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Reciprocal Series of K—Fibonacci Numbers with Subscripts in
Linear Form

Sergio Falcon®
'Department of Mathematics, Universidad de Las Palmas de Gran Canaria, Spain

Abstract: The aim of this paper is to find a formula that allows to find the infinite sum ofreciprocals of certain
k—Fibonacci numbers whose subscripts are in linear form.Particularizing this formula, we are able to obtain
other formulas previously foundby other authors for the case of both classical Fibonacci and Pell sequences.
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I.  Introduction
One of the more studied sequences is the Fibonacci sequence [1, 2], and it hasbeen generalized in many
ways [3]. Here, we use the following one-parametergeneralization of the Fibonacci sequence [4,5].
1.1 Definition.

For any integer number k>1, the k-Fibonacci sequence, say{Fkyn}neN ,is defined recurrently by
Foo=0, F,=landF,, =kF_ +F,,

Note for k = 1 the classical Fibonacci sequence F ={F,}={0,112,35,8...} is obtained and for k = 2 it isthe
Pell sequence P ={P,} ={0,1,2,5,12,29,70...} .

- ) . . k++k*+4
The characteristic equation of the definition is r®>=kr+1whose solutionsare o; =————— and

2
k—k?+4

GzzT,thatverifyalazz—l, o,+0,=kK, 0,—0,=Vk’+4, 6’ =ko+1, 0,>0, 5,<0.

For the properties of the k-Fibonacci numbers, see [4, 5].In particular, the Binet Identity is F, , = Z2—2 and
0,0,
the convolution formula, F, =F

,n+m k,n+1

Fk,m + Fk,n I:k
Finally, we define the k-Fibonacci numbers of negative index as F, _, = (-1)™"* Fen

,m-1

1.2 Definition.

For any integer number k>1, the k-Lucas sequence [6], say{kan}neN ,is defined recurrently by
Lo=2L,=kandL, =KL, +L

Note for k = 1 the classical Lucas sequence is obtained L={L,}={2,1,3,4,7,11...} and for k = 2 it is the Pell-
Lucas sequence L, = PL = {PL, } ={2,2,6,14,34,82...} .

The Binet Identity for the k-Lucas numbers is L, =07 +0, . The k-Lucas numbers are related to the k-

Fibonacci numbers by the relation L, =F  ,+F ...

Il.  Preliminary
In this section we will prove some lemmas that we will need for the proof of the main theorem of this paper.

2.1 Lemma 1.
For m>1,
I:k,2m = I:k,mll‘k,m (1)
m_ m 2m _ 2m
Proof. Applying the Binet formula, F, ,-L, , = %~ % (o] +0,) = S "% Fe om
' ' 0, —0, 0,0, ’
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2.2 Lemma 2.

Itis

Fearan T Foa = Foasan b )

Proof. Applying the convolution formula and F__| =(-D"* F... the Left Hand Side (LHS) of this equation

is LHS = Fk,a+2b+2b + Fk,a+2b—2b = Fk,a+2b+1Fk,2b + Fk,a+2b Fk,2b—1 + Fk,a+2b+le,—2b + Fk,a+2b Fk,—zb—l
= Fk,a+2b+1Fk,2b + Fk,a+2b Fk,zb—l - Fk,a+2b+1Fk,2b + Fk,a+2b Fk,2b+1 = k,a+2b(Fk,2b—1 + Fk,2b+1) = Fk,a+2b Lk,zb

2.3 Lemma 3.
Fe2@asy-@pa + Fezpa = Fzan bz psn 3)
Proof. Using the Binet formulas for F  and L, , and taking into accounto,o,=-1, it

RHS = 1 <0_12a+1 _O_z2a+1)(o_12a+2p+2 +O_§a+2p+2)
k?+4
is — 1 (Glzla+2p+3 +012a+1022a+1+2p+1 _Gfa+l+2p+1022a+l _O_;ta+2p+3)
k?+4
_ 21 (O_lzla+2 p+3 _ o_;a+2 p+3 _ O_22p+1 T 0_12 p+1) = LHS
JkZ +4
2.4 Lemma 4.
Lk,a Lk,Zb _(k2 +4) Fk,a Fk,Zb = 2Lk,a—2b 4)
It is enough to apply the Binet formulas for F,_and L,
2.5 Lemmab.
Lk,a+2b Fk,a - Lk,aFk,a+2b = _2(_1)6 I:k,zb (5)
Proof.
LHS = 21 ((0'15”2[’ +O'§”2b)(0'f —0'2)—(0'13‘ +0'2a)(0'1a+2b —o3 ))
k“+4
1 a+ a+ a a a+ a+ a a
= (07" T~ (D0 + (D)0 o 40— (D) 0] + (1))
k®+4
. o o .
=2(-D* 2—2-=-2(-1 Fk,zb

vk +4

I11.  Main Result
In this section we will prove the main theorem of this paper.
3.1 Main theorem.
Let us suppose p and r are integer numbers. Then

i 1 _ Lk,(2p+1)(2n+1) (6)
j=0 Fk,(2p+l)(2j+l)+4r + Fk,2p+l Lk,zr Lk,2p+le,(2p+l)(2n+l)+2r
First we prove the following equality:

