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. Introduction
Consider the fourth order quasilinear difference equation of the form
AQ (pn ‘AQmTL |n-7 : AZ;L'R) + dn ‘In+3 |'di I Tn+3= 0 (1)
where A is the forward difference operator defined by Ax, = Xp+1—X,, @ and f are positive constants, {p,} and
{q.} are positive real sequences defined for all n € N(ng) = {ng,ne + 1,...} and nga nonnegative integer.

By a solution of equation (1), we mean a real sequence {x,} that satisfies equation (1) for all n €
N(ng). If any four consecutive values of {x,} are given, then a solution {x,} of equation (1) can be defined
recursively. A nontrivial solution of equation (1) is said to be nonoscillatory if it is either eventually positive or
eventually negative and it is oscillatory otherwise.

Determining oscillation criteria for difference equations has received a great deal of attention in the last
few years, see for examples [1,2] and the references cited therein. Compared to second order difference
equations, the study of higher order equations, and in particular fourth order equations, has received
considerably less attention, see [3-14] and the references contained therein.

In [3], the authors considered equation (1) under the following conditions
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and discussed the asymptotic behavior of nonoscillatory solutions of equation (1). In [4,5], the authors
considered equation (1) with condition (2) or (5) and discussed the oscillatory and asymptotic behavior of
solutions of equation(1). Therefore, our main goal in this paper is to establish some new criteria for the
oscillation of all solution of equation (1) under the condition(3). In Section 2, we present a classification of
positive solutions of equation(1) and also we derived several lemmas which are useful in establishing the main
results. In Section 3, we establishsome new sufficient conditions for the oscillation of all solutions of equation
(1). Examples are provided in Section 4 to illustrate the results.

Il. Classification of Positive solutions

In this section, we classify the positive solutions of equation (1) in terms of the signs of their
differences.
Lemma 2. 1 If {x,} is an eventually positive solution of equation (1), then one of the following three cases holds
for all sufficiently large n:
() APAAX[AX) >0, A%,>0,A%,>0,
(1) AELAX“A%X,) >0, A%, < 0,Ax,> 0,
(1) A(pn A" 'A%,) >0,  A%,> 0,Ax,< 0.
Proof. The proof of this lemma can be modeled as that of Lemma 2.3 of [3 ], and hence the details are omitted.
Next, we present several lemmas which will be used later to prove our main results.
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Lemma 2.2 Let {x,} be a positive solution of equation (1). Then
(i) lim A(p|A®,|" *A%X,) = m € [0,00).
N—o0

Further, if {x,} is of type (II) or (111), then m = 0.
H 2, 10142 * —
(i) m AN AX) F D ap = 0, ©)

Proof. Since {A(pPn|A%X,|* *A%X,)} is decreasing and positive, we have m > 0. Next, let {x,} be of type (I1) or (l11).
If m > 0, then
A (pn|A2:L'n|”_1/_\2;r:n) > m
for n > n; € N(ng). Summing the last inequality from n;to n — 1, we obtain
(pn| A%, |* T A%2,) > mn
2 for n=n,
with large n,> ny. This implies that {x,} must belong to type (I11), since
A’%,> 0 for n> n,. We find
ANg, > (mn) ’ LN > Ne
2pn
Summing the last inequality from n, to n - 1, we have

n—1 S
5\
—Ax,, > Ar, — Aw,, = ¢ Z (p_)
8

8=mn2

m %
Where o (5) .
This contradicts assumption (3). Hence m = 0. This proves (i).
(if). Summing equation (1) from n to oo and using (i), we obtain (6). This completes the proof.
The following lemma gives a growth and decaying estimate of all positive solutions of equation (1).
Lemma 2. 3 Let {x,} be a positive solution of equation (1). Then there exist positive constants ¢, and ¢, such that
c1p(n) < X, < cH(N,No)

o (g 1 n—1 5 %
pln) =73 (;,,7,;._) Hn,ng) =3 (n—s+1) (l)
for large n, where s=n Psa and s=no Ps/

Proof. If {x,} belongs to type (I) or (lI), then {x,} is monotonically increasing and hence

Xns3> Xn > C1p(n). Next, we consider solutions belonging to type (111). Since, by Lemma 2. 1, we have p,(A%,)“is
positive and monotonically increasing for all n > n; € N(no). Therefore, there exists a positive constant c; such
that

Ax, > ((—1)
Pn/ | for n>n;. (7)
Since A%, > 0 and Ax, < 0 for n > n;, Ax, is monotonically increasing and has a nonpositive limit. If
this limit is negative , we can obtain a contradiction to the positivity of x,. Hence Ax,— 0 as  n — c. Noting
this fact and sungoming the inequality (7) from n to oo, we obtain

1 1
—Ax, = cf E Ps &, N>y
S=m .
since X,> 0, lim x,> 0 exists. A summation of the last inequality from nto oo gives
N—oo

1
T, > Too +cip(n), n>mn
which implies the first inequality.
2 2. \@ . .
Next we prove the second inequality. Since A (p”- (A 'L’”) ) <0,n=>m sufficiently large, summing
this inequality from n; to n — 1 twice, we have

1
Ax, < ¢y (”) ,1 > Mo
Pn
where ¢, > 0 and n, > n;. Summing this twice and using the assumption (3), we obtain the desired inequality.
This completes the proof.
Next we establish some useful inequalities for positive solutions belonging to type (1) and to (111) respectively.

