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I.  Introduction

Throughout this paper, we consider finite, simple connected and undirected graph G (V,E) V denotes
its vertex set while E its edge set. The number of vertices in G is denoted by P. Degree of a vertex v is denoted
by d(v), the maximum degree of a graph G, denoted by A. A graph G is connected if any two vertices of G are
connected by a path. A maximal connected subgraph of a graph G is called a component of G. The number of
components of G is denoted by w(G). The complement G of G is the graph with vertex set V in which two
vertices are adjacent if and only if they are not adjacent in G. We denote a cycle on p vertices by C,, a path on P
vertices by P,, complete graph on P vertices by K. The friendship graph F, can be constructed by joining n
copies of the cycle C; with a common vertex. A wheel graph can be constructed by connecting a single vertex to
all the vertices of C,; A helm graph, denoted by H, is a graph obtained from the wheel by W, by attaching a
pendent vertex to each vertex in the outer cycle of W,.. If S is a subset of V, then (S) denotes the vertex induced
subgraph of G induced by S. The cartesian product G; XG, of two graphs G; and G, was defined as the graph
with vertex set VXV, and any two distinct vertices (ug, v;) and (u,,v,)are adjacent only if either u;= u, and v,v,
€ E, or usu, € Ejand vi= v, If S is a subset of V, then (S) denotes the vertex induced subgraph of G is induced
by S. The open neighbourhood of a set S of vertices of a graph G is denoted by N(S) is the set of all vertices
adjacent to some vertex in S and N(S) U S is called the closed neighbourhood of S, denoted by N[s]. The
diameter of a connected graph G is the maximum distance between two vertices in G and is denoted by diam
(G). A cut vertex of a graph G is a vertex whose removal increases the number of components. A vertex cut or
separating set of a connected graph G is the set of vertices whose removal increases the number of components.
The connectivity or vertex connectivity of a graph G is denoted by x (G) (where G is not complete) is the size of
a smallest vertex cut. A connected subgraph H of a connected graph G is called a H-cut if w(G-H) > 2. The
chromatic number of a graph G is denoted by x(G) is the smallest number of colors needed to color all the
vertices of a graph in which adjacent vertices receive different color. For any real number x, [x] denotes the
largest integer less than or equal to x. A subset S of vertices in a graph G = (V,E) is a dominating set if every
vertex in V-S is adjacent to at least one vertex in S. A dominating set S of a connected graph G is called a
connected dominating set if the induced sub graph < S > is connected. A set S is called a global dominating set

of G if S is a dominating set of both G and G . Assubset S of vertices of a graph G is called a global connected
dominating set if S is both a global dominating and a connected dominating set. The global connected
domination number is the minimum cardinality of a global connected dominating set of G and is denoted by
v4(G). Many authors have introduced different types of domination parameters by imposing conditions on the
dominating set. Recently, the concept of triple connected graphs has been introduced by Paul Raj Joseph J.et.al.,
By considering the existence of a path containing any three vertices of G. They have studied the properties of
triple connected if any three vertices lie on a path in G. All paths, cycles, complete graphs and wheels are some
standard examples of triple connected graphs. In this paper, we use this idea to develop the concept of connected
dominating set and global triple connected domination number of a graph.

Theorem 1.1[2] A tree T is triple connected if and only if T= Pp; P>3.

Theorem 1.2[2] A connected graph G is not triple connected if and only if there exist a H cut with w(G-H)> 3
such that [V(H) n N(H n C;)| = 1 for atleast three components C; C, C3 of G-H.

Notation1.3 Let G be a connected graph with m verticesv,v; .......v,  The graph
G(n;Ply,noply,napls,....... nyupln) where n;, ;=0 and 1< i < m, is obtained from G by pasting n; times a pendent
vertex Pl; on the vertex vy, n, times a pendent vertex of Pl, on the vertex v, and so on.

