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Abstract: Let M be a I'-ring and X be a left TM-module, in this paper proved that every Jordan (o,t)-higher
homomorphism from a I'-ring M into a prime left M - module X is either (c,t)-higher homomorphism or
(o,7)-higher anti homomorphism.
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I.  Introduction
Let M and I" be two additive a belian groups, suppose that there is a mapping from MxI'xM —— M
(the image of (a,a,b) being denoted by aab, a, b € M and o € T) satisfying foralla,b,c e Mand o, B € T
(i) (a+b)ac=aac+ bac
a(o + B)c =aoac + aPc
aa(b +c) =aab + aac
(ii) (aob)pc =aa(bpc).
Then M is called I'-ring . This definition is due to Barnes [1].
Let M be a I'-ring and X be an additive a belian group. X is a left TM-module if there exists a mapping
MxI"'x X — X (sending (m,o,X) — m a X), such that
(i) (Mg + myoax = miaxX + myax
(i) ma(Xxy + Xo) = maxX; + moXy
(i) (my o m2)Bx = m;o(m2BX)
Forallm, m;, my, e Mand x, X3, X, € Xand o, p € T, [4].
AT-ring M is commutative if aob =baa, [6].
X is prime if aI’XI'b =(0) implies a = 0 or b = 0 ,for all xeX and X is semiprime if alI"’XI'a =(0) impliesa=0
Jorall xeX .
X is called a 2-torsion free if 2x=0 implies x=0 for all x eX [4].
Let X be a 2-torsion free semiprime I'M- module X and suppose that a, b € I'M- module X if
aI'’XT'b + bI'XT'a = 0 for all xeX , thenal’XI'b =bI'XT'a =0.
Let M be I'-ring , a mapping *: M—— X is called an involution if forall a, be Mand o e I
(i) a**=a.
(ii) (@a+b)*=a*+b*
(iii) (aob)* = b*o a*, [5].
Let 6 be an additive mapping of a ring R into a ring R', 6 is called a homomorphism if 6(a b) = 6(a) 6(b).
And 6 is called a Jordan homomorphism if for all a, b € R
O6(ab+ba)=0(a)06(b) +06(b) 6(a) foralla,beR,[2].
Let 6 be an additive mapping of a I'-ring M into a I"-ring M', 0 is called homomorphism if
0(aab) = 06(a)ab(b) ,foralla,b e Mand o e T". [1].
Let 6 be an additive mapping of I'-ring M into a I'-ring M', 0 is called Jordan homomorphism if
0(aab + baa) = 6(a)ab(b) + 6(b)ab(a) , foralla,b e Mand o € T. [7].
Let 6 be an additive mapping of a ring R into a ring R' and o, t be two endomorphism of R. 6 is called
(o,7)-homomorphism if
0(ab) = 0(c(a)) 6(z(b)) , for all a,beR .
And 0 is called Jordan (o,t)-homomorphism if
0(ab + ba) = 0(c(a)) 6(z(b)) + 6(s(b)) 6(x(a)) , forall a, b eR, [3].
Let 6 be an additive mapping of a I'-ring M into a I"-ring M' and o, t be two endomorphism of M . 0 is called
(o,7)-homomorphism if
0(aab) = 0(c(a))ab(t(b)) , foralla,b e Manda. e T.
And 6 is called Jordan (o,t)-homomorphism if
O(aab + baa) = 6(c(a))ab(t(b)) + 6(c(b))ab(t(a)) , foralla,b e Manda e T, [3] .
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Now, in this paper presented the definitions of (o,t)-higher homomorphism, Jordan (o,t)-higher
homomorphism , Jordan triple (o,t)-higher homomorphism on a left I'M-module and prove that every Jordan
(o,7)-higher homomorphism from a I'-ring M into2-torsion free M - module X , such that aabpc = aBbac, for

iz

ala,b,ceMand a, p eT,o' =o',z =7', o'z’ =o'z""and &' 7' =z'c" then 0 is a Jordan
triple (c,t) -higher homomaorphism.

I1. Jordan (o,t)-Higher Homomorphism of I'M - Module
Definition (2.1): Let © = (¢;)icn be a family of additive mappings of a I'-ring M into a left 'M- module X and
o,t be two endomorphisms of M. 6 is called a (o,7)-higher homomorphism if

& @ab) = > b (o' @)ad, (7' b))

foralla,beM,aeTandne N.
Example (2.2): Let 6 = (6)icn be a (o,7)-higher homomorphism of a ring R into a ring R

Let M=Mp(R)and T = {(nj, ne Z} .Then M is a I'-ring.
0

Let ¢ = (¢y)ien be a family of additive mappings from I'-ring M into a left I'M - module X defined by:
d((@ b)) =(6n(@)  On(b)) forall(a b)e M.

