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Abstract:  Recently in [6], the authors have introduced the notion of semiring valued graphs, which is a 

generalization of both the crisp graph and fuzzy graph. In [3] the authors have studied the regularity conditions 

on S - valued graphs. In [7] the authors have studied the notion of vertex degree regularity on S - valued 

graphs. In this paper, we study the edge degree regularity of  

S - valued graphs. 
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I. Introduction 
The concept of semiring was studied by several mathematicians such as Dedekind [2], Krull [5] and 

H.S.Vandiver [8]. Jonathan Golan [4] in his book, has introduced the notion of S - graph where S is a semiring. 

However, the theory was not developed further. In [6], the authors have introduced the notion of semiring 

valued graphs, which is a generalisation of both the crisp graph and fuzzy graph theory. In [3], the authors have 

studied the regularity conditions on S - valued graphs. In [7] the authors have studied the notion of vertex degree 

regularity on S - valued graphs. In this paper we study the edge degree regularity of  S-valued graphs. 

 

II. Preliminaries 
In this section, we recall some basic definitions that are needed for our work. 

Definition 2.1: [4] A semiring (S, +, .) is an algebraic system with a non-empty set S together with two binary 

operations + and . such that 

(1) (S, +, 0) is a monoid. 

(2) (S, . ) is a semigroup. 

(3) For all a, b, c   S , a . (b+c) = a . b + a . c and (a+b) . c = a . c + b . c  

(4) 0. x = x . 0 = 0   x   S. 

 

Definition 2.2: [4] Let (S, +, .) be a semiring.    is said to be a Canonical Pre-order if  

for a, b   S,  a    b if and only if there exists an element c    S such that a + c = b. 

 

Definition 2.3: [1] A set F of edges in a graph G = (V,E) is called an edge dominating set in G if for every edge 

e   E - F there exist an edge f   F such that e and f have a vertex in common. 

 

Definition 2.4: [1] A dominating set S is a minimal edge dominating set if no proper subset of S is a edge 

dominating set in G. 

 

Definition 2.5: [6] Let G = (V, E   V V ) be a given graph with V, E  . For any semiring (S, +, .), a 

semiring-valued graph (or a S - valued graph), G
S
  is defined to be the graph  

G
S
 = (V, E,  , ) where SV :  and SE :   is defined to be  

 






otherwise

xyoryxifyx
yx

,0

)()()()(,)(),(min
),(





 

for every unordered pair (x, y) of E   V V.  We call ,   a  S - vertex set and , a S - edge set of S - valued 

graph G
S
. Henceforth, we call a S – valued graph simply as a S - graph. 

 

Definition 2.6: [6] If Vxax  ,)(   and some a   S then the corresponding S - graph G
S
 is called a 

vertex regular S - graph (or simply vertex regular). An S - graph G
S
 is said to be an edge regular S - graph (or 
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simply edge regular) if  ),( yx  = a for every (x, y)    E and a S. A  S - valued graph is said to be S - 

regular if it is both vertex and edge regular. 

 

Definition 2.7: [3] Let G
S
 be a S - graph corresponding to an underlying graph G, and let aS.  G

S
 is said to be 

(a, k) - vertex regular if the following conditions are true. 

(1) The crisp graph G is k - regular. 

(2) Vvav  ,)(  

Definition 2.8: [7] The Order of a S - valued graph G
S
 is defined as 













 

Vv

S nvp ,)(  

where n is order of the underlying graph G. 

Definition 2.9: [7] The Size of the S - valued graph G
S
 is defined as 













 

 Evu

S mvuq
),(

,),(  

where m is the number of edges in the underlying graph G. 

 

Definition 2.10:  [7] The Degree of the vertex vi of the S - valued graph G
S 

is defined 

as













 

 Evv

jiiS

ji

vvv
),(

),,()(deg  , where   is the number of edges incident with vi. 

