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Connectivity in Fuzzy Soft graph and its Complement
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Abstract: The concept of connectivity plays a vital role in the theory and applications of graphs. In this paper,
the concept of fuzzy sets and soft sets are applied to study uncertainty and vagueness in graphs. The concept of
m-strong fuzzy soft arc and the complement of fuzzy soft graph are introduced. Connectivity in fuzzy soft graphs
in comparison with their complements is discussed through various examples.
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. Introduction

The concept of soft set theory was initiated by Molodtsov [1] for dealing with uncertainties. A
Rosenfeld [2] developed the theory of fuzzy graphs in 1975 by considering fuzzy relations on fuzzy sets, which
was developed by Zadeh [3] in the year 1965. Maji et al. [4] discussed some applications of fuzzy soft sets to
decision making problems. The concept of complement of fuzzy graph was presented by M.S. Sunitha and A.
Vijayakumar [5]. Some operations on fuzzy graphs were studied by Mordeson and C.S. Peng [6]. Later, Ali et
al. [7] discussed about fuzzy sets and fuzzy soft sets induced by soft sets. Various connectedness concepts in
fuzzy graphs were introduced by Yeh and Bang [8]. Connectivity of fuzzy graph and its complement was
analysed by K.R. Sandeep Narayan and M.S. Sunitha [9]. Research on fuzzy systems has been very active and
received much attention from researchers worldwide because of its applications in various disciplines such as
pattern recognition [10], chemistry [11], neural networks [12] and decision making [13].

M Akram and S Nawaz [14] introduced fuzzy soft graphs in the year 2015. Sumit Mohinta and T K
Samanta [15] also introduced fuzzy soft graphs independently. The notion of fuzzy soft graph and few
properties related to it are presented in their paper. Recently, Akram and Zafar [16] introduced the notions of
fuzzy soft trees, fuzzy soft cycles, fuzzy soft bridges and investigated some of their fundamental properties. In
this paper, m-strong fuzzy soft arc, complement of fuzzy soft graph, connectivity of fuzzy soft graph are
introduced and some of its properties are studied.

Il. Preliminaries
Some definitions which can be found in [14,15,16,17] are reviewed here.

Definition 1: A fuzzy graph is a pairG:(c, 1), where o is a fuzzy subset of a set V and u is a fuzzy relation
on o,ie u(x,y)<o(X)Ao(y) VX yeV.We assume that V is finite and non-empty, 4 is reflexive
and symmetric. In all the examples o is chosen suitably. Also we denote underlying crisp graph by
G":(o*,u*), where ¢" ={ueV/o(U)>0} and " ={(u,v)eVxV:uuv)>0}.

Definition 2: A fuzzy soft graph G = (G, F.K, A) is a 4-tuple such that

a) G" =(V,E)is a simple graph

b) A is a non-empty set of parameters

¢) (F, A)is a fuzzy soft set over V

d) (IZ, A) is a fuzzy soft set over E

¢) ((F.e).(K, ) is afuzzy graph of G” Ve e A

i.e. K(e)(xy) <min{F(e)(x),F(e)(y)} forall €€ Aand X,y €V. The fuzzy graph ((ﬁ,e),(lZ,e)) is denoted
by H (e) for convenience.

In what follows, we will use G fora simple graph, G for a fuzzy soft graph and I—~| for a fuzzy graph.
Definition 3: 61 =(G7, Izl, Kl,A) is a spanning fuzzy soft subgraph of G =(G",F,K,A) if both have the
same fuzzy soft vertex set i.e. IE1 (e) = F(e) Ve e A They differ only in the arc weights.

Definition 4: A fuzzy soft graph Gisa fuzzy soft tree if each fuzzy graph H(e,) = (lf(ei ). K(e, ))

DOI: 10.9790/5728-1205049599 www.iosrjournals.org 95 | Page



Connectivity in Fuzzy Soft graph and its Complement

Ve, € A has a fuzzy spanning subgraph Q(ei) :(ﬁ(ei),f(ei)) which is a tree, where for all arcs Xy not in

(S(ei), K(ei)(xy)<CONN6( )(xy). CONN(S( )(xy) denotes the strength of connectedness between two
ei ei

nodes x and y which is defined as the maximum of strengths of all paths between x and y.
We assume that each node has membership value 1 unless otherwise specified throughout the examples of this

paper. In all odd numbered figures, A and B denotes fuzzy graphs corresponding to parameter €, and
e, respectively in G and in all even numbered figures, A and B denotes fuzzy graphs corresponding to

parameter €, and €, respectively in G©.