Example 1.4 Let vy, vy, V3, V4 be the vertex of C,4, the graph C4(2P,,P3,3P,,P,) is obtained from C, by pasting
two times a pendent vertex of P, on vy, 1 times a pendent vertex of P; on v,,3 times a pendent vertex of P, on v
and I times a pendent vertex of P, on v,

DOI: 10.9790/5728-1205046270 www.iosrjournals.org 62 | Page



Global Triple Connected Domination Number of A Graph

Il. Global Triple Connected Domination Number
Definition 2.1A subset S of V of a nontrivial graph G is said to be a global triple connected dominating set, if S
is a global dominating set and the induced subgraph (S) is triple connected. The minimum cardinality taken over
all triple connected dominating set is called the triple connected domination number of G and is denoted by
Ygre(G)
ngample 2.2 For the graph Ks, S={v1,V,,V3,V4 vs} forms a global triple connected dominating set
Observation 2.3 Global triple connected dominating set does not exist for all graphs and if exists, then
Yote(G) = 3 and ygo(G)< p.
Example 2.4. For this Graph G; in figure 2.1, global triple connected dominating set does not exist in
this graph

Fig 2.1

Observation 2.5 Every Global triple connected dominating set is a triple connected dominating set. But every
triple connected dominating is not a global triple connected dominating set.
Observation 2.6 For any connected graph with G, y(G) < y.(G) < Voe (G) < v4e(G) < p and the inequalities are

strict.

Example 2.7 y(Kq) =1, v¢(Kn) =2, v4e(Kn) = 1, ygie(Kn) =n

Theorem 2.8 If the induced subgraph of all connected dominating set of G has more than two pendent vertices,
then G does not contains a global triple connected dominating set.

Example 2.9 Triple connected domination number for some standard graphs

1. Let P be a petersen graph. Then yg(P) = 5.

2. For any complete graph G with P vertices y(G 0 K;) = P.

( 3ifP<5
3. For any path of order P > 3 yq(P) _{p —2ifp>5
_(3ifP<5
4. For any cycle of length P for P >3 y4(Cy) = {p —2ifP>5
5  For the complete bipartite graph Ky, n (m,n > 2) ygc(Kmn)=3
6 For any star Kl, p-1 (PZ 3), 'Ygtc(Kl, p_l) =3
7 For any complete graph Ky, P> 3, yg(Kp) =P
8 For any wheel W, yg (W) =3
9  For any graph Helm graph H, (where p=2n-1, p = 9), ygc(Hn) = %
10 For any friendship graph F, yg(Fn) =3
11 The Desargues graph is a distance-transitive cubic graph with 20 vertices and 30 edges as shown in figure

2.2.

Vi

Fig 2.2
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For any Desargues graph G, y4(G) = 10. Here S = {vy, V, V3, V4, Vs, Vs, V7, Vg, Vg, Vio} forms a global triple
connected dominating set.

The Mdbius—Kantor graph is a symmetric bipartite cubic graph with 16 vertices and 24 edges as shown in
figure 2.3.

For the Mobius — Kantor graph G, y4(G) = 8. Here S = {vy, V,, V3, V4, Vs, Vg, V7, Vg} is global triple connected
dominating set.

Vs
Vg

Va2

Vs
Vis

Vs Vs

Fig 2.3

The Chvatal graph is an undirected graph with 12 vertices and 24 edges as shown in figure 2.4. For the Chvatal
graph G, y4.c(G) = 4. Here S = {vy, v, v, V4} is global triple connected dominating set.

Fig 2.4

The Durer graph is an undirected cubic graph with 12 vertices and 18 edges as shown below in figure 2.5.

Vi
Ve
Va
Vs
Vs
Va

Fig 2.5

For the Durer graph G, y4(G) = 6 Here S = {vy, V,, V3, V4, Vs, Ve} is an global triple connected dominating set.
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Any path with a pendant edge attached at each vertex as shown in figure 2.6 is called Hoffman tree and is
denoted by Pn” y4(Pn*)=n/2

Vs
Va

Vs
Vi
Vs ] V4 Ve Vs

Fig 2.6

Observation 2.10 For any connected graph G with p vertices yq(G) = p if and only if G= P; or Cs.
Observation 2.11 If a spanning subgraph H of a graph G has a global triple connected dominating set then G
also has global triple connected dominating set.