2n 1 _ 1 Lk,(2p+1)(2n+1)+2r —(k2 +4) Fk,2r (7)
j=0 I:k‘(Zp-v-l)(Zj-v-l)+4r + I:k,2p+1 2I‘k,2p+1 Fk‘(2p+1)(2n+1)+2r Lk,Zr
Proof. We will proceed by induction on 2n.
1 1 L 2pisar K
If n=0, we must prove that = KIZPHIA _ (K2 4 4) K20
k,2 p+1+4r + I:k,2p+1 2Lk,Zp-v-l Fk,2p+1+2r k,2r
FromLemma2,witha=2p+landb=r, 6 LHS = ;while

k,2 p+1+2r —k,2r

2
_ Lk,2p+1+2r Lk,Zr _(k +4)Fk,2r I:k,2p+1+2r
2Fk,2p+l+2r I‘k,2r Lk,2p+l

RHS
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From Lemma 4 with a=2p+1+2rand b=r, L., L —(K? +M)F 2piaiarFeor =25, Hence

RHS =;= LHS

k,2p+1+2rLk,2r
Assuming Main Theorem is true for n, we must prove it is true for n + 1.
If S, is the sum of (7) and a, the summands, then for n + 1 it s
S = SZn + a'2n+l + a2n+2

_ 1 (Lk,(2p+l)(2n+l)+2r _(kz +4) I:k,Zr J"' 1 + 1

2n+2

2Lk,2p+1 Fk,(2p+1)(2n+1)+2r k,2r k.(2p+1(ans3)+ar T Fk,2p+1 Fk,(2p+1(4n+5)+4r + Fk,2p+1
Therefore, we must prove
1 1
+
Fk,(2p+l)(4n+3)+4r + Fk,2 p+1 Fk,(2p+1)(4n+5)+4r + Fk,2p+l

_ 1 [Lk,(2p+1)(2n+3)+2r _(kz +4) I:k,2r _ Lk,(2p+l)(2n+1)+2r + (kz +4) Fk,ZrJ

2Lk,2p+1 Fk,(2p+1)(2n+3)+2r Lk,2r Fk,(2p+1)(2n+1)+2r k,2r
_ 1 Lk,(2p+1)(2n+3)+2r _ Lk,(2p+1)(2n+1)+2r

2Lk,2p+1 Fk,(2p+1)(2n+3)+2r Fk,(2p+1)(2n+1)+2r
Let g=(2p+1D(2n+1) +2r be. Then we must prove

l + 1 _ 1 Lk,q+2(2p+1) _ﬁ (8)
Fezgiopa T Fezon Fageaem T Fzpn 2hzpa \ Fogezepny Fig

From Lemma 3 with 2a+1=q itis F_, ,,,.1 +Fopi = Fogbigizpa
From Lemma 2 with a=2p+1 and 2b=q+2p+1 it is

Fk,a+4b + Fk,a = Fk,2q+3(2p+l) + Fk,Z p+1 = Fk,2p+1+q+2p+1Lk,q+2 p+1 = Fk,q+2(2 p+1)Lk,q+2p+l
1 1 _ I:k,q-+-2(2 p+1) + Fk,q

Then, in the equation (8) LHS =

+ .
I:k,q Lk,q+2p+1 Fk,q+2(2p+1)Lk,q+2p+l Fk,q Lk,q+2p+le,q+2(2p+l)
FromLemmaS’ Fk,2a+1+2(2p+1) + Fk,2a+1 = Fk,2p+1Lk,2(p+a+1)’W|th 2a+l= q’

F
and therefore LHS = — %201
Fk,q k,q+2(2p+1)

Fk,q+2(2p+1) + Fk,q = F L

L =F
k,2p+1 - k,2p+1~k,2 1
2P+ k,Z[ p+q2'1+l) 2P+ 2 p+Q+

is RHS = Lk,q+2(2p+1) Fk,q - Lk,qu,q+2(2p+l)

2Lk,p+le,q+2(2 p+1) I:k,q
From Lemma‘ 5’ Wlth a= q’ c= 2 p +1’ It iS Lk,q+2(2p+1) Fk,q - Lk,q Fk,q+2(2p+1) = Fk,a+2c Fk,a - Lk,aFk,a+2c = 2Fk,2(2p+l) :

On the other hand, in the equation (8) it

F F
Taking into account F,,=F L., finaly RHS= k22p) =27 _|HSand the
,2p+1Fk,q+2(2p+l)Fk,q Fk,q+2(2p+l)Fk,q
formula (7) is proven.

