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I.  Introduction

Most of the problems in engineering, medical science, economics, environments, etc. have
various uncertainties. To exceed these uncertainties, some kind of theories were given like theory of
fuzzy sets, intuitionistic fuzzy sets and so on. Fuzzy set was introduction by L.A.Zadeh[23], several
researchers explored on the generalization of the concept of fuzzy sets. Prof. K.T. Atanassov, a
Bulgarian Engineer, introduced a new component which determines the degree of non-membership
also in defining Intuitionistic fuzzy Subset( IFS ) theory. In 1983, he came across A.Kauffmann’s book
“Introduction to the theory of fuzzy subsets’ Academic Press, New York, 1975, then he tried to
introduce intuitionistic fuzzy subsets to study the properties of the new objects so defined. George
Gargov named new sets as the ‘‘Intuitionistic fuzzy subsets’’, as their fuzzification denies the law of
the excluded middle, AUA°® = X. This has encouraged Prof. K.T.Atanassov to continue his work on
intuitionistic fuzzy subsets. The notion of fuzzy subgroups, anti-fuzzy subgroups, fuzzy fields and
fuzzy linear spaces was introduced by Biswas.R[8, 9]. In this paper, we introduce the some theorems in
intuitionistic (T, S)-fuzzy subfield of a field.
1. Preliminaries:
1.1 Definition: A T-norm is a binary operations T: [0, 1]x[0, 1] — [0, 1] satisfying the following
requirements;
(i) T(0,x)=0, T(1, x) =x (boundary condition)
(i) T(x,y) =T(y, X) (commutativity)
(i) T(X, T(y, 2) )= T ( T(X,y), z )(associativity)
(iv) ifx<yand w <z, then T(x, w) <T (y, z )( monotonicity).

1.2 Definition: A S-norm is a binary operation S: [0, 1]x[0, 1] — [0, 1] satisfying the following
requirements;

() 0Sx=x,1S x=1 (boundary condition)

(i) x Sy =y S x (commutativity)

(iii) x S(y Sz) = (x Sy) S z (associativity)

(iv) if x<yand w < z, then X S w <y S z ( monotonicity).

1.3 Definition: Let X be a non-empty set. A fuzzy subset A of X is a function A: X — [0, 1].

1.4 Definition: Let ( F, +, - ) be a field. A fuzzy subset A of F is said to be a fuzzy subfield of F if the
following conditions are satisfied:

(i) A(x=y) = min( A(x), A(y) ), forall xand y in F,

(ii) A( xy ) = min( A(x), A(y) ), forall xand y in F,

(iii) A(x') > A(x), for all x in F—{0}, where 0 is the additive identity element of F.

1.5 Definition: An intuitionistic fuzzy subset( IFS ) A of a set X is defined as an object of the form
A= {{ X, pa(X), va(x) ) / xeX }, where pa: X — [0, 1] and va: X — [0, 1] define the degree of
membership and the degree of non-membership of the element x in X respectively and for every x in X
satisfying 0 < pa(x) + va(x) < 1.
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1.6 Example: Let X = { a, b, ¢ } be a set. Then A={( a, 0.5, 0.3), (b, 0.4, 0.1), (¢, 0.5,0.4 ) }is an
intuitionistic fuzzy subset of X.

1.7 Definition: Let ( F, +, - ) be a field. An intuitionistic fuzzy subset A of F is said to be an
intuitionistic fuzzy subfield of a field F with respect to (T, S)-norm ( intuitionistic (T, S)-fuzzy
subfield of a field ) of F if the following conditions are satisfied:

(i) pa(x+y ) = T(pa(X), ua(y) ), forall xand y in F,

(i1) pa(=x) = pa(x), forall x in F,

(iii) pa(xy ) = T(pa(x), pa(y) ), forall xand y in F,

(iv) pa(x?) > pa(x), for all x# 0 in F,

(V) va( x+y ) < S(va(X), va(y) ), forall xand y in F,

(Vi) va(—x) < va(x), forall xin F,

(vii) va( xy ) < S(va(X), va(y) ), forall xand y in F,

(viii) va(x?) < va(X), for all x# 0 in F.