Observation 2.12 For any connected graph G with p vertices yq(G) = p if and only if G= P; or Cs.
Observation 2.13 If a spanning subgraph H of a graph G has a global triple connected dominating set then G
also has global triple connected dominating set

Theorem 2.14 For any connected graph G with p=4, we have 3< Votc (G) < p and the bound is sharp.

Proof. The lower bound and upperbound follows from the definition 2.1 and observation 2.3. For C, the
lowerbound is obtained and for the K, the upper bound is obtained.

Theorem 2.15 For any connected graph G with 4 vertices y4(G) =P-1 if and only if G = P4, Cy K3(P2) and K-
{e},where e is any edge inside the cycle of K,

Proof Suppose G is isomorphic to P4, C4, K3(P2), Ks-{e},where e is any edge inside the cycle of K, then clearly
Y4:c(G) =P-1. Conversely let G be a connected graph with 4 vertices and y4.(G)= P-1. Let S = {v,V,,v3}
be a yg set of G. Let x be in V-S. Since S is a dominating set, there exist a vertex v; from S such that v; is
adjacent to x. If P>5, by taking the vertex v;, we can construct a triple connected dominating set S with fewer
elements than p-1, which is a contradiction. Hence P < 4. Since y4(Cp) = p-1 by using
observation we have P=4 then S={vy,v,,v3} and V-S= {x}, then Yoe(G) = p-1.

Case (i) Let (S) = P; =V Vp,V3

Since G is connected, x is adjacent to v, (or vs) or x is adjacent to v,. Suppose X is adjacent to vy then  {X, vy, v,}
forms a y4(G) set of G. Hence G =P, on increasing the degree G=C,. If xis adjacent to v, then {x,v,,v,} forms
a Vg St of G . Then G = Ky 3 on increasing the degree G=C;(P,)

Case (ii) Let (S) = C; v4,V,,va,vy. Since G is connected, x is adjacent to v,(or v, or v3). Hence G = C;(P,) by
increasing the degree G = K,-e.

Theorem 2.16 For a connected graph G with 5 vertices, vy (G)= P-2 if and only if G is isomorphic to G =P,
Cs, K2,3, C4(P2),C3(P3), K3(2P2), C3(P2'P2’O), P4(O,P2,0,0), C3(2P2), K1,4, K3 (Kg), and Gl '[0 GlO in figure in 27
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Fig 2.7
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Proof Let G be a connected graph with 5 vertices and yq(G) =3. Let S ={x,y,z} be a yq Set of G ,then clearly
(S) =Pzor Cs. Let V-S=V(G) -V (S)= {u,v} then V- S=K; K,

Casel Let(S) = P3=xyz

Subcasei (V —S) = K,=uv Since G is connected, there exists a vertex say (u or v) in K, which is adjacent to x
or z in Pz Suppose u is adjacent to x then S={u,x,y} forms a yg set of G. So that y(G) =P-2. If d(x) =d(y)=2,
d(z)=1 then G =Ps On increasing the degree of vertices G = Cs C3(P,,P, 0), C4(Py), Gito G,4.Since G is
connected, there exist vertex say (u or v) in K, which is adjacent to y in P5, then S= {u,y,x} forms a y4 set of G.
So that yg=P-2. If d(x)= d(z)=1,d(y)=3 then G= P,(0,P,,0,0). Now by increasing the degrees of vertices we have
Gz C4(P2) C3(2P2), Gz to G5.

Subcase ii Let (V — S)= Kz, Let u and v are the vertices of Kz Since G is connected there exist a vertex u and v

in K2 is adjacent to x or y or z in P3 Suppose u and v is adjacent to x then S={u,x,y}forms a y4 set of G. So
that yg=P-2. If d(x)=3,d(y)=2, d(z)=1 G=P.(0,P,,0,0).0n increasing the degree of vertices G=C,4(P,) , C3(P,, P,,

0), G; to G;Since G is connected, there exist a vertex say (u and v) in Kz is adjacent to y in P3 then S= {x,y,u}
forms a ygc set of G. So that vy =P-2. If d(X)= d (z)=1, d (y)=4,then G =K, 4 K3(0,Ks,0), K5(0,2P,0),Gg, G7.

