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Abstract: The concept of Skolem difference mean labelling was introduced by K. Murugan and
A. Subramanian [2]. The concept of Fibonacci labelling was introduced by David W. Bange and Anthony E.
Barkauskas [1]in the form Fibonacci graceful. This motivates us to introduce Skolem difference Fibonacci
mean labelling and is defined as follows: “A graph G with p vertices and q edges is said to have Skolem
difference Fibonacci mean labelling if it is possible to label the vertices x€ V with distinct elements f(x) from the

set {1,2,...,Fp+q} in such a way that the edge e = uv is labelled with|w if |f(w) — f(v)|is even and

w if |f(w) — f(v)] is odd and the resulting edge labels are distinct and are from {F1, Fo,...Fg}. A
graph that admits Skolem difference Fibonacci mean labelling is called a Skolem difference Fibonacci mean
graph”. In this paper, we prove that (Py: Kim), Pm© Sz, 0, Py (P, : Cy) and (P,,@Sm)k are Skolem difference
Fibonacci mean graphs.
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m)’

I.  Introduction
A graph G with p vertices and q edges is said to have Skolem difference Fibonacci mean labelling if it
is possible to label the vertices x€ V with distinct elements f(x) from the set {1,2,...,F.,} in such a way that the
edge e = uv is labelled with|@ if |(u) — f(v)| is even and 2L i |6(u) — f(v)| is odd and the
resulting edge labels are distinct and are from {Fy, F,...,F¢}. A graph that admits Skolem difference Fibonacci
mean labelling is called a Skolem difference Fibonacci mean graph. It was found that standard graphs [7],

H- class of graphs [8], some special class of graphs [9] and some special class of trees [10] are Skolem
difference Fibonacci mean graphs.

Il. Preliminaries
In this section, some basic definitions and preliminary ideas are given which is useful for proving theorems.
Definition 2.1[3]:
Let G be a graph with fixed vertex v and let (P,,: G) be the graph obtained from m copies of G and the path
Pm : UgUp...U, by joining u; with the vertex v of the i copy of G by means of an edge, for 1 <i<n.
Definition 2.2[3]:
The graph P,,© S, is the tree obtained from the path P, by adding a star graph S, to each of the pendant vertices
of P, It has 2n+m vertices and 2n+m-1 edges.
Definition 2.3[3]:
Let T be any tree. Denote the tree obtained from T, by considering two copies of T and adding an edge between
them, by T, and in general the graph obtained from T,.;y and T by adding and edge between them is denoted by
T Note that T ) is nothing but T.
Definition 2.4[3]:
Let G be any graph and S, be a star with m spokes. We denote by G ® S,, the graph obtained from G by
identifying one vertex of G with any vertex of Sy, other than the centre of S,,.
Definition 2.5[3]:
A regular bamboo tree is one point union of (P, ® S,)* where k is the number of copies of P, ® Sy,
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I11. Main Results

Theorem 3.1
The graph (P, : Ky ) is Skolem difference Fibonacci mean graph foralln>1and m>1.
Proof:
Let G be the graph (P, : Ky ).

LetV(G):{ui,vi, Vij/ I<i<nand 1<j<m}

E(G)={uli+/1<i<n-1} U {uvi/1<i<n} U {ViVij/ I<i<nand I <j<m}

Then [V (G)| = 2n+mn and |E(G)| = 2n+mn-1

Let f: V — {1,2,...,Fsn2mn1} D€ defined as follows

f (Ui) =2Fi, 1 <i<n
f (Vi) = 2Fnimenyiy + f(U), 1 <i<n
f (Vij) = 2Fn+(m+1)(i-l)+j + f(Vi), 1<i<nandl1 S] <m
f(E) = {f(utir) /i=1,2,..,n-13 U {f(uvy)/1<i<n} U {f(vivj)/ 1<i<nand 1 <j<m}
= {f(uup), f(uzus), ..., f(Uunaun)} U { f(uwvy), f(Uava),..., f(Unvi)} U {f(vaivir), f(Vivio),..., f(vavim), f(vavas),
f(VZVZZ)v---: f(VZVZm)v---: f(Vnan)r f(VnVnZ):---’ f(VnVnm)}
- {| f(ul)2 f(uz)|, | f(uz)—f(u3) f(up—1)—f(un) Yu{

