v vab, vy, vy L vsh v, v vt vy L o, va b,

vV 1 Vlll
V.
V3 V3
Val Vgl
V311 V'gll

Figure 1: C3 = K3

{vrl,&f;,%;vé bodviava.va b IV, Vo, va b {V] 2 Vo, Ve b IV . V. Ve bs V1, Vo, Vi t,
{vi.vo.vah v vova b {vi vo. va b v . vo L vi b v v v b {v L vo L v b

v vo.vihivi.va.vi b Av.vo. va o {v.vo . va b vy . vo L va b vy L vo L vs )
vy.vo.vihdviovy vy o Ivyavy vy b vy cva, vy vy Lvoa vy B vy v vy b
vi.va. va b dvi.va. va oAvi. v va o Aviva. va b vy vaa va b fvy v vs Bl
vi.va.vs LoAvi.va.va o Ivy ovaava b vy voo va b v voa va o Avy. v va bl

vy va.valh vy .va. vy Loivi.va.vahoAv. v v b v vaa v B ive va L va b
{vl:vi:v; T, {vl_‘v;_‘vé I and {vi“_. v;_. \rg ¥.

We define the association scheme as follows, for any o.p = V(G). o is first

associate of B if o and P appear in zero or three minimum dominating sets and
o is second associate of p otherwise, see Table 1.

DOI: 10.9790/5728-1205020105 www.iosrjournals.org 2 | Page



On Designs arising from Corona Product H °K3

Elements First Associates Second Associates
Vl Vllx Vllll Vllll V21 V21| Vzlll V2111 ) V3, V31| \/311l V3111
Vll Vl, Vlll, Vllll V21 V21| Vzlll V2111 ) V3, V31| \/311l V3111
Vlll le Vlla Vllll V21 V21| Vzlll V2111 ) V3, V31| \/311l V3111
Vllll V1, Vlla Vlll V2, Vzll vzlll V2111 ’ V3, V31| \/311l V3111
v, Vzl, V211, V2111 Vl,Vlla Vlllx Vllll, V3, V31| Vgll, V3111
Vzl Vs, Vzll, V2111 Vl,Vlla Vlllx Vllll, V3, V31| Vgll, V3111
Vzll Vs, Vzl, V2111 Vl,Vlla Vlllx Vllll, V3, V31| Vgll, V3111
V2111 Vs, V21, Vzll Vl,Vlla Vlllx Vllll, V3, V31| Vgll, V3111
V3 V31, V311, V3lll Vl,Vlla Vlllx Vllll, Vs, Vzl, Vzll, Vzlll
V31 V31 \/3117 V3111 Vl,Vllv V111’ Vllll, V2: Vzl, Vzll, Vzlll
V311 V3, V31, V3111 Vl,Vllv V111’ Vllll, V2: Vzl, Vzll, Vzlll
V3111 V3, V31, V311 Vl,Vllv V111’ Vllll, V2: Vzl, Vzll, Vzlll
Table 1:

Theorem 4. Let G ~= (Cn [ K3). Then the number of minimum dominating sets of G is 4'.

Proof. Let G ~= (Cn ° K3). Then y(G) =n. We need to find out all the sets of size n. For this, we have many

possibilities :

casel.

minimum dominating set.

case2. The vertices of minimum dominating set i.e, not from the vertices of Cn.
The number of ways to select minimum dominating sets of size n from outside is 3n.

All the vertices of the minimum dominating set are from inside that is from Cn. Then there is only one

case3. We select some vertices of minimum dominating sets from inside and some from outside. So we start
by selecting one vertex from inside and (n — 1)

m
vertices from outside. There are (1} 37! ways. Similarly 2 vertex from

inside

"
(n — 2) vertices from outside. There are {2 }3 n-l  wways. By continuing

in same way till (n

(2 4)

3 wavs.

— 1) wertices from inside and one from outside.

Hence the total number of minimum dominating sets is

3n+{:‘}3n-1 —+ {;} 3n2 4
T

_ o) —i

-2,

=4 n

+(ni1}3+1

there are
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Theorem 5. Let G = (C,, 2K;) . Any two vertices in G either
belong to zero minimum dominating set or 4" minimum dominating
sets.

Proof. By labeling the vertices ofthe graph G as {vy,va, ..., vn__vll__v"l :vnl' __vlz__vnz:\e:é . “n Vlr.l: vn }

Where {vy.Vs..... vy} are the vertices of ¢, and {v,, v, v, ,V,, V.V, .V V.V, }

are the vertices of the copies k;.

Suppose A= {vlrvlr"'_‘vn} and B = {vlrvl_‘vl :VZ:VIEVE:"'vn:vn:vn}-

Let u. v be any two vertices, we have the following cases:

Casel. u and v belong to A then there are 4° > minimum dominating sets
containing u and v.

Case2. 1 and v belong to B then there are 4® ways to select minimum
dominating sets containing u and v.

Case3. Let u £ A and v =B we have two subcases:

Case(i). Let u and v in the same triangle then there does not exists any
Minimum dominating sets containing u and v.

Case(ii). If u and v are from the different triangle then there are 4* % ways to
select minimum dominating sets.

Theorem6. Let G = (Cp °K3) . Then every vertex v €V (G) contained in

4N —1

Minimum dominating sets.

Proof. Let G = (Cp °K3) . The vertices of G can be partitioned into n sets, each set containing 3 vertex
as the triangles A1, A2....Ap. Let v €V (G) be any vertex such that v € Aj forsome 1 <i <n. Any
minimum dominating set containing v will contain (n — 1) vertices from the other triangle Aj where i =

j. Butit is not allowed to take two vertex from the same triangle so we need to take one vertex
from each triangle.

Hence the ways to select n — 1 vertices from the Aj triangles

i=jis4".

Finally, we can generalize Theorem 6 as following.

Theorem?7. For any graph G = (H -K3), there is PBIBD and association scheme associate with
G as the following parameters,
(v=4n, k=n,r= 4" b=4", )1 =9, = 4"72) and

1 1
[iu Piz

1 1
P,=1Pz1 Piz

] 2 0 [zil pi:] o 3
2[0 4(11—1)] and P,= P31 Piz :[ _2)].
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