1.8 Definition: Let (F, +, - ) and ( F', +, - ) be any two fields. Let f : F — F' be any function and A be
an intuitionistic fuzzy subfield in F, V be an intuitionistic fuzzy subfield in f(F) = F', defined by py(y)

= SUP ra(x) and vi(y) = INT va®), for all xin Fand y in F'. Then A is called a preimage of V
xef1(y) xef(y)
under f and is denoted by f (V).

1.9 Definition: Let A and B be any two intuitionistic fuzzy subsets of sets G and H, respectively. The
product of A and B, denoted by AxB, is defined as AxB = {{ (X, ¥), paxa(X, ¥), vaxa(X, ¥) ) / for all x in

G and y in H }, where paxg(X, ¥) = min {pa(x), us(y) } and vaxe(X, y) = max {va(x), ve(y) }, for all x
inGandyinH.

1.10 Definition: Let A be an intuitionistic fuzzy subset in a set S, the strongest intuitionistic fuzzy
relation on S, that is an intuitionistic fuzzy relation on A'is V = { { (X,y), uv(X,y), vw(X,y) ) / xand y in
S} given by uy(X, y) = min {ua(x), pa(y) } and vy(x, y) = max{va(x), va(y)}, forall xand y in S.

1.11 Definition: Let A be an intuitionistic fuzzy subfield of a field (F, +, - ) and a in F. Then the
pseudo intuitionistic fuzzy coset (aA)” is defined by ((aua)® )(X) = p@)ua(x) and ( (ava)® )(X) =
p(a)va(x), for every x in F and for some p in P.

Il. Properties of Intuitionistic (T, S)-Fuzzy Subfields

2.1 Theorem: If A and B are intuitionistic (T, S)-fuzzy subfields of the fields G and H respectively,
then AxB is an intuitionistic (T, S)-fuzzy subfield of GxH.

Proof: Let A and B be intuitionistic (T, S)-fuzzy subfields of the fields G and H respectively. Let x;
and X, be in G, y; and y, be in H. Then (xy, y1) and (X, y,) are in GxH. Now, paxg [(X1, Y1)— (X2, ¥2)] =
Haxe (Xe—X2, Y1=Y2) = Min { pa(X1—X2), pe(yi—Y2) 3= min { T( pa(Xa), pa(x2) ), T( pe(ya), pe(y2) ) ¥ =
T(min( pa(X1), pa(y1)), min( pa(X2), ue(y2) ) ) = T( naxe(X1, Y1), taxe (X2, Y2) )-

Therefore, paxe[ (X1, Y1)—(X2, ¥2) 1 = T( paxe(X1, Y1), Haxe(X2, ¥2) ), for all x; and x, in G and y; and y,
in H. Now, pael (X1, Y)(X2 ¥2)'1 = paxe(®2”, y1y2?) = min {ua(xax2 ™), pe(yyz") 3= min { T(
na(Xa), pa(%2) ), T( pa(ys), e(y2) ) 3= T( min(ua(Xs), us(ys)), min(ua(Xz), pe(y2)) ) = T(paxe(X1, Y1),
Haxe(Xz, Y2)). Therefore, pae[(Xs, Y1) (X2, ¥2) '] 2 T(paxa(X1, Y1), Haxe(Xa, ¥2) ), for all x; and X, # 0 in G
and y; and y,# 0" in H. And, vaxa[ (X1, Y1)—(X2, ¥2)] = Vaxe(X1—Xz, Y1-Y2) = Max{va(xi—Xz), va(y1-Y2) }
< max{ S(va(x1), va(X2)), S( ve(ys), ve(y2) ) } < S( max(va(xs), ve(ys)), max(va(xz), ve(y2)) ) =
S(vaxe(X1, Y1), vaxa(X2, ¥2))- Therefore, vaxs[(X1, Y1)—(X2, ¥2)] < S(vaxe(X1, Y1), vaxe(Xz, ¥2)), for all xy,
X2 in G and y; and y, in H. And, vase[(X1, Y1) (X2, ¥2) '] = vaxa( XaX ™, yay2 ') = max{va(xixz ™), va(yryz
1) }< max( S(va(xa), Va(X2)), S( ve(yr), ve(y2) ) ) < S( max(va(Xs), ve(ys) ), max(va(xz), ve(y2)) ) =

S(vaxe(X1, Y1), Vaxa(Xa, ¥2)). Therefore, vaxa[(X1, Y1)(X2, ¥2)'] < S(vaxa(X1, Y1), vara(Xa: ¥2) ), for all x;
and x,# 0 in G and y; and y,# 0' in H. Hence AxB is an intuitionistic (T, S)-fuzzy subfield of GxH.