2
f(Vz)—f(V21)| f(Vz)—f(sz)|
2 ' 2 1oy

flun)—f(vn)

yud

f(vn)—f(vn1)|
2 1

f(v1)—f(v11) |
2 1

f(u1)—f(V1)|
2 1

f(uz)—f(Vz)|
2 1y

f(v1)—f(viz)

f(vn)—f(Vn2)|
2 IERRE)

f(vz)—f(VZm)|
2 yerey

f(V1)—f(V1m)|
2 i)

2
fvn)—f(vim)
ety

_ {|2F2—2F3 , 2F3—2F4 2F,—2Fp41 1U{ f(uq)—2F, —f(uq) 7 f(u)—2Fp 4m +1—f(uz) fun)—2Fp 4 (m +1)(n—-1)—f(un) }
U { f(V1)—2F;2+1—f(V1) , f(V1)—2Fr21+z—f(V1)| . f(V1)—2Fi2+m—f(V1) , f(VZ)_ZFn-;m+2_f(V2) ,
f(v2)—2Fn +m +3—f(v2) f(v2)—2Fn 42m+1—f(v2) f(va)=2Fn 4 (m+1)(n-1)+1—f(vn)
f(Vn)_ZFni(m+1)(n—1)+2_f(Vn) f(Vn)—ZFn+(m+1)(n2—1)+m—f(Vn) ?

}
2 2
= {Fln FZ,---, I:n-l} Y {Fn: Fn+m+1a---y F2n+mn—m—1} Y {Fn+la Fn+2:---: I:n+m: I:n+m+2a Fn+m+3|---| Fn+2m+1|---| I:2n+mn-m|
F2n+mn-m+1r---r F2n+mn—1}
= { Fl, FZ;---: Fn—lr Fn, I:n+1: Fn+21---1 Fn+m: I:n+m+1, Fn+m+2a Fn+m+3:---: Fn+2m+1:---: I:2n+mn—m-l, F2n+mn-m| F2n+mn-m+1|---|
F2n+mn-1}
= {F11 FZ! ey F2n+mn—1}
Thus, the induced edge labels are distinct and are Fy, Fy, ..., Fansmn-1-
Hence, the graph (P,: Ky ) is Skolem difference Fibonacci mean graph for alln > 1 and m > 1.

Example 3.2:
The Skolem difference Fibonacci mean labelling of the graph (P4 : Ky 3) is
252 11572
0 Q
184 362 3378 16740
89
55 144
2584
74
34 1597
4
1 2 10 3
Q O (8]
16
5 233
14 476
8 21 377 087
13 610
30 S 56 1230 b 2450
40 1696
Figure 1
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Theorem 3.3
Pn©® S,,, is Skolem difference Fibonacci mean graph for all m, n > 2.
(Recall that S,, , is the graph obtained from K; , by subdividing each edge exactly once)

Proof:
Let G be the graph P, © Sy, ..
Le ug be the centre of the first subdivided star S,, , and v, be the centre of the second subdivided star
S,, . Let ug and vq be identified with the vertices w; and w,, respectively.
Let V (G) = {u;, uI ,v,,v, ,WJ/ I<i<nand 1 <j<m}
E (G) = {uiu}, vivi*, UoWa, Win.1Vo, WjWj.q /1 <i<nand 2 <j<m-2} U {uou;, Vovi/l <i<n}
Then [V(G)| = 4n+m and |E(G)| = 4n+m-1
Let f: V (G) — {1, 2,..., Fg,42m—1} be defined as follows
f(w)=f(u)=1
f (Wm) = f(VO) :2F2n+m-1 + f(Wm—l)
f(Ui) =2F+1,1<i<n
f(u') = 2F. i+ f(u), 1 <i<n
f (WJ) :2F2n+j—1 + f(Wj_l), 2 SJ <m-1
f (Vi) = 2F2n+m+i-1 + f(VO): l<i<n
f(VI ) 2F3n+m+| 1+ f(v), 1<i<n
" (E) = {f(uiu; ) f(vivi'), f(uowz) f(wm Vo), f(w,w,+1) /1 <i<nand2 <j<m-2} U {f(ueuy), f(vovi) /1 <i<n}
= {f(u), fUu),e, FUGURY), F(vaveY), F(VaVo'), o f(ViVe'), F(UoW2), F(WinaVe), F(wows), F(wawy),..
f(Win2Wm-1)} U {f(uous), f(Uouz)v .y T(UgUn), F(Vov), f(Vova), ..., f(vovn)}
- ¢ f(ug)—f(ur ) | f(uz)—f(uz") fCun)— f(unl) fv)— f(vﬂ)|