Since G is connected there exist a vertex say u in Kz is adjacent to x and v in K2 is adjacentto y in Ps.Then S
={u,x,y} forms a ygc set of G . So that that yg- P-2. If d(x) =d (y) =d (2)=2 then G =P, (0,P,,0,0). On
increasing the degree of vertices Gy, G3, G4, Gg, G7,C3(P3), C3(Ks), C5(2P,), C4(P,) . Since G is connected there
exist a vertex say u in Kz is adjacent to x and v in KZ is adjacent to z in P5.Then S ={x,y,z} forms a yq et of

G . So that that yge- P-2. If d (x) = d (y)= d (z)=2 then G= Ps .On increasing the degree of vertices K; (P3), K,
(K3)1C4(P2)1 Gl, G5.

Case 2 Let (S) = Cs=xyzx

Subcase i (V — S) = K,= uv Since G is connected, there exist a vertex say u or v in K, is adjacent to anyone of
the vertices of C; If uorv in K, is adjacent to x in C; then S= {x,y,u} forms a yq set of G. So that yg(G)= P-2.
If d (xX)=4, d(y)=d (2)=2 then G=C3(P3). On increasing the degree of vertices G= C3(K3),G,, Gz, G4, Gs and G,
Subcase ii (V — S)= Kz Since G is connected there exist a vertex uand v in Kz is adjacentto x ory or z in P5.
Suppose u and v is adjacent to x then S= {x,y,u }forms a yg4 set of G. So that yy=P-2, If d(x)=4,d(y)=2, d(z)=2

G =K;3(2P,) then G=G; Gg, Gg , Ggand Gyy. Since G is connected there exist a vertex say u in KZ is adjacent to

xand v in Kz is adjacent to y in K3.Then S ={u,x,y} forms a ygc set of G . So that yg-P-2. Ifd (x) =d (y) =
d (2)=2 then Gz=K;(0,P,, P,). On increasing the degree of vertices G=G; G, Gg, Gg and Gy,

Theorem 2.17 For a connected graph G with 6 vertices yq(G) = p-3 if and only if G is isomorphic to Ks(P.),
P3(01P21K3)1 K3(01P21K3)1 P4(012P27010)1 C4 (012P2701 0)1 K3(2P2,P2,0)1 K1,5, K3(3P2)| P5(0101P2,010)1 P5(01P2101010)1

Cs(P2,0,0,0,0),Ca(P2, P2 ,0,0), P, X P K4 (P2, Py, 0, 0), K3(P2P2P2), K3(Ps P20), Ca(P3), Ca(Ks), Pa(0, P2, Py
,0), P2(K3Kj3), and anyone of the graphs G; to Gsg in fig2.8.
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Case | Let (S)=P3-xyz

Subcase i (V —S)=K;- uvw Since G is connected, there exist a vertex say u or v in Kz which is adjacent to
anyone of the vertices of P; say x,y,z. If u is adjacent to x then {u, X, y} forms a ygset of G. If d(x) = d(y)= 2
d(z)=1 then G = K;(P,4). On increasing the degree of vertices G = G; to G Since G is connected, there exist a

vertex say u in Pz which is adjacent to y in P;. Then {u,y,x} forms a 7yg set of G. So that y4=3 Then G =
P3(0,P, K3). On increasing the degree of vertices G= Gy t0 Gy,

Fig 2.8

K3 (0, Py, K3).

