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Weak Width of Subgroups
Rita Gitik

I.  Introduction

A subgroup H of G is malnormal in G if for any g 2 G such that g =2 H the intersection H \ gXlHg is
trivial. Most subgroups are neither normal nor malnormal, so the study of the intersection pattern of conjugates
of a subgroup is an interesting problem. It is closely connected to the study of the behavior of di_erent lifts of
subspaces of topological spaces in covering spaces. Malnormality of a subgroup has been generalized in
di_erent ways. One of them, namely the height, introduced in [3], has been used by Agol in [1] and [2] in his
proof of Thurston's conjecture that 3-manifolds are virtual bundles. In this paper we introduce yet another
generalization of malnormality. It is a new invariant of the conjugacy class of a subgroup H of G, which we call
the weak width of a subgroup. Like malnormality, the weak width measures only the cardinality of the
intersections of H with its conjugates in G. In section 4 we prove that quasiconvex subgroups of negatively
curved groups have _nite weak width, which might simplify Agol's proof. In section 2 we review the de_nitions
and the basic properties of the width and the height of a subgroup. In section 3 we give examples showing that
height, width, and weak width are di_erent invariants of a subgroup.

Remark 1. Note that if g € Hg;H, hence g; = higjha with hy and ha in H,
then H N g7 'Hg; = H N (h1gjha) 'H (h1g;hs) = H N (hy 'g; " Hg;jha) = hy ' (H N
gUTngo)hg. So the cardinality of the set H M gf_ng?- is equal to the cardinality of
the set H M gj_lﬂgj.

Remark 1 motivates the following definitions.

Definition 1. Let H be a subgroup of a group G. We say that the elements
{g:/1 < i < n} of G are strongly H-essentially distinct if Hg,H # Hg;H for
i # j. Conjugates gz_ngi of H by strongly H -essentially distinct elements are
called strongly essentially distinel conjugates.

Definition 2. We say that the weak width of an infinite subgroup H of G in G,
denoted WeakWidth(H,G), is n if there erists a collection of n strongly essentially
distinct conjugates {H, gl_nglg s :g;ingﬂ_l} of H in G such that the intersec-
tion H M g?_IHg?- is infinite for all1 < i < n — 1 and n is maximal possible. We
define the weak width of a finite subgroup of G to be 0.

Note that if WeakWidth(H,G) = n, then in any set of n + 1 strongly essentially
distinct conjugates {1, gl_ngl, s ?g,leg,L} of H in G there exists an element
gi_ngi which has finite intersection with H.

1. Height and width

The following definitions were introduced in [3] and [4].

Definition 3. Let H be a subgroup of a group G. We say that the elements {g;|1 <
i < n} of G are H-essentially distinct if Hg; # Hg; for i # j. Conjugates gi_ngi
of H by H-essentially distinct elements are called essentially distinct conjugates.

If g; and g; are not H-essentially distinct, then g?-_ng?- = gj_ngj, hence it is
interesting to investigate the Intersections of the conjugates of H only if they are
H-essentially distinct. However, essentially distinct conjugates need not be distinct.
For example, let G =< aq, as|ajas = asa; > be a free abelian group of rank 2 and
let I =< a1 > be a subgroup of G. The conjugates a.g_lHag and H are essentially
distinct, but a.z_lHa.g =H.
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Definition 4. We say that the height of an infinite subgroup H of G in G, denoted
by Height(H,G), is n if there exists a collection of n essentially distinct conjugates
of H in G such that the intersection of all the elements of the collection is infinite
and n is mazxrimal possible. We define the height of a finite subgroup of G to be 0.

Note that if Height(H,G) = n then the intersection of any set of n+1 essentially
distinct conjugates of H in G is finite. It was shown in [3] that subgroups of
negatively curved groups have finite height in the ambient group.

Definition 5. We say that the width of an infinite subgroup H of G in G, denoted
by Width(H,G), is n if there exists a collection of n essentially distinct conjugates
of H in G such that the intersection of any two elements of the collection is infinite
and n is maximal possible. We define the width of a finite subgroup of G to be 0.

Note that if Width(H, G') = n then in any set of n+ 1 essentially distinct conju-
gates of H in G there exist two elements with finite intersection. It was shown in
[4] and, later, in [5] that quasiconvex subgroups of negatively curved groups have
finite width in the ambient group.

It follows from the above definitions that Width(H, G) and Height(H,G) are in-
variants of the conjugacy class of H in G.

Note also that Height(H.,G) < Width(l, however, it is not clear if there is
any relationship between WeakWidth(H,(d Width(H,G).

Infinite normal subgroups of infinite indwe infinite height, width, and weak
width in the ambient group. More gener:sf an infinite subgroup has infinite
index in its normalizer, then the subgrous infinite height, width, and weak
width in the ambient group.