2.2 Theorem: Let A and B be intuitionistic fuzzy subsets of the fields G and H respectively. Suppose
that 0, 1 and 0', 1' are the identity elements of G and H respectively. If AxB is an intuitionistic (T, S)-
fuzzy subfield of GxH, then at least one of the following two statements must hold.
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(i) pe(0") > pa(x), for all x in G and pg(1') > pa(x), for all x# 0 in G and vg(0') < va(X), for all x in G
and vg(1") < va(x), for all x£ 0 in G,

(i) pa(0) > pa(y), forall y in H and pa(1) > ug(y), for all y# 0'in H and va(0) < vg(y), for all y in H
and va(1) < vg(y), for all y#0'in H.

Proof: Let AxB is an intuitionistic (T, S)-fuzzy subfield of GxH.

By contraposition, suppose that none of the statements (i) and (ii) holds.

Then we can find a in G and b in H such that pa(a) > ug(0"), va(@) < vg(0') and pg(b) > pa(0), ve(b) <
va(0) and we can find a# 0 in G and b # 0' in H such that pa(a) > pg(1"), va(@) < vg(1) and pg(b)>
ua(1), ve(b) < va(1). We have, pasg(@, b) = min{ua(a), us(b) } > min{ua(0), ua(0)} = pae(0, 0).
And, paxe(a, b) = min{ua(a), ps(b)}> min{ua(l), sl )}= paxe(l, 1'). We have, vag(a, b) =
maX{vA(a), VB(b)}< maX{VA(O), VB(OI) }: VAXB(O, OI) And, VAXB(a, b) = maX{VA(a), VB(b)} <
max{va(1), va(1)}= vaxe(1, 1"). Thus AxB is not an intuitionistic (T, S)-fuzzy subfield of GxH. Hence
either pg(0') > pa(x), for all x in G and ug(1') > pa(X), for all x# 0 in G and vg(0') < va(X), for all x in G
and vg(1') < va(X), for all x# 0 in G or pa(0) > pg(y), forall y in H and pa(1) > us(y), for all y#£0'in H
and va(0) < vg(y), for all y in H and va(1) < vg(y), for all y#0'in H.

2.3 Theorem: Let A and B be intuitionistic fuzzy subsets of the fields G and H, respectively and AxB
is an intuitionistic (T, S)-fuzzy subfield of GxH. Then the following are true:

(i) if pa(X) < pe(0"), for all x in G and pa(X) < pg(l'), for all x£ 0 in G and va(x) > vg(0'), for all x in G
and va(X) = vg(1"), for all x# 0 in G, then A is an intuitionistic (T, S)-fuzzy subfield of G, where 0', 1"
are identity elements of H.

(i) if pua(x) < pa(0) for all x in H and pg(X) < pa(l), for all x# 0" in H and vg(X) > va(0), for all x in H
and vg(X) > va(1), for all x# 0' in H, then B is an intuitionistic (T, S)-fuzzy subfield of H, where 0, 1 are
identity elements of G.

(iii) either A is an intuitionistic (T, S)-fuzzy subfield of G or B is an intuitionistic (T, S)-fuzzy subfield
of H, where 0, 1 and 0', 1' are the identity elements of G and H respectively.