Subcase ii (V — S) = K5 Since G is connected, there exist a vertex u, v, w in K5 which is adjascent to x in Ps.
Then {x, y, u} forms a yg set of G. So that G = P, (0, 2P,, 0, 0). On increasing the degree of vertices G = C, (0,

DOI: 10.9790/5728-1205046270

www.iosrjournals.org 68 | Page



Global Triple Connected Domination Number of A Graph

2P,, 0, 0) , K3 (P2, 2P,0), G5 Since G is connected, there exist a vertex u, v, w in K; which is adjascent to y in
Ps. Then {u,y,x} forms a yg Set of G. so that y=3.Then G= K; 5 On increasing the degree of vertices G = K,
(3P2),Gz0, Gap, Ga3, Ga4, Since G is connected, there exist a vertex u is adjacent to x and v and w is adjacent to y.
Then {u, x, y} forms a yg Set of G. Then G = P4(0,2P,0,0).0n increasing the degree of vertices G= K;(2P,,
P,0),C4(0,2P,0,0), K3(3P,),G,6t0 Ga4. Since G is connected, there exist a vertex u and v adjacent to y and w is
adjacent to z, then {u,y,z} forms a yg Set of G. Then G= P4(0,2P,0,0). On increasing the degree of vertices G=
Ga; to Gas K3(3P,,00),C4(0,2P,0,0), Since G is connected, there exist a vertex u,v,w adjacent to x,y,z
respectively. Then {X,y,z} forms a ygset of G. Then G= P5(0,0,P,0,0). On increasing the degree of the vertices
G= K3(K3VOVP2),G33V Gas to Gy7 If {u,x,y} forms a Yotc set of G, then G= Gay

Subcase iii (V — S) = Ps= uvw Since G is connected, there exist a vertex u is adjacent to anyone of the vertices
of P; say {x,y,z}.If u is adjacent to x Then {u,v,x,y} forms yg. Set of G, so that ye (G) =4 which is a
contradiction. On increasing the degree of vertices {vx,y} forms a yg set of G. Hence
G=Ggg P4(0,P,,P2,0), K3(P2,P2, P2), C4(0,P2,P2,0). Since G is connected there exist a vertex v in Ps which is
adjacent to x. Then {v.,x,y} forms a yg set of G. So that G= P5(0,P,,0,0,0). On increasing the degree of vertices
G= K;3(2P,,P,,0),C4(2P,0,0,0), Cs(P2,0,0,0,0). Gsg to Gyo.Since G is connected there exist a vertex v in P3 in
(V — S) which is adjascent to y in Pz in (S). Then {v,y,x} forms a vy set of. Hence yq (G) =3. Then G=P,(0,
P,, P»,0). On increasing the degree of vertices G = C4(P,,P,,0,0), K3(2P,P»,0),Cs(P20,0,0) K4(P,P20,0), PoXx Py,
Guto Gys,

Subcase iv (V — §) = K, U K, Let u and v are the vertices of K, and w be the vertex in K, Since G is connected,
there exist a vertex u in K, and w be the vertex in K; which is adjacent to anyone of the vertices of P; say X, v,
z. Let u and w is adjacent to x. Then {x,y,u} forms a yq set of G .Then G = P5(0,0,P,0,0). On increasing the
degree of vertices G = K3(P,, P, Py), P5(0,0,P20,0), C4(0,0,P,P,), Cs(P3 P,0), Cs(0,0,0,0,P,). Since G is
connected, the vertices u and w is adjacent to y. Then {u,y,z} forms a yq Set of G .Then G = G,;. Since G is
connected there exist a vertex u is adjacent to x and w is adjacentto y. Then {u,x,y} forms a yq set of G. Then
G= Ps(0,P,0,0,0).0n increasing the degree of vertices G = C4(2P,), Cs(P2), Ks(P4), Ks(Ps, P2,0), K3(2P,,
P,,0),G46. Since G is connected there exist a vertex v is adjacent to y and w is adjacent to z. Then {v,y,z } forms
a yge set of G. Then G = P5(0,0,P,0,0). On increasing the degree of vertices G= Cy(P3), Ca(Ks), Ks(P2, Py, P2),
K3(P3, Py, 0).

Case Il Let (S)= Kz =xyz

Subcase i Let (V — $)=K,. Let u,v,w be the vertices of K;.Since G is connected, there exist a vertex u is
adjacent to x. Then {v,u,x} forms a yg set of G. Then G = P,(K3K3). On increasing the degree of vertices G=
G48.