If G is torsion-free and H is infinite, tH 1s malnormal in &G if and only if

Height(H,G) = Width(H,G) = WeakWid,G) = 1.

I11. Examples
The following examples demonstrate that WeakWidth(H,G), Width(H,G), and
Height(H,G) are distinet invariants of the conjugacy class of H in G.
Let X be a set and let X* = {:1:,:1:_1|:1: € X}, where for # € X we define
(z=1)~! = 2. Denote the equality of two words in X* by ” =".

Example 1. Let ' be a free group of rank 4 generated by the elements x1, x5, x5, 14,
let G =< F,t|lt" =1, ¢t ta;t = x(i+1)??zod4|1 <i<4>, andlet HH =< z1,22 >. We
claim that WeakWidth(H,, G) = 3, but Height(H,,G) = Width(H;,G) = 2.

In order to prove the claim we will list all essentially distinct and all strongly
essentially distinct conjugates of Hy in G which have non-trivial intersection with
H,.

Let Hi =< @i, T(i4 1)ymoas|1 1< 4 >= D H Y be conjugates of Hy in G.
Ast* @ F fori £ 0 (mod 4), the conjugates {H;|1 < i < 4} are strongly essentially
distinct. Note that Ho N Hy =< 29 > Hy N H; =< z; > HyNH =< 1 >,
and Ho " Hy =< 1 >. Hence WeakWidth(H,,G) > 3, Height(H1,G) > 2, and
Width(H,,G) = 2.
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In order to determine how other conjugates of Hy intersect, we consider g € G
such that the intersection g ' Hig M Hy is non-trivial. As we are interested only in
essentially distinct conjugates of Hy, we can assume that g is a shortest element in
the coset Hyg.

As t normalizes F, we have g = wt*,0 < k < 3, with w a reduced word in F. If
w is trivial, then g7 H;g = t ""Ht* = H, .}, and the intersection pattern of the
subgroups {H;|1 < i < 4} is described above.

If w is non-trivial, let v € Hy be a non-trivial reduced word such that g~ lvg =
(tFw Do(wt®) € Hy. Then wlow € t*Ht7F = t— =R Ak = H 1 —kymoda-
As w and v are reduced words in a free group F', there exist decompositions w =
wywe and v = wlvgwl_l (where = denotes equality of words) with

w low = (wz_lwl_lj(wlvgwl_l)(w]ng = wz_lvong where u-'g_lfuowg is a reduced
word in H(l—k)mod4- Then v € H(l—k)mod4 and wy € H(l—k}?noddl- Asv e Hq, it
follows that wy € Hy and vg € Hi. However, as g = wt® = wywot® is shortest in
the coset Hy1g, wy should be trivial. Hence w = wa € H(j_jymoas- AS a non-trivial
word vo belongs to H1 N H(i_kymods, it follows that (1 — k) (mod 4) is equal to
either 1,2 or 4. Hence if (1 — k) (mod 4) = 3, so k = 2, then for any r € F the
intersection (rt2)~ Hy(rt?) N Hy is trivial.

If (1 — k) (mod 4) =1 then w = wy € Hy, contradicting again the fact that g is
shortest in the coset H1g. Hence either (1 — k) (mod 4) =2 and k=3, or (1 — k)
(mod 4) =4 and k = 1.

If k =3, then g = wt® with w € Hy. Note that the essentially distinct elements
of the infinite collection of the conjugates {(wt3)™1Hy(wt3)|w € Ha} intersect each
other trivially. Indeed, consider wy € Hy and w € Hy such that the intersec-
tion (t7 3w V) Hy(wt?) N (t2we 1) Hy(wot®) is non-trivial. Then the intersection
Hy N (wot?) (t 3w Hy (wt?) (t 3wy ™1) is non-trivial. As H; is malnormal in F,
it follows that wow™! = (wet®)(t 3w™') € Hy, so the conjugates (t 3w~ 1)H;(wt?)
and (t—2wo™Y)Hy(wot®) are not essentially distinct. Therefore the family of the
conjugates {(wt*) " Hy(wt3)|w € Hy} does not contribute to Width(H,, Q).

Swmalarly, if k = 1, hence g = ut with uw € Hy, the essentially distinct elements
of the infinite collections of the conjugates {(ut) " Hy(ut)|lu € H,} intersect each
other trivially.

Also forw € Hy and u € Hy the intersection (t 3w ) Hy(wt?)N (¢t~ 'u=1)Hy (ut)
is trivial. Indeed, the cardinality of that intersection is equal to the cardinality of
the intersection (ut)(t 2w D Hy(wt)(t *u=™') N H,. However, (wt®)(t ‘u~!) =
wttu=t = (w(t?u=1t72)t2 = rt? with r € F, and we have mentioned above that for
all € F the intersection (rt?) "V Hy(rt?) N Hy is trivial. So the infinite family of
conjugates {(ut) " Hy(ut)|u € Hy} does not contribute to Width(Hy,G), therefore
Height(H,.G) = Width(H,,G) = 2.