Proof: Let AxB be an intuitionistic (T, S)-fuzzy subfield of GxH and x and y in G. Then (x,0"), (x, 1)
and (y, 0"), (y, 1) are in GxH. Now, using the property if pua(x) < pg(0"), for all x in G and pa(x) <
ug(1), for all x# 0 in G and va(x) > vg(0'), for all x in G and va(X) > vg(1"), for all x# 0 in G, where 0
and 1 are identity elements of G and 0 'and 1 'are identity elements of H, we get pa(x-y) =
min{ua(x-y), ua(0'+ 0)}= paxa((x-y), (0'+0)) = paxs[(x, 0') + (=y, 0)] = min{uaxs(X, 0'), paxa(-Y,
09} = min{T(ua(x), ue(0)), T(ra(-Y), He(0) )}= T(Ha(X), HAG-Y)) = T(ka(X), pa(y) ). Therefore,
Ba(X=Y) > T(ua(¥), pa(y) ), for all x and y in G. And pa(xy™) = min{ua(xy™), ps(l '1)}= pase((xy™?),
(1'7')) = pasl(x, 1) 1)1 2 T(ass(x, 1'), pass(y™, 1)) = T( min(ua(x), us(1)), min( paly™),
1e(1) ) = T(a(X), pa(y™) = T(na(X), Ha(y) ). Therefore, pa(xy™) > T(ua(X), na(y)), for all x and y# 0
in G. And, va(x-y)= max{va(x-y), ve(0'+0)}=vaw((x-y), (040))= val(x, 0)+(-y, 0]
< S(vaa(X, 0'), vaa(-y, 0)) = S( max{va(x), va(0)}, max{va(-y), va(0) }) = S(va(x), va(-y) ) <
S(va(X), va(y) ). Therefore, va(x=y) < S(va(X), va(y) ), for all x and y in G. And, va(xy™") =
max{va(xy™), va(1'1) 3= vas( (y?), (1'1')) = vase[ (x, 1)y, 1')] < S(vare(X, 1), vasa(y™, 1)) =
S( max(va(x), ve(1) ), max(va(y™), ve(1') ) ) = S(va(¥), va(y™) ) < S(va(X), va(y) ). Therefore, va(xy™)
< S(va(X), va(y) ), for all x and y# 0 in G. Hence A is an intuitionistic (T, S)-fuzzy subfield of G. Thus
(i) is proved. Now, using the property pg(x) < pa(0) for all x in H and pg(x) < pa(1), for all x#0'in H
and vg(X) > va(0), for all x in H and vg(X) > va(1), for all x£ 0'in H, we get, ug(X-y) = min{ug(x-y),
Ha(0+0)}= paxe((0+0), (x=Y)) = naxsl(0, X)+(0, =y)] = T(naxs(0, X), naxe(0, =Y)) = T(Min(ua(0), pa(x)
), Min(ua(0), pe(=y) ) ) = T( pa(X), re(-=y) ) = T( us(X), pa(y) ). Therefore, ug(x-y) = T(us(X), ps(y) ),
for all x, y in H. And pg(xy™) = min {us(xy™), na(1.1)}= pae( (1.1), (xy?) ) = passl(L, X)(1, yH] =
T(axe(l, %), paxa(L, ¥1) = T(min(ua(l), pe(x) ), min( pa(2), us(y™) ) ) = T(us(x), ue(y™)) = T(us(x),
ug(y) ). Therefore, pg(xy™) > T(us(x), pa(y)), for all x and y# 0" in H. And, vg(x-y) = max{vg(x-y),
Va(0+0)}= vaxe( (0+0), (x=y) )= vaxsl(0, X )+(0, =y)] < S(vaxe(0, X), vaxs(0, =y) )= S( max(va(0),
ve(X) ), max(va(0), ve(=y) ) ) = S(ve(x), ve(-y) ) < S(ve(x), ve(y) ). Therefore, vg( x-y) < S(ve(X),
ve(y)), for all x, y in H. And, vg(xy") = max(va(xy?), va(l.1)) = vae( (1.1), (xy" )
= vasl(L, X )(L, Y] < S(vaa(L, X), vaa(L, Y1) = S(max( va(l), va(x) ), max( va(l), ve(y™) ) ) =
S(ve(x), ve(y™) < S(vg(X), ve(y)).Therefore, vg(xy™) < S(va(x), va(y) ), for all x and y# 0' in H. Hence
B is an intuitionistic (T, S)-fuzzy subfield of H. Thus (ii) is proved. Hence (iii) is clear.
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2.4 Theorem: Let A be an intuitionistic fuzzy subset of a field (F, +, . ) and V be the strongest
intuitionistic fuzzy relation of F. Then A is an intuitionistic (T, S)-fuzzy subfield of F if and only if V is
an intuitionistic (T, S)-fuzzy subfield of FxF.