f(vn)— f(vnl) f(ug)—f(wy)

f(va)—f(vo" )|
2 [ARES]

2
flug)—f(uz)
2

l

2
f(wm—l)—f(Vo)| |f(WZ)—f(W3)| |f(W3) f(W4)| |f(Wm —2)—f(Wm - 1)| }ou{
2 ! 2 ! 2 e 2
|f(u0)—f(un) f(vo)—f(vy) f(Vo) f(v2) f(vo)— f(Vn)}
2 ) 2 1 ey 2
= { f(ug)—2Fn+1—f(uq1) f(uz) 2Fp42—f(u2) f(un)—2F2n —f(un)

L 2 L | 2 2
f(vn)—2F4n+m—-1—f(Vn) |1_2F2n+1_1) |f(Wm—l)_ZFZn-i—m—l_f(Wm—l) |f(W2)_2F2n+2_f(W2)
2 ! 2 ' 2 '
fWm-2)—2F2n4+m—2—f(Wm —2) 1-2F1-1 1-2F,-1 1-2F,-1
} U { i) 2 i) L 2 1
f(vo)=2F3n+m-1—f(vo) }
2
= {Fn+11 Fn+2: ey Fan F3n+m: F3n+m+17---v F4n+m—11 F2n+1: F2n+m-1v F2n+2: FZn+3: ey F2n+m-2}U { Fll F2|"'7 an
F2n+mx F2n+m+1y---y I:3n+m-1}

flug)— f(ul)
2

y yeuey

f(v1)=2F3n+m —f(v1)| [f(v2)—2F3n+m+1—f(v2)

2
f(W3)—2F2n+3—f(W3)|

2
f(vo)—2F2n+m+1—f(vo)
2

f(v0)=2F2n+m —f(vo)
2

= {Fla FZ:---: Fna Fn+1, Fn+27---v F2n7 F2n+17 F2n+27 FZn+3: ) I:2n+m-Zx I:2n+m-lx I:2n+mv F2n+m+1:---x F3n+m-lx F3n+mv
F3n+m+1:---: I:4n+m—1}

={F1, Fa ..., Fansma}
Thus, the induced edge labels are distinct and are Fy, F», ..., F4nsm-1.
Hence, the graph P, © S,, » is Skolem difference Fibonacci mean graph for all m, n > 2.

Example 3.4:
The Skolem difference Fibonacci mean labelling of the graph P, © S,, 3 is

1153

21 271 43 34 111 55 21/ 144 500 19 1729
0 0 0 — 5
3 ‘ 233
7
13
33 2661

Figure 2
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Theorem 3.5
The graph B, ) is skolem difference Fibonacci mean graph for all n, m > 2.

Proof:

Let G be the graph P, .

LetV (G)={vj/1<i<mand1<j<n}

E (G) = {Vijvi(j+1) /1<i<mand 1 S_] < 11'1} U {ViZV(i+1)2 /1<i< 1’1’1}

Then [V(G)| =mnand |E(G)| = mn-1

Let f: V (G) — {1, 2,..., Fomn.1} be defined as follows

f(vi) =4

f (Vlj) = 2Fj_1 + f(Vl(j_l)), 2 SJ <n

f(Vi2) = 2Fqin) + f(Va), 2<i<m

f (Vi) = 2Fniger + f(Vip), 2<i<m

f (Vij) = 2Fn(i-1)+(j-1) + f(Vi(j-l))z 2< i <m and 2 S_] <n
f+(E) = {f(vijvi(j+l)) /1<i<mand 1 S_] < Il-l} U {f(Vi2V(i+1)2) /1<i< m-l}