Definition 2.11:  A subset D   V is said to be a weight dominating vertex set if for each  

v   D, ].[),()( vNuvu S   

 

III. Degree Regularity on Edges of S - Valued Graph 

In this section, we introduce the notion of the degree of an edge in S – valued graph G
S
, analogous to the notion 

in crisp graph theory, and discuss the regularity conditions on such edges of G
S
. We start with the definition 

 

Definition 3.1:  Let G
S
 = (V, E,  , ) be a S -  valued graph. Let e   E .The open neighbourhood of e, 

denoted by NS(e),  is defined to be the set   adjacentareEeandeeeeN iiiS  /)(,)(   

The closed neighbourhood of e, denoted by NS[e], is defined to be the set    )(,][ eeeNeN SS   

 

Definition 3.2:  Let G
S
 = (V, E,  , ) be a S -  valued graph. The degree of the edge e is defined as 














 

 )(

),()(deg
eNe

iS

Si

mee  , where m is the number of edges adjacent to e. 

 

Example 3.3: Let (S = {0,a,b,c}, +, . ) be a semiring with the following Cayley Tables: 

 

+ 0 a b c 

0 0 a b c 

a a a a a 

b b a b b 

c c a b c 

 

Let    be a canonical pre-order in S, given by 

0    0, 0   a, 0   b, 0   c, a   a, b   b, b   a, c   c, c   a, c   b 

Consider the S - graph G
S 

, 

. 0 a b c 

0 0 0 0 0 

a 0 a a a 

b 0 b b b 

c 0 b b b 
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Define SV :  by cvbvvavv  )(,)()(,)()( 43251  and   

SE :  by  aeceeebeee  )(,)()()(,)()()( 5743621   

Here               4,deg,,,,,,,, 176521 aecebeaebeeN SS    

              4,deg,,,,,,,, 276312 becebecebeeN SS    

            3,deg,,,,,, 37423 bececebeeN SS 

              4,deg,,,,,,,, 476534 aecebeaeceeN SS 

            3,deg,,,,,, 56415 bebecebeeN SS 

               5,deg,,,,,,,,, 6754216 aeceaecebebeeN SS 

                5,deg,,,,,,,,,, 7643217 bebececebebeeN SS   

Definition 3.4:  If D  E in G
S
 then the scalar cardinality of D is defined by  




De

S
eD   

 

Definition 3.5: Let G
S
 = (V, E,  , ) be a S -  valued graph. For any e   E, the neighbourhood degree of e is 

defined as  SSSS NNeN ,)(deg   

Remark 3.6:  From definition 3.2 and 3.4 we observe that the degree of an edge is the same as its 

neighbourhood degree. 

 

Remark 3.7:  The scalar cardinality of NS[e] will be given by 

(1)   1][  eNeN SS   

(2)    eeNeN
SSSS ][   

 

Definition 3.8:  An S - valued graph G
S
 is said to be dS - edge regular if for any e   E, 

 )(,)()(deg eNeNe SSSS    

 

Example 3.9:  Consider the semiring (S = {0,a,b,c}, +, . ) with canonical pre-order given in example 3.3 

Consider the S - graph G
S
, 
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Define SV :  by avvcvbvv  )()(,)(,)()( 54231  and   SE :  by  

ceebeeee  )()(,)()()()( 436521   

Here degree of every edge ei   E is (b, 3). 

G
S
 is an dS - edge regular graph, dS(e) = (b, 3). 

 

Remark 3.10: In terms of neighbourhood of an edge, definition 2.9 can be modified as 













 

 Ee

S qeq ,)( , 

where q is the number of edges in the underlying graph G. 

 

Theorem  3.11: If S is an additively idempotent semiring and G
S
 is S-regular then 

 degS(e)
 
 qS , e E.

 

 

Proof : 

Let G
S
 = (V,E,,)  be S-regular.  

(vi) = a ,i and for some aS 

(ei) = a , i and for some aS 

Since S is additively idempotent , a + a = a, aS 

Let e  E 

Now, ),(,)( qaqeq
Ee

S 












 



  , where q is the number of edges in G. 