I111. Complement Of Fuzzy Soft Graph And M-Strong Arc In Fuzzy Soft Graph
Definition 5: The complement of a fuzzy soft graph é is a fuzzy soft graph denoted by G°© where the fuzzy soft
set over V is same in both é and G®and K°(e)(xy) = min{F(e)(x), E(e)(\)}-K(e)(xy) Vee A, Vx, yeV.
Definition 6: An arc (u,v) of G is called m-strong if K (e)(uv) = min{F (e)(u), F(e)(v)} for some e A. If (u,v) is
strong, then K°(e)(uv) =0
Example 1) Consider a simple graph G™ = (V,E) such that V ={a,,a,,a,}and E ={a a,,a,a,,a,a} Let
A :{el,ez}be a parameter set and (IE, A)be a fuzzy soft set over V with its fuzzy approximate function
F : A— P(V) defined by
F(e) ={(ay, 0.3),(a,, 0.7), (a5, 0.5)}
F(e,) ={(ay, 04),(a,, 0.3),(as, 08)}
Let (IZ, A) be a fuzzy soft set over E with its fuzzy approximate function K:A— P(E) defined by

K(ey) ={(aya,, 0.3),(azas, 0.4), (asay, 0.2)}
K(e;) ={(24a;, 0.2),(ay23, 0.2), (833, 0.3)}

a,(0.3) a,(0.4)
0.3 0.2 /\
a,(0.7)@ I ®a,0.5) al0.3)e o1 ® a,(0.8)
A B

Fig.1 Fuzzy Soft Graph é

a,(0.3) a,(0.4)

0.1 0.1

0.1
a(0.7) 0.4 a,0.5) a,0.3) 02 a,0.8)
A B

Fig.2 Fuzzy Soft graph complement G°
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Thus, H(e,) = (F(e,), K(e,)), H(e,)=(F(e,), K(e,)) are fuzzy graphs. Hence, G ={H (e,), H (e,)}is a fuzzy
soft graph as shown in Fig. 1 and its complement G° :{I—~|°(e1), ﬁ°(e2)}as shown in Fig. 2. Here, a,a, is an

m-strong arc in G.

3.1 Connectivity in G®
Definition 7: Let G be a fuzzy soft graph of G”. G is said to be a connected fuzzy soft graph if each ﬁ(e) isa

connected fuzzy graph Ve € A.i.e. CONN(x,y) >0 Wx,y eV for each fuzzy graph in G.

There may be cases in which the complement of connected fuzzy soft graphs becomes disconnected. In this
paper, we propose a criterion by which a fuzzy soft graph and its complement will be connected simultaneously.
We illustrate these with few examples.

Proposition: If G is connected fuzzy soft graph with no m-strong arcs then G® is connected.

Proof: Consider a fuzzy soft graph é which is connected and contain no m-strong arcs. Let A be the set of
parameters and (IE, A) be a fuzzy soft set over V. By the definition, GC also contains the same fuzzy soft set
over V as defined in G. Since G is connected, CONN(Xx,y) >0 Wx,yeV for every fuzzy graph in G. Let
the path of x and y be denoted by P. ie. P=(ry,r)(r,r)....(f,y. 1) where ry=xr,=yand
}Z(ei)(ri,l, r;)>0Vi. Since G contain no m-strong arcs, R°(ei)(ri,1, r;)>0Viin G®. Hence P will also be a

path in GC. Therefore, G is connected.
But, the converse of the above may or may not be true as shown in the following examples.

Example 2) Consider a simple graph G™ = (V,E) such that V ={a,,a,,a,}and E ={a a,,a,a,,a,a}. Let
A :{el,ez}be a parameter set and (IE, A)be a fuzzy soft set over V with its fuzzy approximate function
F : A— P(V) defined by

Fe) ={(a1,1),(3,, D, (3, }

Fle,) ={(ay, 1. (3, D), (3, D}

Let (IZ A) be a fuzzy soft set over E with its fuzzy approximate function K:A— P(E) defined by