Proof: Suppose that A is an intuitionistic (T, S)-fuzzy subfield of F. Then for any x = (X1, xp) and y =
(Y1, Y2) are in FxF. We have, py(X-y) = pv[ (X1, X2)—(Y1, ¥2)] = pv(Xi=Y1, X2=Y2) = min{pa(Xi—y1),
Ha(X2=y2) 32 min( T(ua(Xa), pa(ys) ) T(pra(X2), pa(y2) ) ) = T(min(ua(Xa), pa(xz) ), min(ua(ys), pa(yz)
) = Tuv(Xs, X2), k(Y1 Y2)) = T(pv(X), py(y)). Therefore, puy(x-y) 2T( py(X), pv(y) ), for all x, y in
FxF. And, py(xy™) = pvl (X %Y1, ¥2)'] = pv(xays™s Xoy2") = min{ua(xay:™), pa(Xey,™")}= min(
T(pra(%e), palys) ), T(ra(x2), pa(y2) ) ) 2 T(min(pa(xa), pa(x2) ), min( pa(ya), pay2) ) ) = T(pv(X1, X2),
Bv(ys ¥2) )= T(uy (), mv(y) ). Therefore, py(xy™) > T(uy(X), mu(y) ), for all x and y# (0, 0) in FxF.
Also we have, vy(x-y) = vwl(X1, X2)=(Y1, ¥2)] = vwiXi=Y1, X2 =Y2) = max(va(Xi—Y1), va(Xz— Y2) ) < max(
S(va(Xa), va(y1) ), S(va(X2), va(y2) ) ) < S(max( va(Xs), va(Xz) ), max( va(ys), va(y2))) = S(vv(Xu,
X2), VY1, ¥2) ) = S(Wwi(X), w(y) ). Therefore, vv(x-y) < S(vv(X), vv(y) ), for all x and y in FxF. And
vw(xy™) = wl (X1, %) (Y1, ¥2) 1= vl Xays ™, Xay2 ) = max(va(xays™), va(xeyz ™) ) < max( S(va(xa), va(ys)
), S(Va(X2), va(y2) ) ) < S(max(va(Xa), va(Xz) ), max( va(ys), va(y2) ) ) = S(vv(X1, X2), vv(Y1, ¥2) ) =
S(vAX), vw(y) ). Therefore, vy(xy™) < S(wi(X), vv(y) ), for all x and y# (0, 0) in FxF. This proves that
V is an intuitionistic (T, S)-fuzzy subfield of FxF. Conversely, assume that V is an intuitionistic (T, S)-
fuzzy subfield of FxF, then for any X = (X1, X;) and y = (Y1, ¥») are in FxF, we have min{pa(X—y1),
HA(X2—Y2)}= tv(Xi=Y1, Xo=Y2) = pv[(Xe, X2)= (Y1, Y2)] = pv(X=Y) 2 T(pv(X), mv(y)) = T(pv(X, X2), p(Y1,
y2) ) = T( min(ua(X), pa(x2) ), min( pa(ys), ra(y2) ) ). If we put x; =y, = 0, we get, pa(Xi— y1) =
T(pa(X1), palyn), for all x;, ys in F. And, min{pa(ays™), pa(eyz2)I= pv(xayr™, Xoy2!) = pyl(Xs, Xz)
V1 ¥2) ' = pu(xy™) = T(u(X), i) ) = T(v(Xe, X2), vy, ¥2) ) = T(min - ( pa(Xq), pa(%2) ), min(
Ha(Y1): Ma(Y2) ) ). If we put X, =y, = 1, we get, pa(ays™) = T(ua(X2), na(ys) ), for all x; and yi# 0 in F.
Also we have, max{va(Xi-y1), va(X2-¥2)} = wiXi=y1, Xo-¥2) = wilXe, Xo)=(Y1, ¥2)] = vu(x-Y)
<S(vw(X), vu(Y))= S(vv(X1, X2), YY1, Y2))=S(max(va(Xi), va(X2)), max(va(ys), va(yz) ) ). If we put x, =
y2 = 0, We get, va(Xi—y1) < S(va(X1), va(yr) ), for all x;, y; in F. Also max{va(xiy1™), va(zyz")} =
wwXayr ™ X2 ) = vl X2) (Ya, ¥2)7T = wwixy™) < S(v(X), vwiy) ) = S(vw(X1, X2), vy Y2) ) = S(
max (va(X1), va(Xz) ), max(va(ys), va(y2)) ). If we put X, = y, = 1, we get, va(X1y: ) < S(Va(Xy), va(y1)
), for all x;and y;# 0 in F. Hence A is an intuitionistic (T, S)-fuzzy subfield of F.

