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Abstract: We define the Farey grid matrix and also, we introduce the concept of Farey grid graph and Farey
grid from Farey sequence and present some observations.
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Notations:

E, - Farey sequence of an order 'n’

FM - Farey matrix

|Fy| - Cardinality of Farey sequence of order ‘N’
@(N) - Euler’s function

Sy - Sum of Farey fraction

FG - Farey grid

FGM - Farey Grid Matrix

Dy - 'N'th order farey grid

Ams Classification: 11B57

. Introduction

The Farey sequence ,sometimes called Farey series ,is a series of sequences in which each sequence
consists of rational numbers ranging in value from 0 to 1.A natural quadratic generalization of the Farey
sequence studied numerically by Brown and Mahler. Afterwards , trying to make some justice to Haros, Delmer
and Deshouillers have called this new sequences the Haros sequence .Taking all these into account after two
hundred years one may agree that the appropriate name for what is largely known as “ the Farey sequence”
should be “ the Haros-Farossequence”. Any reduced fraction with positive denominator < n is a member of the
Farey sequence of order n and can be called a Farey fraction of order n.

Farey sequences are very useful to find rational approximations of irrational numbers.The farey
sequence of order n contains all of members of the Farey sequences of lower orders. In particular E, contains
all the members of F,,_; and also contains an additional fraction for each number that is less than n and co-prime

to n. The middle term of a Farey sequence E, is always is —; for n > 1. From this , we can relate the lengths
of F, and F,_; ,using Euler’s totient function ¢@(n) is |F,| = |F,_1| + ¢(n), |F;| = 2 using, we can derive
an expression for length of E, is|E,| =1+ X7 1 ¢(mm). The Farey grid graph is formed from Farey fraction
and the Farey grid from Farey Matrix.

Farey sequence:
The Farey sequence F,for any positive integernis the set of irreducible rational numbers a/b with
0<a<b<nand(ab)=1 arranged in increasing order. The first five Farey sequence are,
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Farey Graph:
Consider the rectangular X0Y axis X = (x1,%2, ..., %,), Y = (¥1, Y2, ..., ¥) Where x;,y; € Fy[0,1]. The

Farey graph is a graph of vertices (xi,yj) and it forms a grid whose graphical representation is given below:
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Farey matrix:
A Farey matrix denoted by FM is defined as the square matrix of order n, whose elements are the sum of Farey
fractions in the Farey graph.

X1ty X1 +tY2 . X1t W,
Xp+Y1 Xty 0 Xyt

FM = : : : "= [xi +yf]nxn
Xn +YI Xn +y2 Xy + In

Theorem:
If [Aij] denote 2 x 2 submatrix of the Farey matrix F, which are the vertices of the Farey grid then

ZZ[ ”]_[ :5:—2 n[|712fn—|1]]

j=1i=

Z Z[AU = Zn: [AU + A2j+m_+Anj]

j=li=

ZZ[AU] Z[Al,]+Z[Az, +- +Z[An,1

_ [ n{x1}+§11vl n{x2}+SN [ n{x2}+SN Tl{x3}+SN ]+
T n{xg}+Sy_; n{e}+Sy—1 n{x;}+ Sy —1 nfx3}+Sy_1

Proof:

[ n{xn—l} + SN n{xn} + SN
n{x,_1}+Sy—1 nf{x,}+Sy—1
_ [ n{x; + x; + -+ x,_1} + nSy n{x; +x3 + -+ x,_1} + nSy ]
Tnfg e+t x, 3+ nSy —n n{x, +x3++x, 4} +nSy—n
[ n(xl + x2+m+xn) —nf{x,} + nSy 2nSy ]
n(x; + x2+m+xn) —n{x,}+nSy —n 2nSy—n
[ 2nSy—n 2nSy
- [ZnSN —n—n 2nSy— n]

_ [n(ZSN -1) 2nSy ]
T 2n(sy —1) @Sy —1n
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_[liElI-1  nlE|
[4] = [n[|pn| —=2] n[lE,|-1]

j=1i=1
Farey Grid:
A Farey grid is a sequence of rectangles formed from Farey graph along the main diagonal in a Farey graph.
(x5, Yi+1) (Xi+1, Yit1)
O — o
oe—— 0O

(xi, y1) (Xi+1, Y1)
Farey Grid graph:
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Farey Grid 2 x 2 Matrix:
A farey Grid 2 x 2 matrix denoted by FGM is defined as of an order two whose elements are the sum of
Farey fractions. The Vertices of the Farey Grid are clearly Farey Fractions.

X tYViv1 Xy T Vin .
FGM =" ! ! ,Wh =12,..,n.
[xi+}’i xi+1+yi]werel "
Theorem:
The sum of the determinants of the Farey grid matrix of order N is unity.
Proof:

In the Farey grid, the vertices constituting the grids are {(x;,y,), Cxi, Vis1) i1, Vie1), (X541, ¥:)} where
(x;,y;) denote the Farey fractions. Denoting the matrix of each grid by D; , the number of grids for the
sequence Fy is |Fy_1| + @(N).
By observation, the matrix D; + D, + ---4+ Dy for the farey sequence Fy, is

[ |[Fy_1] + @(N) |Fy_1| +o(N) +1

|[Fy_1l + @ (N) =1 |Fy-1] + @ (N)
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The determinant of this matrix is

2
Dy + Dy + -+ Dyl = ((1Fy—sl + @(N))") = ((Fy-1l + @(N) = 1 X [Fy_i | + o(N) + 1)) = 1.
Numerical Illustration:
Consider the Farey sequence (F)

! 1 3 2
_12 2 “l_12 3
Dy + D, = 1 + , 3171 2
2 2
Dy +D,| =1
Consider the Farey sequence (F3)
1 2 5 7 4 5
33,06 Y. [6 3.3 Y s
D; + D, +Ds + Dy = S +15 |+ 7 +13 . =[3 4]
3 13 6 6l 13 3
|D1+D2+D3+D4|:1
Consider the Farey sequence (F,)
1 1 3 ] 5 7 4
1 I A O I R
4 2l 13 6 6
17 3 [7 p
12 2|04 %[ 7
T4 17| T3 7 ‘[5 6]
3 121 [2 4
|D1+D2+D3+D4+D5+D6|:1
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