Note that for any w € Ha, wt® = tg(t_gwt3) e t*H, C H t*Hy, hence all the
elements {(wt®)|w € Hy} are strongly Hy-equivalent to t3, so the conjugates of H,
by those elements do not contribute to the weak width of Hy. Similarly, all the
elements {(ut)™|lu € Hy} are strongly Hy-equivalent to t, so the conjugates of Hi
by those elements do not contribute to the weak width of Hy either. Therefore,
WeakWidth(H,G) = 3.

DOI: 10.9790/5728-1205060813 www.iosrjournals.org 10 | Page



Weak Width Of Subgroups

Example 2. Let G be as in Example 1, and let L1 =< x1, 22,23 >. We claim that
WeakWidth(Ly,G) = Width(Ly,G) = 4, but Height(Ly,G) = 3.

Let L; =< 2, Z(i41)modds T(i+2)moaa |l <1 < 4 >= t=HD L 6= be conjugates
of L1 inG. Ast' ¢ F fori £0 (mod 4), the conjugates {L;|1 < i < 4} are strongly
essentially distinct. By observation, the elements of the set {L;|1 < i < 4} have
infinite pairwise intersections, hence WeakWidth(L,,G) = 4 and Width(L,,G) =

3
4. Also the intersection (| L; is infinite, so Height(L,,G) = 3. Note also that the
A i=1
intersection (| L; is trivial.

Using thezscime argument as in Ezample 1 we can show that there are only three
families of Ly-essentially distinct elements in G such that the conjugates of Ly by
these elements intersect Ly non-trivially. They are {(wt®)|w € Lo}, {ut|u € L4},
and {st®|s € Ly}. Just as in Example 1, the malnormality of Ly in F implies that
the essentially distinct conjugates in each family intersect each other trivially, hence
Width(Ly, G) = 4. Also as in Ezample 1 these elements are strongly Li-essentially
equivalent to t°,t, and t2, respectively, so WeakWidth(L,,G) = 4.

Suppose Height(H,G) > 4. Then there are 3 essentially distinct conjugates

4
My, M3, and My of Ly such that the intersection Ly N () M;) is infinite. The

i=2
preceding paragraph implies that the M;’s must come one from each of the families
of conjugates of Ly described above, i.e. Mo, Ms and My are conjugates of L1 by
wt?, ut, and st® respectively, with w € Ly, u € Ly, and s € Ls. Let hy. ho, hs, and
hy in Ly be such that hy = t 2w thiwt® = t 25 host? = t 'u~Yhaut. Note that
t3wtd € Lht_ShltS = L,i?f_QStQ € Ll,t_zhztz € Lg,t_lut € Ly, and t_lhgt e
Ly. Then t 3w hywt® = -rl_lql-rl with ry € Ly and q1 € Ly, t7 257 T host? =
'T'Q_lquf‘g with 7o € L1 and q¢o € La, and t 'u " haut = -rglq;g-rg with rg € Ly
and g3 € Ly. As ?‘l_lql-rl = -rz_qurz = 'T3_]|‘_I3'T‘3, it follows that g5 = El_lqlfl =
Ez_lq;:,lg with 1y and ls in Ly. We can assume that all the words l1.ls,q1,q2, and
qs are reduced. Then, as in Erxample 1, there exist decompositions l; = pypo and

@ =pugip; " such that go = (pip2) " (p1aipy ") (pip2) = p3 'dip2, and p; 'gips is a
reduced word in F.

As -rl_lql-rl = TQ_IQQTQ = 'T’3_IQ3'T'3 = hy € Ly, it follows that 1 € L1 N Ly =<
1,29 >,qo0 € L1 N Ly =< wy, 23 >, and q3 € L1 N Ly =< x9,23 >. As q1 €<
T1,L9 > and qg €< xq, 23 >, it follows that ¢f =z} forn € N.

Simirlarly, there exist decompositions ly = cico and qq = clq’gcl_l such that
@ = (c1c2) "M erghe; V) (crea) = ¢ 'dhea, and ¢ 'ghey is a reduced word in F. As
q3 €< T9,23 > and gy €< 1,23 >, it follows that g5 = z7* for m € N. Then a
conjugate of ¢} =z is equal to a conjugate of g3 = =" in a free group F'. This can
happen only if ¢y and ¢} are trivial, hence gz 1s trivial. Therefore, the intersection
of Ly with all three families of conjugates 1s trivial, so Height(L,,G) = 3.
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IV.  Quasiconvex subgroups of negatively curved groups have finite weak width

We will use the following notation.