I11. Properties of Intuitionistic (T, S)-Fuzzy Subfields with Respect to
the Homomorphism

3.1 Theorem: Let (F, +, - ) and (F', +, - ) be any two fields. The homomorphic image of an
intuitionistic (T, S)-fuzzy subfield of F is an intuitionistic (T, S)-fuzzy subfield of F'.

Proof: Let (F, +, - ) and (F', +, - ) be any two fields and f: F—F' be a homomorphism. That is f(x+y) =
f(x)+f(y) for all x and y in F, f(xy) = f(x)f(y), for all x and y in F. Let V= f(A), where A is an
intuitionistic (T, S)-fuzzy subfield of F. We have to prove that V is an intuitionistic (T, S)-fuzzy
subfield of F'. Now, for f(x) and f(y) in F', we have puy( f(x)—f(y) ) = mv( fF(x=y) ) > pa(x=y) > T(ua(X),
ua(y) ) which implies that py( f(x)—f(y) ) > T( pv(f(X)), u(f(y) ), for all f(x) and f(y) in F'. And uy(
oY) )*) = wol Fxy™) ) = pa(xy™) = T(wa(x), aly) ) which implies that p( fO(F(Y))™ ) = T(
(X)), uv(f(y)) ), for all f(x) and f(y) # 0' in F'. We have vy( f(x)-f(y) ) = vw( f(x-y)) < va(x-y) <
S(va(X), va(y) ) which implies that vy(f(x)—f(y)) < S(vw(f(x)), v(f(y)), for all f(x) and f(y) in F'. And
v FOOM(Y) )™ ) = vl F(xy™) ) < va(xy™) < S(va(X), va(y) ) which implies that vy( f)( () )™) < S(
wwi(f(x)), vw(f(y)) ), for all f(x) and f(y) # 0' in F'. Hence V is an intuitionistic (T, S)-fuzzy subfield of a
field F'.

3.2 Theorem: Let (F, +, - ) and (F', +, - ) be any two fields. The homomorphic pre-image of an
intuitionistic (T, S)-fuzzy subfield of F' is an intuitionistic (T, S)-fuzzy subfield of F.

Proof: Let (F, +, - ) and (F', +, - ) be any two fields and f: F—F' be a homomorphism. That is f(x+y) =
f(x)+f(y), for all x and y in F and f(xy) = f(x)f(y), for all x and y in F. Let V= f(A), where V is an
intuitionistic (T, S)-fuzzy subfield of F'. We have to prove that A is an intuitionistic (T, S)-fuzzy
subfield of F. Let xand y in F. Then pa(x-y) = pv( f(x-y) ) = pv( f(x)—f(y) ) = T(nv(f(x)), m(f(y)) ) =
T(pa(X), pa(y) ) which implies that pa(x—y) > T(ua(X), pa(y) ), for all x and y in F. And, pa(xy™) =
v FOy™) ) = v FOQCTY™) ) = v FOOCFY) )™ ) 2 T(v(FO9), mv(f(y)) ) = T(a(¥), pa(y) ) which
implies that pa(xy™) > T(ua(X), pa(y) ), for all x and y# 0 in F. And, va(x=y) = w( f(x=y) ) = vy(
f)-f(y) ) < S(v(f(x)), vw(f(y)) ) = S(va(X), va(y) ) which implies that va(x-y) < S(va(x), va(y) ), for
all xand y in F. And, va(xy™) = vw(f(xy™) ) = vw( fOf(y™) ) = w{ FOI(f(y) )™) ) < S(vu(f(x)), vu(f(y))
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) = S(va(X), va(y) ) which implies that va(xy™) < S(va(X), va(y) ), for all x, y# 0 in F. Hence A is an
intuitionistic (T, S)-fuzzy subfield of a field F.