Let o1+ Z1 be two endomorphisms of M, such that

ol (@ b)=(c"@ o'®) (@ b)=("() ().

Then ¢y, is a (o,7)-higher homomorphism.

Definition (2.3): Let 6 = (¢;)in be a family of additive mappings of a I'-ring M into a left 'M - module X and
o,t be two endomorphisms of a I'-ring M. 0 is called Jordan (o,t)-higher homomorphism if

& @ab +b aa) = 3 ¢ (o @Nad,(z' BN + > ¢, (o' B Nad, (' (@)

foralla,beM,aecTandforne N .

Remark(2.4): Clearly every (o,t)-higher homomorphism is Jordan (o,t)-higher homomorphism but the
converse is not true in general , as shown by the following example .

Example (2.5): Let S be any I"-ring with nontrivial involution * and T be the set of all integer numbers.
Let M =S ® S, such that a € Z(S), s, a as, =0, s; # S, and a’=a, foralls;, s, e S.

Let 6 = (¢;)ien be a family of additive mappings of a I'-ring M into a left I'M - module X defined by:

(2—nN)aos,(n—Dt*) ,n=1,2

(s 1) = { o) ,n=>3
for all (s,t) € M.

Let ", t" be two endomorphisms of M, such that "((s,t)) = (ns,t), t"((s,t)) = (n%s,t). Then @ is Jordan
(o,7)-higher homomorphism but not (c,t)-higher homomorphism.

Definition (2.6): Let © = (¢;)icn be a family of additive mappings of a I'-ring M into a left 'M - module X and
o,t be two endomorphisms of M. 6 is called a Jordan triple (o,t)-higher homomorphism if

¢, (aobpa) = Z b (o' @Had, (o' (BN LB i (7' (@)
foralla,be M, el"andn e N

Definition (2.7): Let 6 = (¢y)icn be a family of additive mappings of a I'-ring M into a left 'M - module X and
o,t be two endomorphisms of M .0 is called a (o,t)-higher anti homomorphism if
¢, (@aab) =>" & (' (byad;(z' (@)
i=1

foralla,beM,aeTandne N.
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Lemma (2.8): Let 6 = (¢y)icn be a Jordan triple (o,7)-higher homomorphism of a I'-ring M into a left

I'M - module X, then forall a,b,c € M, a,p e T'andn € N
() ifc =o', 7" =7, o'c' =o'c"" and 6't' = 7'’

d@abgaramman)d = 3 b (o @), (e B S (' (@) +
S (ot @) S, (o B, (2 (@)

W) ¢, @abpe reabpa) =3 ¢ (o' @)ab (o7 G) S, (< @) +
S (et @Ded (o7 0 5 4, (7 (@)

(iii) In particular, if M is commutative and I'M - module X is a 2-torsion free , then

B, @abBE) = > ¢, (o (@) o, (o' =" 0B b (7' (©))
(V) ¢, (@aabac +caboaa)y = S (o @), (o' O Nod, (1 @) +
Z‘, $ (o ©oud, (7" BN, (= (@)

Proof:
(i) Replace apb +bpa for b in Definition (2.3) , we get :
d (@ oasb +bga) +(@pb +b pgaraad = > ¢, (o @Dad, (' (@fb +b Fa) +

S b (o' @b b gAY ad, (' @)
=3 (o @b (' @) ST (b)) 4 7 ) S a) -
g $ (' (@) B (b) + o' (b) B (@) ad, (' (@)
" E e (a))a[éq”' (oI} @IBH (Y ©) + Sy (ol B DB (e (a))j -
S ( X die’ @B ®) + S bio GBI (a))jaq,ifi @
= 32 (o @Dt (o7 @D B (T (B2 + o (o @Dt (' 0D F by (2 @
EZ:‘ b (o @IBd; (7' (PN ad, (' (a)) + EZL‘,d)i (T BB (o' (@ ad,(z (@)
Since " =o', 7" =7, o7 =" and o' 1 = 1o
_ z &, (o @) ad, (" @) L d,(z' (b)) + Z: . (o (ryarch, (o 27 (B 39 (' (D) +
Z: & (' @)D B b (" (BN ad, (' (a) + Z: P (' (BN B b (o' " (@ad; (z' (a)
(1)
On the other hand:

b, (@a@pb+bpa)+@Lb +b La)oa) =¢,(acafb +aacb fa +afb oaa +b faoa)
— > b (e @Dad (T @DF G (B + D B GNS G @D, (7 (ad)) +
b, @abpa + affb oa) (2D
Comparing (1) and (2), we get:
d(aab ga+afbaa) — le P, (o (@) ard, (7" 0 B P, (' (@) +
S b @A d (T ODod (' (@)
(ii) Replace a + ¢ for a in Definition (2.6) , we get :
o ((@a+c)abp@+c)) =D P (o' @+cHap,('z" BN LSO (z'(@a+cH
i=1

= > d (o' @) + o @b (T BN (2 @)+ ©)
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= > 0@ @) ah (G BNBAE @D+ D hi(e @) a b (T BNBR( @) +

S B @) ad (ST ENBOE @) + S b (5 © ) o (T BN B )

(1)
On the other hand :
dn((@+c)abP(a+c)) = py(acbpa+ acbpc + cabpa + cabpc)
= Z b (' @) ad, (2" T ONL b (' (a) + Z b (o @Nax b (52" (B B (71 (e ) +
b, (@aobpfc +~cobpfa) (2
Comparing (1) and (2), we get:
dh(@abge +cabFa) = > ¢, (o @)oad (2" ON L (2 ©) +
> di(e ©ad (T BN S b (@)
(iif) By (ii) and since M be a commutative and I'M - module X is a 2-torsion free
¢ (@ab Bct+aab Bc)=2d¢ (aab Bc) :Z b, (' @)od (5’2" (BNB P (' (©))
(iv) Replace B for o in (ii), we get:
¢, @abac +cabaa) = > ¢, (o @)ad, (7" 0o d, (7' (€)) +
i=1

> di(e @)od (o' B (2 (@)

Definition (2.9): Let 6 = (¢y)icn be a Jordan (o,t)-higher homomorphism from a T'-ring M into a left
I'M - module X, then forall a, b € M, a € T'and n € N, we define

G,@.b), =¢,(@acb) — Zj: ¢, (o' @) od; (7' ()

Lemma (2.10): Let 6 = (¢;)ien be a Jordan (o,t)-higher homomorphism from a T'-ring M into a left 'M - module
X ,thenforalla,b,ce M, o, eTandn e N:

(i) Gn(a,b)o = — Gn(b,a),

(i)Gn(a + b,c), = Gn(a,c)o + Gn(b,C),

(iii)Gn(a,b + €)o = Gn(@,b)a + Gn(a,C)u

(iV)Gn(a,b)o+ p = Gn(a,b), + Ga(a,b)p

Proof:
(i) By Definition (2.3)

dy (@ab +b o@) = 3 b, (o @Nad, (2 (0 + > by (o e, (' @)
dn(acb) — Zil: ¢; (o' (@) ad; (' (b)) =~ (¢n(bad) - .Z:‘ (o' (©)) ad,(z'(@)))
Ga(ah)e = — Gu(b,a)e
() <. a+b.c), —d (a+bloc) — Z P, (' (@ +b Yo, (7' (€))
— ¢y (@oc +boc) — g &, (o @) ord, (' (€)) — g b, (o (0o, (7' (€))

= d(@oe) = 3 dy (e @) (7 @) + dy Boe) — 37 4 (o (0o, (7' (©))
= Gn(a,C)q + Gn(b,C)y
(1) o @b rcr. = d@a® +63) — 3= b (o @b (' (b +S

" hofeabrace)” Z b (' @) ad(z'(0)) Z ¢ (o' (@) oy (z'(©))
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= dn(ah) = 3" (0" (@) 0y (70 ) 0 (BE) - 3" (0" @) 0 (7' e)

= Gn(a,b)s + Go(@,C)a .
V) G.@ )y =@l +PID) = di (o @) (e + B (' (B))

—d@ab) — > b, (7 @), (7 B + B, @BD) — > b, (o @)IBb, (7' (0I)
= Gy(ab), + Gy(ab)y

Remark (2.11): Note that 6 = (¢;)ien IS @ (o,7)-higher homomorphism from a I'-ring M into a left T'M - module
X ifand only if Gy(a,b), =0foralla,b e Moo €T" andn € N.

