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Abstract: Recently in [6], the authors have introduced the notion of semiring valued graphs, which is a
generalization of both the crisp graph and fuzzy graph. In [3] the authors have studied the regularity conditions
on S - valued graphs. In [7] the authors have studied the notion of vertex degree regularity on S - valued
graphs. In this paper, we study the edge degree regularity of

S - valued graphs.
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I.  Introduction
The concept of semiring was studied by several mathematicians such as Dedekind [2], Krull [5] and
H.S.Vandiver [8]. Jonathan Golan [4] in his book, has introduced the notion of S - graph where S is a semiring.
However, the theory was not developed further. In [6], the authors have introduced the notion of semiring
valued graphs, which is a generalisation of both the crisp graph and fuzzy graph theory. In [3], the authors have
studied the regularity conditions on S - valued graphs. In [7] the authors have studied the notion of vertex degree
regularity on S - valued graphs. In this paper we study the edge degree regularity of S-valued graphs.

Il.  Preliminaries
In this section, we recall some basic definitions that are needed for our work.
Definition 2.1: [4] A semiring (S, +, .) is an algebraic system with a non-empty set S together with two binary
operations + and . such that
(1) (S, +, 0) is a monoid.
(2) (S, .) is a semigroup.
(3) Foralla,b,c € S,a.(b+c)=a.b+a.cand(ath).c=a.c+b.c
(4)0.x=x.0=0V x €S.

Definition 2.2: [4] Let (S, +, .) be a semiring. < is said to be a Canonical Pre-order if
fora,b € S, a < bifand only if there exists an elementc € Ssuchthata+c=h.

Definition 2.3: [1] A set F of edges in a graph G = (V,E) is called an edge dominating set in G if for every edge
e € E - Fthereexistanedge f € F such that e and f have a vertex in common.

Definition 2.4: [1] A dominating set S is a minimal edge dominating set if no proper subset of S is a edge
dominating set in G.

Definition 2.5: [6] Let G = (V, E C V x V) be a given graph with \/, E # ¢ . For any semiring (S, +, .), a
semiring-valued graph (or a S - valued graph), G® is defined to be the graph
G°=(V,E,o,w)where 0:V — S and v : E — S s defined to be

y) = {min {09, a(y)}hifo(x)=o(y)ora(y)=o()
0, otherwise

for every unordered pair (X, y) of E C V XV. Wecall o, a S-vertexsetand ,aS - edge set of S - valued

graph G°. Henceforth, we call a S — valued graph simply as a S - graph.

Definition 2.6: [6] If o(X) =&, VX €V and some a € S then the corresponding S - graph G is called a
vertex regular S - graph (or simply vertex regular). An S - graph G® is said to be an edge regular S - graph (or
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simply edge regular) if (X, y) =aforevery (x,y) € Eanda €S. A S - valued graph is said to be S -
regular if it is both vertex and edge regular.

Definition 2.7: [3] Let G® be a S - graph corresponding to an underlying graph G, and letac S. G® is said to be
(a, k) - vertex regular if the following conditions are true.

(1) The crisp graph G is k - regular.

2 o(v)=a, VeV

Definition 2.8: [7] The Order of a S - valued graph G® is defined as Ps = ZO'(V) N

veV

where n is order of the underlying graph G.

Definition 2.9: [7] The Size of the S - valued graph G® is defined as g = ZV/(U, V) yM
(uyv) e E

where m is the number of edges in the underlying graph G.

Definition 2.10: [7] The Degree of the vertex v; of the S - valued graph G*is defined

asdeg (v;) = [ Zl//(Vi Vi), é] , where / is the number of edges incident with v;.
(vi,vj) e E

Definition 2.11: Asubset D C V is said to be a weight dominating vertex set if for each
v e D, o(u)=o(v), Vu e Ng[v].