Lemma 2.4 Let {x,} be a positive solution of type (1) of equation(1). Then for large n
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[

A2y > (l) A (p, (A22,))]*
rez e =) (A (pe (A%)7)] ©

where ¢ is some positive constant.

2 e
Proof. Since A ( ™ (A ‘T”) ) is decreasing and A%, > 0 for all large n , we have

n—1
Pn (Azxn)n - pnl (AZCL‘RI)” + Z A (ps (Agxs)a)
§=n1
> (n—n1)A (pn (Ag;f:ﬂ)a) . >y
for large n,. Clearly, this gives the desired inequality.

Lemma 2.5 Let {x,} be a positive solution of type (I11) of equation (1).Then there exists a positive
constant C such that the following inequalities hold for large n:

1

Tn 2 pE p('ﬂ,)AQ.Tn, (9)
xy > cenp®(n)A (pn (AQIR)G)
’ (10)
and . o
T s > enp®(n+3)A (p,,_ (/_\Z.J:n) ) (11)

Proof. By Lemma 2.1, we see that A( pn (A%,)“) > 0,A%,>0,and  Ax,<0O.
for n > n; € N(no) Since p, (A%,) “ is increasing and Ax, — 0 as N — oo, we have
o0 o0

—Azx, = Z A%g, = ZpéA%”pj‘l

S=n S=7

1 o0 =1
e A2 _—
> PnA Ty § Ps
s=n

for n > n;. Summing the last inequality fromn to o0, we obtain
1, . 4 1

Ty = Zp;‘ Az, (Z s ) >R Az;r,,_p(n.), n>n
s=n. t=s .

This implies (9).

, 2.\
Since A (pr,_ (A 'Ln,) ) is decreasing, there is a positive constant ¢ € (0,1) and an integer n, € N(ny) such that

n—1
Pn+3s (A2£'fl+l3)(y 2 Pn (AQJ:H,)H 2 Z A (ps (A2J"s)&)
> A (pn (Agwn)ﬂ) (n —na)
> cnd (p, (Aga:n)”) (12)

for sufficiently large n. Combining the inequalities (9) and (12) , we obtain
cnd\ (p,, (/_\211,,)”) p*(n) < p, (AZ;L',,_)” pt(n) <z

or

A (pn (A%2,)7) p*(n +3) < prya (A2pas)" p*(n+3) < 2044
for sufficiently large n. This completes the proof.

I11. Oscillation Theorems
In this section, we establish some new sufficient conditions for the oscillation of all solutions of equation (1).
Theorem 3.1 Letf>1>a. If

Z ngup’(n +3) = oo
n=ng
then every solution of equation (1) is oscillatory.
Proof. Assume, to contrary, that {x,} is a positive solution of equation (1). Then {x,} falls into one of the three
types (1) - (111) mentioned in Lemma 2.1. Therefore it is enough to show that in each case, we are led to a
contradiction to (13).
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Case(l). Let {x,} be a positive solution of equation (1) of type (I) for all n > N € N(no). Summing the equation

(1) from N to n — 1 we have
n—I1

Z qgmf+3 <A (p_,\v (Asz)a) < 00

5= (14)
From the nature of type (1) solutlon we can find a constant ¢ > 0 such that x,+3> cn as n sufficiently large. This
and (14) gives contradiction to (13) since g > 1.
Case(ll). Let {x,} belongs to type (II) solution of equation (1). Multiply equation (1) by n and summing the
resulting equation from N to n — 1, we have

n—1

. _ . : cr I}
n (p,,|zé.2;‘r:n|fY lAzﬂin) + Pnti (_AZITH»I + Z SqsTy g = C1
s=N
where ¢ is a constant. Letting n— o and using the nature of type (II) solutlon we obtain

Z ﬂqnxuﬂ = W

n=N
Since {x,} is increasing, we have ~ Xj_yng, < . This clearly contradicts (13).