Lemma (2.12):2Let 0 = (¢1)icn be a Jordan (o,t)-higher homomorphism of a I'-ring M into a left 'M - module X
,suchthat " =o", z"c" =o" ,o'c" ' =7'c’ =g t*=1and &' ' =7 forallieN,
then foralla,b,me M, a,peTandn e N

(i) Gn(a"@), " O . Bh("(MNHBG, ("), " (@), +

G,.(c"(),c" @) .Bh (" (M)HBG,(z"(@),z" (b)), =0
(i) Gn(a"@), "), oh (" (M))aG,(z" (), z" (@), +

G,.(c"(b),c" @), ah (" (M)NaG,(z"(a),z" (b)), =0
(iiiy Gn(a"(@),c"®))sod, (" (M)aG, (z"(b),z" (@) +

G,.(c"®),c"@)oad, ("(MNaG, (z"(@),z"(0)); =0
Proof:
(i) We prove by using the induction, ifn=1
Let w = acbpmpBbaa + baafmpaab, since 0 is a Jordan (o,t)-homomorphism
0(w) = 0(ac(bpmpb)aa + ba(apmpa)ab)
= 0(c(a))ab(oct(bpmpPb))ab(t(a)) + 6(c(b))ab(ct(apmpa))ad(t(b))
= 6(c(a))ab(c(ot(b)))BO(ot(c(M)))BO(t(cT(b)))ab(t(a)) +
0(c(b))ab(c(ot(a)))BO(ot(ct(M)))BO(t(ct(2)))ab(t(b)) (D

On the other hand
o(w) = 0((acb)pmp(baa) + (baa)BmpP(ach))
= 0(c(aab))pO(ot(m))BO(t(baa)) + 6(c(baa))po(ct(m))BO(t(aab))
= 0(c(acb))BO(ct(M))B(8(ct(a))ad(t’(b)) + O(ct(b))ad(t*(d)) -
8(t(aab))) + (- 68(c(aab)) + 6(c*(a))ad(to(b)) +6(c*(b))a
0(to(a)))BO(ct(m))pO(t(acb))
= -0(c(aab))BO(ct(m))B(O(x(ach)) — 6(c(a))ad(r*(h))) -
6(c(aab))BO(ot(m))B(6(x(aab)) — 6(ct(b))ab(*(a))) +
9((52(a))aG(tc(b))BO(ct(m))BG(t(aocb))+9(62(b))0c9(rc(a))BG(Gr(m))Be(r(aab)) ...(2)

Compare (1), (2) and since ot = 1o

0 =—6(c(aab))BO(ot(m))BG(t(@),1(b)).— B(c(acbh))BO(ot(m))BG(t(b).7())u+
0(c*(2))aB(to(0))B6(c(M))BO(t(ach))+6(c’(b))ob(xa(@))BO(cT(m))B
0(x(aab)) - 0(c())ab(c*t(b))BO(c 1 (M))BO(o*(b))b(x(2)) -
0(c(0))a0(c"1(2))p6(c*t*(M))p6(c7*(a)) ab(t(b))

Sinces’=c and =1

0 = - 0(c(aab))pO(ct(M))BG((a),7(b)) O(c(acb))BO(ct(m))BG(t(b),t(a))u+
0(c(a))a0(ra(b))BO(ct(M))BO(t(acb)) + 0(c(b))ad(rs(a))BO(ct(M))B
0(r(aab)) - 6(c(a))ab(rc(0))BO(ct(M))BO(c1(b))0b(t(a)) —
0(c(b))ad(rs(a))BO(ct(M))BO(ct(a))ad(t(b))

0 = - 6(c(acb))B6(ct(M))BG(x(a),t(b))e— O(c(aab))BO(ct(M))BG(t(b),t(a))o*
0(c(a))a0(ra(b))BO(ct(M))B(0(r(acb)) — 6(ct(b))ab(1(a))) +
0(c(b))ad(rs(a))BO(ct(M))B(O(r(acb)) —6(c(a))ab(t(b)))