3.3 Theorem: Let A be an intuitionistic (T, S)-fuzzy subfield of a field H and f is an isomorphism from
a field F onto H. Then A°f is an intuitionistic (T, S)-fuzzy subfield of F.

Proof: Let x and y in F and A be an intuitionistic (T, S)-fuzzy subfield of a field H. Then we have,
(RacD(X=Y) = pa(f(x=y)) = pa( )+ f(=y)) = pa( fx)— f(y) ) = T(ua(f(x)), pa(f(y)) ) = T( (uacH(X),
(nacf )(y) ) which implies that (uacf)(X=y) > T( (nacD)(X), (nacH(y) ), for all x and y in F. And
(aeD(xy™) = palf(xy™) = afOIF(Y™) = LaOIEY)) ™) = T(aFX)), Ba(f(y)) ) = T((asDX), (uacf
)(y) ) which implies that (uacf)(xy™) > T((na°f )(X), (nacf)(y) ), for all x and y# 0 in F. We have,
(vaeHX=y) = va(f( x=y)) = va(fO)+f(=y)) = va(f(x)—f(y) ) < S(va(f(x)), va(f(¥)) ) < S((vacDH(X),
(vaeD)(y) ) which implies that (vacf)(X=Yy) < S( (vac)(X), (vach)(y) ), for all x and y in F. And, (va°f)(xy’
D) = valf( xy™) = va(fOOF(Y™) = vafOIE(Y) ™) < S( va(f(X)), va(f(y) ) < S( (vaeD(X), (vasf )(y) )
which implies that (vacH)(xy™) < S( (vacH)(X), (vacH)(y) ), for all x and y+ 0 in F. Therefore (A<f) is an
intuitionistic (T, S)-fuzzy subfield of a field F.

3.4 Theorem: Let A be an intuitionistic (T, S)-fuzzy subfield of a field (F, +, . ), then the pseudo
intuitionistic (T, S)-fuzzy coset (aA)’ is an intuitionistic (T, S)-fuzzy subfield of a field F, for every
aeF.

Proof: Let A be an intuitionistic (T, S)-fuzzy subfield of a field ( F, +, . ). For every x and y in F, we

have, ((apa)”)(x=y) = p(@)ua(x=y) > p(a) T( pa(X), pa(y) ) = T(p@)pa(x), p@)ualy) ) = T( ((apa)’)(X),
((apa)®)(y) ). Therefore, ( (apa)’)(Xx—y) = T( ((apa)®)(X), ( (aa)’)(y) ), for all x and y in F. And for
every x and y# 0 in F, ((apa))(xy™) = p(@)pa(xy™) = p@T(na(X), ta(y)) = T(P@)HAX), p@)ualy)) =
T(((apa)®)(X), ((apa)®)(y)). Therefore, ((apa)?)(xy™) = T( ((apa)® )(X), ((apa)® )(y) ), for all x and y# 0
in F. We have, ((ava)”)(x-Y) = p(@)va(x-y) <p(a)S(va(x), va(¥)) < S(p(a)va(x), P(@)va(y)) = S(((ava)"
)(X), ((ava)®)(y) ). Therefore, ((ava)®)(X-Y) < S( ((ava)®)(X), ((ava)®)(y) ), for all x and y in F. And for
every x and y£ 0 in F, ((ava)’)(xy™) = p(@)va(xy™) < p(a) S( va(x), va(y) ) < S(p(@)va(X), p@va(y) ) =

S(((ava))(¥), ((@va))(y) ). Therefore, ( (ava)®)(xy™) < S( ((ava)’)(X), ((ava)*)(y) ), for all x and y 0
in F. Hence (aA)P is an intuitionistic (T, S)-fuzzy subfield of a field F.
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