I1l.  Degree Regularity on Edges of S - Valued Graph
In this section, we introduce the notion of the degree of an edge in S — valued graph G®, analogous to the notion
in crisp graph theory, and discuss the regularity conditions on such edges of G*. We start with the definition

Definition 3.1: Let G® = (V, E, o, )beas - valued graph. Lete € E .The open neighbourhood of e,
denoted by Ns(e), is defined to be the set N (€) = {(e;,w(e;))/e and e, € E are adjacent}
The closed neighbourhood of e, denoted by Ns[e, is defined to be the set N¢[e] = N (e)U (e, y(€))

Definition 3.2: LetG°=(V, E, o, ) beas$S - valued graph. The degree of the edge e is defined as

deg; (e) = Zl//(ei ), M |, where m is the number of edges adjacent to e.

e € Ng(e)

Example 3.3: Let (S = {0,a,b,c}, +, . ) be a semiring with the following Cayley Tables:

+ 0 Ra b|c . 0 alb|c
00 fa blc 00 0|0|0
alaa @ a@a al/0jala]la
blba |b b0 b|b|b
clca b c|O0|b|b|b

Let < be a canonical pre-order in S, given by

0 <0,0<a0<b0<ca<xab=<bb<ac<cc=<ac=<Db
Consider the S - graph G°,
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v,(a)

v,(b) ve(a)

,(b) e(©

v5(b) ™ v 4(‘3:1

ey (<)
Define o:V — S by o(V,) =0 (V) =a,0(Vv,) =o(V,) =b,o(v,) =Cand
wiE—>Sby we)=w(e,)=y(e)=by(e;)=yw(e,)=y(Ee,)=Ccyle)=2a

Here N (&) = {(e,,b). (5, a).(e, b).(¢;.c)}, degs (e, ) = (a.4)
Ns(e,)=1{(e,.b).(e;,¢).(e5.b). (e; )}, degs (e, )= (b4)

Ng (63) = {(ez , b)’ (e4 , C)’ (e7 , C)}' degs (es) = (b’?’)
Ns(es)={(es.c).(es.a).(6s.b). (€. c)}, deg; (e, ) = (a.4)

N (es ) = {(el’ b)’ (e4 ' C)' (ee | b)}’ deg (es ) = (b’3)
Ns(es)={(e1,b).(e,.b).(e,.c)es. a).(e;, 0)}, degs (e ) = (a.5)

Ns(e;)={(e..b) (ez,b) (e3¢} (e4.¢). (65, b)}, degs (€, ) = (b.5)

Definition 3.4: If D E in G® then the scalar cardinality of D is defined by |D| = Zl//

eeD

Definition 3.5: Let G° = (V, E, o, W ) beaS - valued graph. For any e € E, the neighbourhood degree of e is
defined as N deg (€) = QNS|S ,|Ns|)

Remark 3.6: From definition 3.2 and 3.4 we observe that the degree of an edge is the same as its
neighbourhood degree.

Remark 3.7: The scalar cardinality of Ng[e] will be given by
(1) [Ns[e] =[N (e)+1

@ |Ng[elly =|Ns(e) +w(e)

Definition 3.8: An'S - valued graph G® is said to be ds - edge regular if forany e € E,
degs (6) = (N (€)],[N; (@)

Example 3.9: Consider the semiring (S = {0,a,b,c}, +, . ) with canonical pre-order given in example 3.3
Consider the S - graph G®,
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va{a)

vi(b) v2(c) v3(b)

Define o:V — S by o(v,) =o(v;) =b,o(v,) =c,o(v,) =o(v;) =aand w:E —>S by

w(e)=vw(e,)=w(e)=vw(e)=by(e)=w(,)=c
Here degree of every edge ¢; € E is (b, 3).
-.G%is an ds - edge regular graph, ds(e) = (b, 3).

Remark 3.10: In terms of neighbourhood of an edge, definition 2.9 can be modified as Qg = ( Zl//(e) ) q] ,

eeE

where q is the number of edges in the underlying graph G.

Theorem 3.11: If S is an additively idempotent semiring and G® is S-regular then
degs(e) = ds VeeE.

Proof :

Let G° = (V,E,o,y) be S-regular.