Subcase ii Let (V — S)=K3. Since G is connected there exist a vertex u,v and w in K5 which is adjacent to
anyone of the vertices of K; say x. Hence {u,x,y} forms a yg set of G, so that G=K;(3P,). On increasing the
degree of vertices G = Gu9t0 Gs,. Since G is connected there exist a vertex u and v in K; which is adjascent to x
and w in K3 which is adjascent to y in Kz. Then {u,x,y} forms a yg et of G. Then G =K3(2P,P,0) . On
increasing the degree of vertices G = Gg,Gs1 Gs,, Since G is connected there exist a vertex u in K which is
adjascent to x and v in K3 which is adjascent to y and w in K3 is adjascent to z. Then {x,y,z} forms a yq set of
G. Then G=K3(P,P,,P,),0n increasing the degree of vertices G= Gs;,

Subcase iii Let (V — § )=P3; = uvw_Since G is connected there exist a vertex u in P; which is adjacent to anyone
of the vertex of K3 say x. Then {u,v,x} forms a yg set of G. Then G=Kj(P,).On increasing the degree of
vertices G= G; to Gy. Since G is connected there exist a vertex say v in P; which is adjacent to anyone of the
vertices of K3 say x. Then {v,x,y} forms a yg Set of G. Then G = P3(0,P,K3).0On increasing the degree of
vertices G= Gy to Gy,

Subcase iv (V —S) = K, UK, Let u and v are the vertices of K, and w be the vertex of K;. Since G is
connected, there exist a vertex u and w is adjacent to x, then {u,x,y} forms a yq set of G.Then G= Gs, t0 Gsg.
Since G is connected there exist a vertex u is adjacent to x and w is adjacent to y. Then {u,x,y} forms a yg set
of G. Then G=K;(P3 P,,0).0n increasing the degree of vertices G= Gsgy, G,

Conversely if G is anyone of the graphs Ks(P,), P3(0,P2,K3), K3(0,P2,K3), P4(0,2P,,0,0), C4(0,2P,,0, 0),
K3(2P,P,0), Ky 5, K3(3P2), Ps(0,0,P,0,0), P5(0,P,,0,0,0), Cs(P,0,0,0,0),C4(Py, P, ,0,0), P, X P3, Ky (P, Py, 0, 0),
K3(P2P2P2), K3(Ps P20), C4(P3), Ca(Ks3), P4(0, Py, P, ,0), P2(K3Ks), and anyone of the graphs G; to Gsg in
fig2.8 then it can be easily verify that yg. = p-3.
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1. Global Triple Connected Domination Number And Other Graph Theoretical
Parameters
Theorem 3.1 For any connected graph with p=5 vertices, then y4(G)+k (G)< 2p-1 and the bound is sharp if
and only if G= K,
Proof: Let G be a connected graph with p=5 vertices. Suppose G is isomorphic to K, We know that k (G)<
p-1 and by observation 2.3, y4 (G) < P. Hence y4(G) +k (G)< 2p-1,Conversely, let Yo (G)+ k (G)<
2p-1. This is possible only if yg (G) -p and k (G)= p-1. But k (G)= p-1, and so G= K, for which y4(G)=K,

Theorem 3.2 For any connected graph G with P >3 vertices, yq(G)+ x (G)< 2p and the bound is sharp if and
only if G= K,

Proof: Let G be a connected graph with P=3 vertices. We know that y, (G)< p and by observation 2.3 yg.< p.
Hence ygc (G) + % (G)< 2p. Suppose G is isomorphic to K, vgc(G)+x (G)< 2p. Conversely  yge (G)+ % (G) <
2p. This is possible if yg(G)= p and y (G)=p, So G is isomorphic to K, for which  yg (G)= p so that p=3.
Hence G= K,

Theorem 3.3. For any connected graph with p=5 vertices, y4(G)+ A(G) < 2p-1 and the bound is sharp if and
only if G=K,

Proof: Let G be a connected graph with p=5 vertices. We know that A(G)< p-1 and by observation 2.3
Ygic(G) < p. Hence y4(G)+ A(G) < 2p-1. For K, the bound is sharp.
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