0 = - 6(c(acb))B6(ct(M))BG(x(a),t(b))e— O(c(aab))BO(ct(M))BG(t(b),t(a))o*
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0(c(a))a0(ra(b))BO(ct(M))BG((b),1(a))« + 0(c(0))ab(ro(a))B
0(ct(m))BG(x(@),t(b))
0 = - (6(c(aab)) — 0(c(b))ad(rc(a)))BO(cT(M))BG(t(a), t(h))e —
(6(c(aab)) — 8(c(a))od(ra(h)))BO(cT(M))BG(t(b),7(a)).
Thus, we have:
G(5(a),0(b))«BO(ct(M))BG(t(b),t(a))ot G(o(b),5(a))B6(cT(M))BG(2(a),t(D)).=0
Now, we can assume that:
G, (@), o)) Bh(cC(MNBG, (= (). z° (@), +
G, (o), 7@, Bh(cC(M)HBG, (z°(a),z° (b)), =0
foralla,b,me M,ands,ne N,s<n.
Let w=aabpmpbaa+boaaBmpachb
Since 0 is a Jordan (o,t)-higher homomorphism , then
dn(W) = dn(ac(bpmpb)aa + bo(apmpa)ab)
= Z b, (o (@M ad, (c'z" T (bBMPBb ) ad, (z' (a)) +

S di (o N, (o7 @pmBa)ad, (' ()
=3 (o (a))a(jz;l"’l (o) (" B IBd, (e (e I ()P, (7 (2" (b )))]ad’i (@
PIENELC ))a[g"% (ol (2" @DBd, (7" (ol (NP (71 (o z" (a)))ja(b‘ e
=3 (o @), (o (o' @IMNPd (T (o T mINP (' (o1 @I, (7 (@) +
S (o Bad (o (o7 @B, (o 7 (o' 7 (mNBa, (2 (o' e @), (2 ()
=3 4 (e @D, (o (12" B, (o' 27 (o DB (e ey (e @) +
S° 4, (o @Nad, (o' (o727 @B, (o e (o' (m)))BJZ;‘.‘*’i e ENah 1B
0 (o (o (e (o (B 2y (e (e (m)))Bé% (! (o 'z" N HYad; (@) +
S i @), (o (o1 BB (o (o T IB S (! (e B e (@) +
B, (" (0N exdh, (" (5" EINPBeh, (" (" (INB S (o (e @ eucby (= B+

S b @ ONad (o (T @B (e (e e NP (2 (e @) ad (21 (B ))

(D

On the other hand:
dn(W) = ¢n((acb)BmpB(baa) + (baa)Bmp(acb))

= i ¢, (o' (@ ab)NB; (2" (M)PBd; (7' (b aa)) + i ¢, (' (b aa))NBo; (a'z" " (m)Pd; (7' (@ ab))

= il & (o' (@ abNBP, (o' (m))B(jIZl%(o-"r"(a)) ad (e )+ ,-lzlq)"(o_jrj(b)) o 4y (=¥ (@) ]7¢I(Ti(a b))+

Z[ > dy(oF @) ady ('t b)) + S b (o (b)) ad (i@ — jcbi (o' @ ab NP, (o' (MNP, (' (@ ab))
= ="

= Z &, (& (@ abPb, (' (nn))BJ'Zl¢j(crjrj(a>) o b (2 )+ Z &, (& (@ abNBb, (=" (MNP

§¢j (eizi B o by (=5 @» ,Z b (' (@ ab NP, (=" MMPb, (7' (@ b)) + Z b (@) o b, (7 BB
b (' (MNP, (2 @ @b + 3 (e B, (' @OBP, (e (mMP b, (' (@ b))
72 b (' (@ abNB b, (=" (MMBb, (7' (@ ab )

— =3 (o (@ e b )Bd, (o 7 (MNP, (7 (A a b)) — §¢j<ajrj<a)) o b, (=¥ (B —
> 4o’ @ab B, (o' (M)P, ('@ b)) - §¢j(airi<b » by (¥ @D 3 b @) by (' 0))
B (o' " (m)BP; (7' (aab)) +iZil: &, (" (b)) a b (e (@)IBd, (o2 (MNP, (' (@ ab))