Let G be a group generated by the set X ™. As usual, we identify the word in
X* with the corresponding element in G. Let Clayley(G) be the Cayley graph of G
with respect to the generating set X *. The set of vertices of Cayley(G) is G, the
set of edges of Cayley(() is G x X*, and the edge (g, ) joins the vertex g to g=.

Definition 6. The label of the path p = (g,z1)(gx1,x3) - (gx1T02 - - - Tfy_1,T,,) N
Cayley(G) is the word Lab(p) = x1 - --x,. The length of the path p, denoted by |p|,
is the number of edges forming it. The inverse of a path p is denoted by p,

Remark 2. Let H be a K-quasiconvex subgroup of G, let n be a geodesic in
Cayley(G) with Lab(n) € H, and let 'n” be any decomposition of . There exists a
path ¢ with |c| < K which begins at the terminal vertex of ' such that Lab(n'c) € H
and Lab(en") € H. Indeed, if  begins (and , hence, ends) at an element of H such
c erists by the definition of K -quasiconverity. In the general case, we can find such
¢ using translation in Cayley(G).

The following result was essentially proven in [4]. We include a streamlined
version of the proof.

Theorem 1. If H is a quasiconvexr subgroup of a neqgatively curved group G, then
WeakWidth(H, Q) is finite.

Proof. As (G 1s finitely generated, there exists a finite number N of elements in G of
length not greater than 2K + 24, hence there exist at most NV strongly H-essentially
distinct elements {g; € G} such that the shortest representative of the double coset
Hg; H is not longer than 2K + 25. Then Lemma 1 implies that the only strongly
H-essentially distinct conjugates of H which might have infinite intersection with
H are the conjugates of H by the elements in the set {g;|]1 < i < N}. Therefore
WeakWidth(H,G) < N.

Lemma 1. Let H be a K-quasiconvexr subgroup of a d-negatively curved group G
and g be an element in G. If ecvery element of the double coset HgH is longer than
2K + 24, then the intersection H Mg 'Hg is finite.

Proof. Remark 1 implies that it i1s sufficient to prove Lemma 1 for a shortest rep-
resentative ggp of the double coset HgH .

‘We will show that all the elements in the intersection H M g5 YT gy are shorter
than 2K + 84 + 2, so that the intersection is finite, as required.

Comnsider h © Hﬂgo_ngo. Let ho € H be such that h = galhogo. Let p1, phy, P2
and pp be geodesics in Cayley(G) such that pipn,p2pn is a closed path, pi1 (hence
also pp) begins at 1, Lab(p1) = ggl,Lab(phD) = ho, Lab(p2) = go, and Lab(pr) =
h = g5 "hogo-

Let v be a middle vertex of p; and let g be the initial subpath of pp ending at
v. As Lab(py,) = h € H, Remark 2 implies that there exists a path s with |s| < K
which begins at v such that Lab(gs) € H. Let t be a shortest path which begins
at v and ends at some vertex w of pp, and let g’ be the initial subpath of ps,
terminating at w. As Lab(pp,) = hp € H, Remark 2 implies that there exists a
path s’ with |s’| < K which begins at w such that Lab(q's’") € H. Then Lab(p;) =
go = Lab(q's’)Lab(s'ts)Lab(5q). As Lab(q’s’) € H and Lab(5q) = Lab='(gs) € H,
it follows that Lab(s'ts) € HgoH .

As HgH = HgpH, the assumption of Lemma 1 that any element of the double
coset HgH is longer than 2K + 28§ implies that |s'ts| > 2K + 25. But then |t| >
2K + 28 — |s| — |s'| > 26, hence the distance from v to pp, is greater than 24.

As G is d-negatively curved, a side p;, of the geodesic 4-gon pypy,p2p0r belongs to
the 2d6-neighborhood of the union of the other three sides, so the above discussion
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implies that v belongs to the 26-neighborhood of p; U ps. Assume that there exists
a path y of length less than 26 which begins at a vertex u of p; and ends at wv.
Consider the decomposition p; = pip/, where p} ends at u. As gy = Lab(p1) =
Lab(piys)Lab(sq) and Lab(sq) € H, it follows that Lab(p{ys) € goH. As gp is
a shortest representative of goH, it follows that |go| = [pi| + [p]| < |p{ys| =
sl + [yl + o], Hence [pf] < |s| + [yl < K +26, 5o la] < |p}] + y| < K +44.
However, as v is a middle point of py,, |h| = |pn| < 2|g| +1 < 2K + 85 + 2.

Similarly, if v belongs to the 2d-neighborhood of ps, it follows that |h| < 2K +

84 + 2, proving Lemma 1.

V. Question

Is there a simple relation between the width and the weak width?
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