= {f(viviz), f(Viovia),n F(VigaVin), F(Varvaz), f(VaaVas),.., f(VamayVan)ss F(VmaVina), f(VmaVima),.os
f(Vimm-1) Vi) } U { F(V12V22), F(V22Va2),..., F(Vme1)2Vim2) }

= { f(V11)—f(V12)| f(V12)—f(V13)| f(vin-1))—f(1n) f(vam-1))—f(V2n)
2 1 2 yerey

f(V21)—f(sz)|
2 1

f(sz)—f(V23)|
2 yerey

2 2
fmD)=fm2)| | fm2)—f¥m3) (v n=1))~Fmn) f(v12)=f(va2)| | f(vaz)—f(v32) (v -1)2)~F(Vm2)
2 ! 2 . 2 Fud 2 ! 2 B 2 }
= { f(V11)—2F1—f(V11)| f(V12)—2F2—f(V12)| f(v1i(n-1))=2Fn—1~f1(n-1)) |2Fn+1+f(sz)—f(sz) f(sz)—ZFn+2—f(V22)|
2 1 2 vy 2 1 2 1 2 1y
f(v2(n-1))—2F2n-1—f(V2(n—-1)) 2Fy(m-1)+1H(Vm2)—f(vm2) fvm2)—2Fy(m-1)+2—f(Vm?2)
2 1ty 2 ’ 2 LARRE
f(Vm (0 -1))=2Fn m =D +n -1~ Vm (0 -1)) f(v12)=2Fn—f(v12)| |f(v22)—2F2n—f(v22) £(vam -1)2)=2Fn m -1 ~F(V(m -1)2)
2 } U { 2 ! 2 B 2 }
= { Fll FZI"'I Fn-lv Fn+11 Fn+27"'1 FZn-ll"'l Fn(m-1)+lv Fn(m-1)+21---v Fn(m-1)+(n-1)v Fn: F2n1"'1 Fn(m-l)}
= { Fll FZ!'"! Fn—lv Fm Fn+11 Fn+27---1 F2n-1: F2nl"'l Fn(m—l)y Fn(m-1)+1: Fn(m—1)+21---v an—l}
= {F11 FZ! o an-l} L.
Thus, the induced edge labels are distinct and are Fy, F», ..., Frn1.
Hence, the graph B, ) is skolem difference Fibonacci mean graph for all n, m > 2.
Example 3.6:
The Skolem difference Fibonacci mean labelling of the graph P5(4) is
40 048 0488 05368
1 13 144 1597
6 8 22 89 200 087 2174
2 21 233 2584
10¢ 064 0666 07342 .
3 34 377 4181
169 0132 01420 15704
5 55 610 6765
260 - 0242 02640 029234
Figure 3
Theorem 3.7
The graph (P, : Cs) is Skolem difference Fibonacci mean graph for all n >1.
Proof:

Let G be the graph (P, : Cy).
LetV (G) ={v; vij/1<i<nandj=1,2,3}
E (G) = {vivis/1 <i<n-1} U {vivi/1 <i<nju {ViaVig, VigVig, ViaVi/1 <i<n}
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Then |V(G)| =4nand |E(G)| =5n-1

Let f: V (G) — {1, 2,..., Fg,.1} be defined as follows

f(vj) =2Fj, 1< i<n

f (Vi) = 2Fpugny + f(vi), IS i<n

f (Vi) = 2Fnsaaagny + f(Vin), 1S i<n

f (Vis) = 2Fni24aqiony + T(Viz) = 2Fnizsagiy + 2Fninsagiay + Vi), IS i<n
f(E) ={f(vivis)/1 <i<n-1} U {f(vivi)/1 <i<n}u { f(Vivio), F(ViaVia), f(ViaVir)/1 <i<n}

= {f(vyva), f(Vava), ..., F(Vaavn)} © { f(vavie), f(VaVaa), ooy F(VaVi)} O { f(Va1Vio), F(Va1Vva2), ooy F(ViiVio),
f(viaVia), f(VaaV2a), ..y F(VinaVina), F(VaaVie), F(VaaVa), .., F(ViaVi) }