=—¢, (" @ ab)Bd, (" (mNPG, (z"(@),z" (), — i ¢, (c'(@abNBd (o' (MNBG, (7' (@), 7' (b)), —
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(" @ ab DB, (5" (MIPG, (" (), 7" @), — 3 (" @ xb VB, ('z"  MPBG, (7' @), 7' B, +
0(" @) @ dy ("o GNP, (" MNP, (" @ab) + 3 ¢,(o" (@) o b, (' BN (o'z™ (m)Po, (7' @ b)) +
(" (B 0, (2" " @I, (" (MNP, (" @ abN + 3 di(o” B by (7'e @B o'z (MNPay (' @ b)) .. (2)
Compare (1), (2) andsince " =", """ =" , o'z =75, 6T =T o
O=—d, (" (@ b )PP, (=" (MNBG (7" (@), 7" B, — ¢, (5" (@ abNB, (5" (MNBG,(z"(B). 7" (@), +
By (5" (@) @, (" B NPy, (" (MNP, (27(@ b)) — S b, (7' (2" (BN e by (7' @) +

b, (")) a ¢, (" (@NBY, (" (M)PD, (z"(@aab)) — Z:,cbi ' ('@ a P (I —
S di(e' @ b )PP, (o e (mMNBG, (' (@) 7 0, — S b (o' @ ab DB (' (mMP
G (z' (). 7 (@), + "Zl b (o @) a b (i B NBP (7" (MmMB(P (' (@ ab)) —
J_Z;llda- (' (2" (1)) o Pz’ @) + 2 b ("B o b (7' (@IBD, (" (mMB

(b, (' @ ab)) — S ¢,z (oI @) o by () (b))
=1

O0=—d, (" (@ab)Bd, (" (MmHBG,(z"(@).z" (), — ¢, (" (@abNBP, (" (mYBG (" (b).z" (@), +
¢, (" (@) ad, (" ONBG, (" (MHBG, (7" (b).z" (@), +

¢, (")) ad, (" @B, (" (MmHBG,(z" (@), z" D), —
> b (o' @ ab B (o' mMBG, (7' (@), 7' (BN, —
E b, (" @ab)Bh ¢ (a'ZIM)P G (M), 7' @D, +

n—1 N N N N N N N
> b (' (@) o (7 PIBD (2" (MmIIBG; (). @), +
i=1

S (o B o b (o @OBG, (" MOBG, (7 (@), 7 B,
0=—G,(c"(®), " (@).Bd, (" (MNBG (" (@).7" (b)), —

G, (" (@), " (0. B, (" (MNBG,, (=" (B). =" (@), —

S G ®).o' @).Bd, (o' mMBG, (' @) 7 b)), —

n—1 . N N . N :
2 Gi(c'(@), o' (0. Bd (o'z" (mNPG, (' (b). 7' (@),
0 = —(G, (" (). " (@), B, (" MMBG (" (@) 2" (b)), +
G, (" (@), " (0, Beb, (" (MMPG,, (" (0. 7" (@), —
(3 G e ®).ot @B (" mOBG, (' (@). 7' (B, +

S G @, . B (o MMBG, (BT @)

By our hypothesis, we have:

G,(a"(@),a" ) .Bh (" (M)OBG,(z" ). z" (@), +

G,(c"®),c"@).Bh (" (MNHBG, (" (@), z" (b)), =0

(if) Replace B by o in (i) proceeding in the same way as in the proof of (i) by the similar arguments, we get
(ii).

(iii) Interchanging o and B in (i), we get (iii).

Lemma (2.13): Let 6 = (¢;)icn be a Jordan (o,1)-higher homomorphism of a I'-ring M into a 2- torsion free
prime left ’'M - module X , then forall a,b,m e M, a, Bel'and ne N

() G.(c"@),c"©)).Bdh (" (M)HBG,(z"(b),z" (@), =
G,(c"®),c" @), Bdh (" (M)HBG, (" (@), " (©)), =0
(i) G,(c"@),c" ), ad, (" (MNaG, ("), " @), =
G, ("), cg"@) o, (" (MNaG, (z"@),z"d)), =0
(i) G, (c"(@),c"®))s0d, (" (M)aG, (" (b),z" (@), =
G,(c" (), c" @) adh, (c"(M)aG,(z"(@),z" (b)), =0
Proof:
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(i) ByLemma (2.12) (i), we have:
G.("@), "N . Bh (" (MNBG,(z" ), z" (@), +
G,(c"®), " (@), .Bh (c"(MIBG,(z"(@),.z" (b)), =0
And by Lemma ( Let X be a 2-torsion free semiprime left 'M- module X and suppose that a, b € I'M- module
X ifaI'’XI'b + bI'’XI'a = 0 for all xe X , then aI'’XI'b =bI'’XT'a = 0), we get:
G,.(o"(@), ") . Bh (" (M)HPG,(z" b)), z" (@), =
G,(c"b).c"@).Bh (a"(M)HBG, (" (@), z" (b)), =0
(if) Replace B for a in (i), we get (ii).
(iii) Interchanging o and B in (i), we get (iii).