K(e) ={(a:2z. 1), (252, 0.3) (a2, 0.2)}

K(e;) ={(aa,, 0.3),(a,a3, 0.1), (azay, 1}

a a,
1 02 03 1
a. a a a,
= 03 > > 0.1 =
A - B
Fig.3 Fuzzy Soft Graph G
a, a,
0.8 0.7
a, 07 a, 5: 09 a,

h-3

B
Fig.4 Fuzzy Soft graph complement G°
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Thus, H(e))=(F(e;).K(ey)), H(e,)=(F(e,). K(e,)) are fuzzy graphs. Here, @,a,is an m-strong arc
corresponding to parameter e, in fuzzy soft graph G and still G is connected as shown in Fig. 3 and Fig. 4.
Example 3) Consider the previous example with the same set of parameter, fuzzy soft set defined over V in a
fuzzy soft graph G and the fuzzy soft set over E defined by

K(e) ={(@az, 1), (2,3, 0.3),(agay, D}

K(e;) ={(2,3,, 0.3), (85, 0.2), (332, 0.1}

al al
1 1 03 0.1
a a R d;
; 0.3 ! ! 0.2 ?
A - B
Fig.5 Fuzzy Soft Graph G
a| al
’
07 0.9
2, 92 EX a,
] EI,'[' t] 2 ﬂ.B 1
A B

Fig.6 Fuzzy Soft graph complement G°

Here, a,a, and a,agare two m-strong arcs corresponding to parameter e, in G but G%is
disconnected as shown in Fig. 5 and Fig. 6. Theorem: Let Gbea fuzzy soft graph. G and G°are connected if
and only if G contains atleast one connected spanning fuzzy soft subgraph with no m-strong arcs.Proof: Let us
assume that G contains a spanning fuzzy soft subgraph (31 that is connected, with no m-strong arcs. Using
proposition, since 61 contains no m-strong arcs and is connected, élc will be a connected spanning fuzzy soft

subgraph of G°®and thus G is also connected.
Conversely, let us assume that G and G° are connected. We have to find a connected spanning fuzzy
soft subgraph of G that contains no m-strong arcs.Let él be an arbitrary connected spanning fuzzy soft
subgraph of G.If (El contain no m-strong arcs then (51 is the required subgraph. Suppose (El contain one m-
strong arc say arc (u,V) in a fuzzy graph H (ej) for some e; « A Then arc (u,Vv) will not be present in

I—~I°(ei) in G°. Let this path be P;.Let P, =(u;,u,)(U,,U3).......(Up4, U, ) Whereu; =u and u, =Vv.

If all the arcs of P, are present in ﬁ(ei) in G then I:I-(ei ) — (u, V) together with P, will be the
required spanning subgraph. If not, then there exists atleast one arc say (u,,Vv;) in P which is not in
H~(ei) in G. Since G is connected, replace (u,,Vv;) by another u; —v; path in I:|(ei). Let this path be
denoted by P,.If P,contain no m-strong arcs then H (&) —(u,v) — (uy,v,) together with P,and P, will
be the required spanning subgraph. If P,contain an m-strong arc then this arc will not be present in
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He° (e)in G°. Replace this arc by a path connecting the corresponding vertices in He° (e)in G Cand

proceed as above. Since G contain only finite number of arcs , atlast we will get a spanning subgraph that
contain no m-strong arcs.

If more than one m-strong arc is present in (31, then the above procedure can be repeated for all other
m-strong arcs of (31 to get the required spanning subgraph of G. Corollary: Let Gbea fuzzy soft graph.

G and G°®are connected if and only if G contains atleast one fuzzy soft spanning tree having no m-strong

arcs. Proof: From previous theorem, we get a connected fuzzy soft spanning subgraph of G which contain no
m-strong arcs. The maximum spanning fuzzy soft tree of this subgraph will be a spanning fuzzy soft tree of

G that contains no m-strong arcs.

IV. Conclusion

In Recent Times, Fuzzy Soft Graph Is Finding Applications In The Field Of Computer Science In
Decision Making Problems. In This Paper, We Propose A Criterion To Determine The Connectivity Of Fuzzy
Soft Graph And Its Complement Based On M-Strong Arcs. We Have Shown That If Is A Connected Fuzzy Soft
Graph With No M-Strong Arcs Then Is Connected. It Is Demonstrated With Examples That If 1s A Connected
Fuzzy Soft Graph With One M-Strong Arc Then Remains Connected And If Is A Connected Fuzzy Soft Graph
With Two M-Strong Arcs Then Is Disconnected. We Have Also Established That And Are Connected If And
Only If Contains Atleast One Connected Spanning Fuzzy Soft Subgraph With No M-Strong Arcs.
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