= { f(V1)2—f(Vz) , f(v2)—f(v3) f(vn—1)—f(vn) }u{ f(V1)—2f(V11)| . f(Vz)—Zf(Vn) f(vn)—f(vn1) } U
f(v11)—f(v12) f(va1)—f(v22) f(vn1)—f(vn2) f(v12)—f(v13) f(v22)—f(v23) f(vn2)—f(vn3) f(v13)—f(v11)
e e I e R e M I e e el

f(V23)—f(V21)| f(Vn3)—f(Vn1)|}
5 yeees .
= { 2F2—2F3|, 2F3;2F4|7 7 ZFn—:FnH U { f(vl)—2;n—f(v1) ’ f(vz)—ZF;H—f(vz) " f(vn)—ZFnJr;(nq)—f(Vn) }
v { f(v11)—2Fn4+1—f(v11) f(V21)—2Fn+5—f(V21)| f(an)—ZFn+1+4(n—1)—f(Vn1)| f(vlz)—ZFn+2—f(v12)|
2 1 2 yrrny 2 ) 2 1
f(v22)—2Fn+6—f(v22) f(VnZ)—ZFn+2+4(n71)—f("n2)| |2Fn+2+2Fn+1+f(V11)—f(V11)| |2Fn+6+2Fn+5+f(V21)—f(V21)|
2 1" " 2 Ll 2 Ll 2 1t
|ZFn+2+4(n—1)+2Fn+1+4(n—1)+f(Vn1)—f(Vn1)|}
2
= {F1, Fo,..., Foa} W {Fn, Friaseos Freapey o {Fret Frss,eons Frsteanen)s Frezy Frssoees Frezeago), Fress Frezoees
I:5n—1}
= {Flv F21---1 Fn-l} (& {an Fn+47"'1 an-4}U {Fn+11 Fn+5:---: F5n-31 Fn+21 Fn+6:---: F5n-21 Fn+31 Fn+7l"'l F5n-1}
= { Fl! F21---1 Fn-lv Fnl Fn+1| Fn+21 Fn+31 Fn+41 Fn+5| Fn+6; Fn+7|---| F5n-4! F5ﬂ-3l F5n-2! F5n-l}
= {Flv FZ! ey FSn-l}
Thus, the induced edge labels are distinct and are Fy, F, ..., Fsn.1.
Hence, (P, : Cy) is a Skolem difference Fibonacci mean graph for all n >1.
Example 3.8:
Skolem difference Fibonacci mean labelling of the graph (P4: C3) is
184 go 362 8378 4181 16740
55 144 2584 6765
74 3210
34 1597
4 1 6 2 10 3 16
5 233
14 476
21 8 987 377
s6 13 3 2450 610 1230
Figure 4
Theorem 3.9
(P,®S)" is a Skolem difference Fibonacci mean graph for all n, m, k > 2.
Proof:

Let G be (P,®Sp)*

LetV(G):{U,Vij, Xi/ 1<1<k, 1 S_]SII'I and 1 SESI’H}

LetE (G) = {UVil/ 1<i Sk} U {Vijvi (j+l)/ 1<i<kandl1 S_] < 1’1-2} U {Vi(n»l)XiE /1<i<kand1<¢(< 1’1’1}
Then [V (G)| = (n+m-1) k+1 and |E(G)| = (n+m-1) k
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Let f: V (G) — {1, 2, ..., Fynsm-1yke1} b€ defined as follows
f(u=1
f (Vil) =2F+1,1<i<k
f (Vij) = 2F(j-1)k+i + f(vi(j-l))7 I<i<kand2 S_] <n-1
f (Xig) = f(vi(n-l)) + 2F(n-1)k+m(i-1)+ l<i<kand1<€<m
f+(E) = {f(UVil)/ 1< i < k} U {f(Vij Vi (j+l))/ 1< i < kand 1 S_] < Il'2} U {f(vi(n-l)xif) /1 < i < kand 1 <{< 1’1’1}
= { f(uvi), fluva),..., fuvi)} U { f(viviz), f(Vaavia),e, f(VagoVapn), F(Varvaa),  f(VazVes),...,
f(Vam-aVom-n)ren F(ViaVie), f(VieVia)eo TV Vi) U {f(Vaney Xa1), F(Vagy X12)see F(Vinny Xam), F(Vo(nay Xa),
F(Va(n-1) X22)s-+s F(Va(n-1) Xom)seeer F(Vign-1) Xia)s F(Vin-2) Xic2)or F(Vin-2) Xum)

f(u)—f(v11) f(vin-2))—fV1n-1))