Theorem (2.14): Let 6 = (¢;)in be a Jordan (o,t)-higher homomorphism of a I'-ring M into a prime left
I'M - module X, then forall a,b,c,d,m e M, o, BeI"'andn e N

() G,(c"@),5"©),Bd (" (M)BG,(z"(d),z"()), =0

(i) G,(c"@),c"®)), o, (" (MNaG,(z"d).z"(c)), =0

(i) G, (o"@).c" O, ad, (" (MNaG,(z"(d),z"(c)), =0

Proof:

(i) Replacing a+c for a in Lemma (2.13) (i), we get:

G, (cg"(@a+c),ag"®) By, ("(MHBG, (z"ML),z"(a+c)), =0
G,(c"(@),c5" 1)), B, (c"(M)HBG,(z"(0),z" (@), +
G,(c"(@),5" ), B, (" (M)HBG,(z"(b),z"(C)),, +
G,(c"(€),c" ), B, (" (MNHBG,(z" (), z" (@), +

G,(c"(€),c" ), Bdh, (" (MHBG, (" (), z"(c)), =0

By Lemma (2.13)(i), we get:

G, (" @), 5" ), B (" (M)HBG,(z" (), z"(€)),, +

G, ("), o" ), B, (" (M)HBG,(z" (), " (@), =0

Therefore, we get:

G, (" @), 5" 1)), Bdh (" (MNHBG, (z" 1), z" (€, B, (" (M)

G, (" (@), 5" (), Bdh (" (MIBG, (=" (b),z"(c)), =0
=—G,(c"(@),5"©)),.Bd, (" (MIBG, (" (), 7" (€)), B, (" (M)

G, ("), o" 1)), Bdh (" (MHBG, (" (b),z"(a)), =0

Hence, by the primness of left T'M - module X :

G, (" (@),5" ), B, (" (M)HBG, (z" (). z"(c)), =0 --(1)
Now, replacing b +d for b in Lemma (2.13) (i), we get:

G,(c"@),c" (b +d)) B (" (MHBG, (" (b +d),z" (@), =0
G,(c"@),c" 1)), B, (c"(M)HBG,(z"(0),z" (@), +

G,(c"(@),5" ), B, (c"(M)HBG,(z"(),z" (@), +
G,(c"(@),5"(d)), B, (" (M)HBG,(z"(b),z" (@), +
G,(c"(@),5"(d)), B, (" (M)HBG,(z"(d),z" (@), =0

By Lemma (2.13)(i), we get:

G, (" (@), 5" ), Bdh (" (MIBG, ("), z" (@), +

G, (" (@), " (d ), Bdh (" (MHBG, (" (), z" (@), =0

Therefore, we get:

G, (c"(@),5"(©)).Bdh (" (MIBG, (z"(d),z" (@), B, (" (M)
G,(c"(@),5" ), Bdh (" (MHBG, (" (d),z"(a)), =0
=—G,(c"(@),5"©),.Bd (" (MNYBG,(z"(d), 7" (@), B, (" (M)B

G, (c"(@),5" (), B (" (MNHBG, (" (b),z"(a)), =0

Since left TM - module X is prime , then :

G, (" @), 5" O, Bdh (" (MNBG, ("), z" (@), =0 (2

Thus, Gn (" (@), 5" ©)),Bd, (" (MHBG, (" (b +d),z"(a+c)), =0
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G,(c"(@),c"0). B, (" (M)OBG,(z"(b).z" (@), +
G,(c"(@),c"0). B, (a"(M)HBG,(z"(B).z"(€)), +
G,.(c"(@),c"0) B, (c"(MHPG, ("), " (@), +
G,(c"(@),c"0). B, (" (M)HPBG,(z"(d),z"(c)), =0

By (1), (2) and Lemma (2.13)(i), we get:

G,(c"(@),a"0).Bh (" (M)YBG,(z"(d).z"(c)), =0

(if) Replace B for a in (i), we get (ii).