..o(vj)) =a,Viand for some aeS

=wy(e) =a, Viand for some aeS

Since S is additively idempotent , a + a=a, Vae$S
Lete e E

Now, Os = Z‘/l(e),q :(a,Q) , where q is the number of edges in G.

eckE

= (a; q) where q is the number of edges in G .

and degs (e)= ZV/(ei ),M |=(a,M)  where m is number of edges adjacent with e .
eje Ns(e)

Since S is a semiring, it possess a canonical pre-order.

saa Vae$S

Clearly g >m,.. degs(e) < gsfor all ecE.

Since every (a ,k)- regular S- valued graph is S-regular, the above theorem holds good for
(a, kK)- regular S-valued graphs on an additively idempotent semiring.Thus we have the following
Corollary 3.12: An (a,k)- regular S- valued graph G® on an additively idempotent semiring S satisfies degs(e;)

<qg Vi

Theorem 3.13: Let a € S be an additively idempotent element in S.Then every (a, k)- regular S- valued graph
G is ds- edge regular iff degs(e) < (a,k) for some aand Ve € E.

Proof :

Let G® = (V,E,0,y ) be a (a, k)-regular S- valued graph.

Assume that G® is ds- edge regular.

Then degs(e) = (b,k), ¥ i and for some b € S
That is
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D v(e) . k|=(b.k)

g eNg(e)
(a+a+a+...+a,k)=(b,k)
(a,k)=(b,k)=a=b
. degs(e)=(a, k), forsomea.

Conversely, Let G® = (V,E,o,y ) be a (a, k)- regular and a be an additively idempotent element in S , and degs(e)
= (a, k) for some a and for each e € E.

Let vy v, €V be suchthate =vyv, € E.

Since G® is (a,k) regular, o(v,) = o(v,) = a.

Then y(e) =min { 6(v,), o(v,)}=a

This true for every edge €, =V,v; €E,p/(g;)=a, Vi

Now degs (€)=| D w(e).k |=(a.k)

g € Ng(e)
Since e e E is arbitrary, G® is ds. edge regular.

Theorem 3.14: Let G° be a complete bipartite graph with V = (V4. V). If [V4| < |V,
and V; is a weight dominating vertex set then G* is a ds. edge regular graph.

Proof:

Let G® be a complete bipartite graph with V = V1, Vo).

Let VV, be a weight dominating vertex set and |V4| < [V,| .

Then o(vj) <X o(vi) ,VvieVvjeV,.

Consider degS (eij): Zl/j(eis)’l\/2| - ZG(V ) |V2|

eiSeNs[eij] Vg ENS Vi

And deg; (e, )= ZW(eir)’NZ| = ZG(V ), |V2|

eireNs[eik] Vr ENS Vi

Here deg, (e;;) = degs (e, ) iff ZG(VS)IZG(Vr):a,fOI’ some a €S
Therefore for any edge e;.e, €Ng[v], degg (e;)=deg; (e, )= (a,[\/2|)

S
Therefore G is a dy— edge regular graph.

Corollary 3.15: Let G® be a complete bipartite graph with V = (Vy V,).If V4| = |V,| and either V; or V, is a
weight dominating vertex set then G® is a ds - edge regular graph.

Theorem 3.16: Let G® be a star with n vertices. If its pole has the maximum weight then G® is a ds. edge regular
graph.

Proof:

Let G® be a star with n vertices.

Let the pole v, have the maximum weight .

Then o(vj) <Xo(vy) ,VvjeV-{vi}
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Consider degS(elj): Zl//(els),n—z = ZG(VS),H—Z

€15 eNg [e1 ] Vs eNg vy ]

ang de0s () =| D w(e,).n—2|= D o(v,),n-2

Ve €Ns [v1]

elreNS [e lk]

Here deg (e,;) = degq (e, ) iff ZO'(VS)zzO'(Vr):a,for some a €S
Therefore for any edge e,;.e, €Ng[v,], deg, (e,;)=degs (e, )= (a,n-2)

S
Therefore G is adg— edge regular graph.

IV.  Conclusion
Unlike the crisp graph theory, in S— wvalued graphs, in this paper we have introduced the
notion of degree of an edge in S— valued graph. Also we have studied the degree regularity conditions on
the edges of S— wvalued graph. In our future work, we would like to extend the study of S— valued
graphs with irregularity conditions.
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