= { f(u)—f(V21)| f(U)—f(Vk1)|} u{ f(V11)—f(V12)| f(Vlz)—f(V13)|
2 ! 2 e 2 2 ! 2 B 2 !
f(V21)—f(V22)| f(v22)—f(v23) f(vam-2))—f(v2(n-1)) f(Vk1)—f(Vk2)| f(vi2)—f(vk3) f(vin-2))~fk@m-1)) 1 U
2 ! 2 e 2 ! 2 ! 2 e 2
f(v1m-1))—f(x11) f(v1n-1))—f(x12) f(vim-1))—Fx1m) f(v2m-1))—f(x21) f(von—1))—f(x22)
{ 2 ! 2 e 2 ! 2 ! 2 m
f(v2(n-1))—fx2m) f(Vim-1)—fCk D] | FVikn-1))—FCx2) f(Vien—1))~fXkm ) }
5 Jeey 5 , . yeres 5
1-2F;—1 1-2F;-1 1-2F; -1 f(v11)—2Fk4+1—f(v11) f(v12)—2Fpk +1—f(v12)
= (L ] PRy v ptd] =
f(vign—2))—2Fm-2)k+1~f(V1(n—2)) f(V21)—2Fk+2—f(V21)| f(sz)—2F2k+2—f(sz)| f(v2(n-2))—2F (n-2)k+2—f(V2(n—2))
2 ! 2 ! 2 e 2 e
f(vkl)—ZFZk—f(vk1)| f(vkz)—2F3k—f(vk2)| f(vik(n—-2))—2F (n—2)k +k —f Vk (n—2)) } U { f(v1n-1))—f(V1(n-1))2F (n—1)k+1
2 ! 2 B 2 2 !
f(v1n-1))—f(Vi(n-1))—2F(n—1)k+2 f(v1(n-1))~f(V1(n-1))—2F (n— 1Dk +m f(v2n-1))~f(V2(n-1))—2F (n—1)k+m +1
2 e 2 ! 2 !
f(v2t-1))—f(V2(n-1))—2F (n—1)k+m +2
2 i
f(v2(0-1))~f(v2(1-1))=2F (n—1)k+m +m f(Vien 1)) ~f(Vik (n=1))=2F (n =1k m (k=1)+1
2 B 2 !
f(Vi(n—1))~F(Vik (0 =1))=2F (n —1)k+m (k—1)+2 f(Vien—-1))~f(Vik (n—1)) =2F (n 1)k +m (k=1)+m 3
2 B 2

= {F. For.., i} U {Fii1, Fastree Foen Frear Fakizrees Fpokezi Faw Fakeen Fooked U {Fn-kens Faepkezie
F(n-l)k+mn F(n-l)k+m+1n F(n—l)k+m+21---, F(n»l)k+2m:---l I:(n»l)k+m(k—1)+1a F(n—l)k+m(k-l)+2;---a F(n-l)k+m(k-1)+m}

= {Fln FZ,---,Fkn Fk+1, Fk+2,---, FZk: F2k+1: F2k+2:---, F3k,..., F(n-z)k+1l F(n—2)k+2;---- F(n-Z)k+ka I:(n—l)k+l, F(n-l)k+2: ey F(n-l)k+m|
Fi-nemens Fo-nkemez - Foea)kezms o Fankemien s Fo-nkemen2s o Fo-Dkem@e1)m

={Fy, F2 ..., Fn-kemgerysm}

={Fu, F2 ..., Finakmgern)

= {F11 FZ! ey F(n—l)k +mk}

= {F11 FZ! ey F(n+m-1)k}

Thus, the induced edge labels are distinct and are Fy, Fs, ..., Fpem-k.

Hence, (P,®S,,)" is a Skolem difference Fibonacci mean graph for all n, m, k > 2.

Example 3.10:
Skolem difference Fibonacci mean labelling of the graph (Ps®S,)? is

3 3 o 8 25 21
1
1
2
1329
3 5 15 13 41 34 109
2083
3303
Figure 5
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