(iii) Replacing o + B for o in (ii), we get:

G,(c"(@).,c"0)) . sod, (" (M)aG, (z"(d),z"(C)) .,z =0
G,(c"(@),c"O)), od, (a"(M)NaG, (z"(d),z"(€)), +
G,.(c"@).,c" ), op, ("(M)aG, (z"d).z"(€c)); +
G,(c"(@),c"O))od, (a"(M))aG, (z"(d),z"(c)), +
G,.(c"@),c"M)od, (c"(M)H)aG, (z"(d),z"(c)); =0

By (i) and (ii), we get:

G,(c"(@),c"®)), od, (" (M)aG,(z"(d),z"(c)); +
G,(c"@),c"©®)zod, ("(M)aG,(z"(d),z"(c)), =0

Therefore, we have:

G,.(c"(@).,c" ), op, ("(M)NaG, (z"(d),z" () od, (" (M)
G,(c"(@).o"®)), od, ("(M))aG, (z"(d),z"(c)); =0

=~ Gn(c"(a),6"(b))o0dn(0"(M))aGn(z"(d),7"(C))pordn(c"(M)) et

Gn(c"(a),0"(b))soupn(c"(M))aGr(7"(d),7'(C))s = 0
Since left TM - module X is prime, then:
G.(o"@), ") . odb, ("(M)NaG,(z"(d).z"(€)); =0

I11. The Main Result
Theorem(3.1): Every Jordan (o,t)-higher homomorphism from a I'-ring M into a prime left 'M - module X is

either (o,t)-higher homomorphism or (o,t)-higher anti homomorphism.

Proof: Let 6 = (¢;)ien be a Jordan (o,1)-higher homomorphism of a T'-ring M into a prime left 'M - module X,
then by Lemma (2.14)(i):

G,(c"@), ") .Bh ("(M)HBG,.(z"),z"(c)), =0
Since left 'M - module X is prime , therefore either G (" (@), " (), =0 or

G,.(z"(d),z"(€)), =0 foralla,b,c,d e M,a,elandn e N.
If G.(z"(d),z"(€)), *0 forallc,d e M, ael andn e N then
G,(c"(@),5"®)), =0, foralla,b e M, acl"and n € N, hence, we get

0 is a (o,t)-higher homomorphism .
Butif G, (z"(d),z"(c)),. =0 forallc,d € M, acl"and n € N ,then

0 is a (o,7)-higher anti homomorphism.

Proposition (3.2): Let 6 = (¢;)in be a Jordan (o,t)-higher homomorphism from a I"-ring M into
a 2-torsion free left 'M - module X, such that acbfc = apbac, for all a, b, c € M and

apelroc =o',z =7, o'z =c'c"" and o' ' =7z'c" | then 0 is a Jordan triple
(o,7) -higher homomorphism.

Proof: Replace b by aBb + bpa in Definition (2.3) , we get :
¢, (@aa@pBb +bpa) +@Bb +bpa)aa)

=3 ¢ (o' @)ad, (7' @Bb +bpa + > ¢, (o @pb +bpayad, (z' @)
— > b (e @Dad, (7' @B B+ ' BIB @) +

> b @B B) + o' GBS @)ad (@)
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-3 (' @a 12;14% (I @OBd (7 (b)) + JZ;:% (71 VP, (e (a))j -
2 [g b (o @B (I ()) + g b (T ONBP (i (@) |ad, 7' @)
— Z‘, &, (o (@) ad, (7' (@B, (=7 (b)) + iz;‘,cbi (o' (@)ad, (7 B NPP, (= (@) +
Z &, (o @IBP, (' (B, (' (@)) + 2@ (o (BB, (o' @Dad, (' (@))
Sin(;gx isleftTM - module, &° = &', 7 = 7', lo:iri —or"ando'r =7, we get
=3 ¢y (e @)ad (' 7 @B (' ) + 2> i (o @), (' NP, (7' @) +

i ¢, (' NP, (c'z" " (@) ad; (7' (@) --- (D

On the other hand:

on (ac(apb + bpa) +(apb + bpa)aa) = ¢, (acapb + acbpa+ apbaa + bpaca)
Since aabpc = aBbac, foralla,b,ce Mand o, € T

= ¢, (acapb +bpaca) +2¢h, (aabpa)

= Zj‘, b (o' (@) ad, (a'z" @B (' (b)) + Zj‘, b (o' ONPP; ('z" " (@)Had; (7' (@) +

2¢,(a abpa) (2
Compare (1) and (2), we get:

2¢n(acbpa) = 2; ¢i(c'@)) o ¢i(s" <" (b)) B di(<'(@)) -
Since X is a 2-torsion free left I'M - module , we obtain that 6 is a Jordan triple (o,t)-higher homomorphism .
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