Case(l1). Let {x,} belongs to type (I11) solution of equation (1).From
Lemmas 2.1 and 2. 2, we see that

A (pu, (AQ-F'IJ)Q) - qu s+j , N 2 N e IN(HU)

s=n

From the inequality (9) and the fact that pn (A%,)“is mcreasmg we see that
A (pu(A?z,)") > qu,o (s + J)psH (A? ‘15+3)

S="n
o0

> 30 (s + 3l (%)

s=n

8 — .
(p”--*-l (Agi'n)a) . Z ‘J‘-%Pd('f" +3)

S=T

IV

Let Z,= pn (A%X,)". Then

AZ, >ZT;+quS (s +3)
s=n . (15)
For Z,<t < Z,.,, we have
ZnH
/‘ dt < Az,
B = &
PR A (16)
Using (16) in (15) and then summing the resulting inequality from N to n—1, we find that
n—1 oc
o a— ap
A GRS B W VA
=N t=s (17)

a—f3
From —a <= 0 and the fact that Z, is increasing, letting n — oo in the last inequality (17), we obtain a

contradiction to (13). This completes the proof.
To prove our next theorem, we requwe the additional assumption on {p,} which means that {p,} behave
like a constant multiple of the function {n*} as n sufficiently large:

0< hln inf ( al =) < hm sup (p ) < o0
nk 2

, forsomek € R (18)
Note that our condition (3) implies that 2a < k<o + 1 in (18).
Theorem 3.2 Let f < a < 1. Suppose that condition (18) holds. If
Z g, Hmmng)? = = (19)

="y
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then every solution of equation (1) is oscillatory.
Proof. Assume, to contrary, that {x,} is a positive solution of equation (1). Then {x,} falls into one of the three
types (I)-(111) mentioned in Lemma 2.1 . Therefore it is sufficient to prove that in each case we are led to a
contradiction to (19).

Case(l). Let {x,} be a positive solution of equation (1) of type(l) for all n > N € N(no). By Lemma 2. 4, we
can assume that (8) holds with some positive constant ¢ for n > N. Summing (8) from N to n — 1 twice and using
the fact that Ax, is positive we see that

: 1
Toia > Ty > 1 (A(pa(A%2,)*)* H(n,ng), n> Ny >N
where ¢; > 0 is a constant and N; > N is large enough. Substituting this estimate in equation(1), we obtain
— A% (pa] A%z, [T A%,) > g (A (a(A%2,))) HP (1, 10)

that is,
;F‘ [ F
_A2 (pn. (Azwn.) }) (A (pn (AZ‘EH) })) * 2 (f!fq-rzH'i('r?': 'H.(]). (20)
Let Zn=2(pi(8%)") | Then for Z,,,<t<Z,, we have
Zn
Cdt . —AZ,
B = a
ta a
Znt1 Z“ . (21)
Using (21) in (20) and summing the resulting inequality from N;to n — 1, we obtain
- ad 1 af LS
Zn" > - " Znﬂ _Z‘;“
a—f3 - a— ;7‘{ M }
n—1
2 (T‘Ali z QSHﬁ(R: ﬂ-0)~
s=Nj (22)

Let n — oo, we see that (22) contradicts (19).
Case(ll). Let {x,} be a type (I1) solution of equation (1). Then from the proof of Theorem 3.1 case(ll), we see
that condition Xi_yngm =< @ holds. Since k > 2 and p < a, the last stated condition implies

Z qn Hlnng PP < =

n=N
a contradiction to (19).
Case(l11). Let {x,} be a type (111) solution of equation (1) for n > N € N(n,). Summing the equation (1) from
n to oo and applying Lemma 2.2, we have

A (Pn (Azfj"re.)ﬂ) - Z qH:Ei—S

s=n

for large n. From (11), we have

A (pn (A%0)") 2 €D ausplis (A (ps (A%)))
S=n y (23)
where c is a positive constant. Let Z, denote the right hand side of the inequality (23). Then we find

-AZ, = (f’r.l,gq,,p‘j(n +3){A (p,, (/_\2:1:”.)“) s

> (:rJg(j,,;)"i(r'l + 3)2,;:‘, n > N.
Then following the argument used in the proof of case(l1l) of Theorem 3. 1, we obtain that
o0

Z q,?'fz%pg(-n +3) <

n=N . (24)
From the assumption (18), we see that
/ ‘ 1—k B .
HP(n,ng) < ean”?57) < eynep’(n + 3) for farge n, (25)

where ¢, and c; are positive constants. From (24) and (25), we obtain a contradiction to (19). This completes the
proof.

IVV. Examples
In this section, we present two examples to illustrate the oscillation results.
Example 4. 1 Consider the difference equation
. 1 .
A? (-n (A%z,) “‘) + 4%(-.*1 +1)ad ,=0,n> 1. (26)
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" — ANl 1
Here Pn = 75 Gn = 43(n 4 1), @ = 504 p = 3 It is easy to see that all conditions of Theorem 3.1 are
satisfied and hence every solution of equation (26) is oscillatory. In fact {x,} = {(~1)"} is one such solution of
equation (26).

Example 4. 2 Consider the difference equation

1 1
2(n(A%x,)?® A5(, 5 — >
A (n (A2z,) )+4 (n+1)agys =0, n21 -

_ _ e _ 1 5 _ . .
Here Pn = T Gn = 43(n+ 1), 0 = 540 4 = 1 ytis easy to see that all conditions of Theorem 3.2
are satisfied and hence every solution of equation (27) is oscillatory. In fact {x,} = {(—1)"} is one such solution
of equation (27).

V. Conclusion
It will be of interest to employ different techniques rather than used in this paper, and obtain criteria for the
oscillation of all solutions of equation (1) whena <f<land1 <f<a.
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