= (a; q) where q is the number of edges in G . 

and ),(,)()(deg
)(

mamee
eNe

iS

Si















 



 , where m is number of edges adjacent with e . 

Since S is a semiring, it possess a canonical pre-order. 

a  a,  a  S 

Clearly q  m, degS(e) qS for all eE. 

 

Since every (a ,k)- regular S- valued graph is S-regular, the above theorem holds good for  

(a, k)- regular S-valued graphs on an additively idempotent semiring.Thus we have  the following 

Corollary 3.12: An (a,k)- regular S- valued graph G
S
 on an additively idempotent semiring S satisfies degS(ei) 

 qS,i 

 

Theorem 3.13: Let a  S be an additively idempotent element in S.Then every (a, k)- regular S- valued graph 

G
S
 is ds- edge regular iff degS(e)   (a,k) for some a and e  E. 

Proof : 

Let G
S
 = (V,E,, ) be a (a, k)-regular S- valued graph. 

Assume that G
S
 is dS- edge regular. 

Then degS(e) = (b,k),  i and for some b  S 

That is  
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 

.,),()(deg
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)(

asomeforkae
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





 

 

Conversely, Let G
S
 = (V,E,, ) be a (a, k)- regular and a be an additively idempotent element in S , and degS(e) 

= (a, k) for some a and for each e  E. 

Let v1, v2 V be such that e = v1v2  E . 

Since G
S
 is (a,k) regular, σ(v

1
) = σ(v

2
) = a. 

Then  (e) = min { σ(v
1
),  σ(v

2
)} = a 

This true for every edge iaeEvve ijii  ,)(,  

Now ),(,)()(deg
)(

kakee
eNe

iS

Si















 





 
Since e  E is arbitrary, G

S
 is dS- edge regular. 

 

Theorem 3.14: Let G
S
 be a complete bipartite graph with V = (V1, V2). If |V1| < |V2| 

 and V1 is a weight dominating vertex set then G
S
 is a dS- edge regular graph. 

Proof: 

Let G
S
 be a complete bipartite graph with V = (V1, V2) . 

Let V1 be a weight dominating vertex set and |V1| < |V2| . 

Then (vj) 
 (vi) ,viV1,vjV2. 

Consider 

   



























 

 iSsjieSNsi vNv

s

e

siijS VvVee 22 ,)(,)()(deg 
 

And 

   



























 


 iSr

kieSNri
vNv

r

e

riikS VvVee 22 ,)(,)()(deg 
 

Here  deg
S (eij 

) = deg
S (eik )  iff 

 

   avv rs )()(  ,for some  a ∈ S 

Therefore  for any edge e
ij , eik  ∈ N

S [vi ] ,  2,)(deg)(deg Vaee ikSijS   

Therefore  G
S    

is a  d
S −  edge regular graph. 

 

Corollary 3.15: Let G
S
 be a complete bipartite graph with V = (V1, V2).If |V1| = |V2| and either V1 or V2 is a 

weight dominating vertex set then G
S
 is a dS - edge regular graph. 

 

Theorem 3.16: Let G
S
 be a star with n vertices. If its pole has the maximum weight then G

S
 is a dS- edge regular 

graph. 

Proof: 

Let G
S
 be a star with n vertices. 

Let the pole v1 have the maximum weight . 

Then (vj) 
 (v1) ,vjV-{v1} 
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Consider 

   
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And 
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Here  deg
S (e1j 

) = deg
S (e1k )  iff 

 

   avv rs )()(  ,for some  a ∈ S 

Therefore for any edge e
1j , e1k  ∈ N

S [v1 ] ,  2,)(deg)(deg 11  naee kSjS  

Therefore G
S    

is a d
S −  edge regular graph. 

 

IV. Conclusion 
Unlike the crisp graph theory,  in  S−  valued graphs,  in this paper we have introduced  the 

notion of degree of an edge in S−  valued graph.  Also we have studied  the degree regularity  conditions on 

the edges of S−  valued graph.  In our future work, we would like to extend the study of S−  valued 

graphs with irregularity  conditions. 
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