If a=@2p+D)(2n+1)+2r,b=r in the equation (4), the numerator of the RHS of the equation (6) is
Lk,(2p+1)(2n+1)+2r Lk,2r _(kz +4) Fk,(2p+l)(2n+l)+2r Fk,zr = 2Lk,(2p+1)(2n+1) and Main theorem of this paper is at last proven.

3.2 Lemma 6.
It is verified

lim Lo =k’

n—owo F

+4 9

. . Fens . . Foat+Fo 1
Proof. In [3, 4] it is proven Am%:q. Then !'_rﬂ :;k,n :!L{E]OM:GI-}—;:GI—GZ ~Jk*+a
k,n k,n k,n 1

N F
Consequentlyz 1 1 ( [+ 2 4 (K +4) Lk,ZrJ
k,

i Feepanjinsar T Fazpn 2hiapa 2r
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3.3 Corollary 1.
In this Corollary, we will use the equation (7) or the (6), as appropriate.
Giving integer values to r, p, and k, these formulas are particularized as follows:

1 r= 0 . i 1 — I‘k,(2 p+1)(2n+1)

j=0 Fk,(2p+l)(2j+l) + Fk,2p+l 2Lk,2p+1Fk,(2p+1)(2n+l)

2 1 1L > 1 k®+4
a. p=0:) D) =

%0 Feoju +1 2k Feona 70 Fzjutl 2k

kzl:i;zﬁ 7]

= F2j+l+1 2
k=2: z _\2
2J+1+1 2

1 1 Lk,6n+3 _)Zw: 1 _ \}kz +4

b. 1: =
p= z Fesjes + (k* +1) 2(k3 +3K) Feons 17 Figjua + (k*+1)  2(k*+3k)

k=1:)" 1 _ ﬁ
ioFejst2 8
k=2:)" ! ﬁ
o Rj.st5 14
2. r=1: i 1 - Lk,(2p+1)(2n+1)
I=0 Fk’(zp+1)(21'+1)+4 +F, 2p+ (k +2) Lk,2 p+le,(2p+1)(2n+1)+2

a. p=0:i . L onss _ 1 Lens  (K2+4)k
jZOFk-21+5+1 2(k2+2)ka2n+3 2k k2n+3 k?+2

_>Z \/kz_ (k2+4)k
Fk 2j45 +1 2k

k= lz +1 ;[\E_gj

j=0 2]+5
8
k=2: B2
Z 2H5+1 2("F 3}
. Q 1 Lk,6n+3 1 Lk 6n+5 (k2+4)k
b =l g T(C1D) (K42 +3KF, . 2K +30)| F KZ+2
=0 "k,6j+7 k,6n+5 k,6n+5

S0 T - XY

+(k2+1) 2(k3+3k) k?+2

e

6J+7+2 8 3
1 1
k=2: ——— ——
Jzopsjn 2 14(J_ 3)
3.4 Corollary 2.
IFs, (krp)=3 ! then S, (K.rp+h) =2 S (i rp)
j=0 Fk,(2p+1)(2j+1)+4r + k,2p+1 ,2p+1+2h
. - 1 4
For instance: from Corollary 1, Sw(2,1,1):z (f ——j therefore
iy PSJ.+7 15 14 3
Ly, 1 1 ( 4)
S (21,4)=—=S_(2,11) > 2——
-(@214)= Lo -1 JZ.; 18J+13+985 2786 V2 3
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3.5 Corollary 3.

lFp=0theny — — - | i+ (k2+4)
; Fk2]+1+4r +l 2k ( ,Zr
i ,kz (k2 +4) k ,2(r+h)
170 Figjraragen) +1 2k L ogren
2 1 1 k 4 o Fior
Sy - +4 Fooen Rz andthen
j=0 Fk 2j+1+4r +1 Fk,2j+l+4(r+h) +1 2k Lk,2(r+h) Lk,2r
25:_1 1 _ k2 +4 I:k,Z(rJrn) _ I:k,2r , that is Zijl 1 _ k2 +4 Fk,Z(r+n)Lk,2r - I:k,2r Lk,2(r+n)
i=0 Fk,2j+1+4r +1 2k Lk,2(r+n) I-t<,2r j=0 Fk,2j+1+4r +1 2k Lk,Z(r+n)Lk,2r

Finally, applying Lemma 5 with a=2rand c=n, itis
2”21 1 _K*+4 R,
j=0 Fk,2j+1+4r +1 2k Lk,Z(r+n)Lk,2r
In particular, for k=1 and r=0itis zil# = SFan .
j=0 F2j+1+1 2L2n
In this form we have found the formula for the sum of an odd number of terms of the indicated form, while from

the formula (1) (2) of Corollary 1 it is z _ L

2n+1

+1 2F

2n+1

(10)

=

2j+1

From the difference of these last two formulas and applying the Binet formulas, we get L, L,,,, = +1

4n+1
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