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I.  Introduction

Fixed point has drawn the attentions of the authors working in non-linear analysis, the study of non-expansive
mapping and the existence of fixed point. The non-expansive mappings include contraction as well as
contractive mappings. Browder [1] was the first mathematician to study non-expansive mappings; he applied
these results for proving the existence of solutions of certain integral equations. Browder [1], Gohde [3] and
Kirk [11] have independently proved a fixed point theorem for non-expansive mappings defined on a closed
bounded and convex subset of a uniformly convex Banach space and in the spaces with richer generalizations of
non-expansive mappings, prominent being Datson [12], Emmanuele [2], Goebel [4], Goebel and Zlotkienwicz
[5], Iseki [6], Sharma & Rajput [9], Singh and Chatterjee [8]. They have derived valuable results with non-
contraction mapping in Banach space. It is well known that a Banach space is a linear space which is also in a
special way a complete metric space. The combination of algebraic and metric structures opens up the
possibility of studying linear transformation of one Banach space into another which has the additional property
of being continuous. A normed linear space is a linear space N in which to each vector z, there corresponds a
real number denoted by ||x|| and called the norm of x in such a manner that
M |Ixll =0and x| =0 x=0
(i) [Ix + yll < [l + llyll
(iii) llax|l| = |af[Ix|l B is real

The non negative real number ||x|| is to be thought of as the length of vector x. If we regard ||x|| as a
real function defined on N. It is easy to verify that the normed function is called norm on N. It is easy to verify
that the normed linear space N is a metric space w.r.to the metric d defined by d(x, y) =[x —y|| . A Banach
space is a complete normed linear space. Let X be a Banach space on the complex field numbers E, and E be a
non empty convex subset of X. A map T : C— C is said to be an mean nonexpansive mapping. A mapping T on
a subset E of a Banach space X is called a nonexpansive mapping if ||Tx — Ty|| < x —y forall x, y € E.

Our object in this chapter is to prove some fixed and common fixed point theorems in non-expansive
and existence mappings using Banach space.
Definition: Let K be a nonempty subset of a real normed space E. Let T be a self-mapping of K. Then T is said
to be non expansive if | Tx — Ty|| < [|x — y| forall x,y € K.

Il.  Main Result
Theorem 2.1: Let T be a mapping of a Banach spaces into itself. If T satisfies the following conditions:
1. T? =1, where | is identity mapping.
2.

ITx — Tyll = o

llx — TxI|*[ly — Tyll + [lx — Tx|||ly — XIIZ] lIx — Tx||?[Ix — Tyll + lly — xlI*|lx — TXII]
2||x — Tx|||ly — Tyll lIx — Tx|llly — Tyll + |lx — Tx|[{ly — x|
x — Tx|| + —-T x — Ty|| + —Tx
N Y[II I+ lly yll] b5 [II yll + lly I .

lIx
. . -yl +a[
For every x # y and 200 + 4 + 8y + 85 + 4n + 16£ > 8.Then T has a unique fixed point in X

Proof : Suppose x is any point in Banach space. Takingy = % (T+Dx, z=T(y), v=2y-z wehave
iz = x|l = ITy — Tl = [Ty — T(Tx)||

TXIIIIy Tyll]
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lz—x|| = a
2|ly = TylllITx — T(Tx)||

5 [Ily = Tyll2lly = T(T®)Il + ITx = ylI*lly — Tyll [Ily = Tyll + [ITx — T(Tx) |
lly = TylllITx — T(T)|l + lly — TylllITx — yl| 2
5 Ily T(TX)I|2+ ITx — Tyl| +ally — x| +§[Ily T}|,||3|,”_T)'(rx||T(TX)”]
lly — Tyll*[ITx — x|l + |ly — TylllITx — yllz] B [Ily = Tyll*lly — xIl + [ITx = ylI*|ly — Tyl
2|ly = Tyl[lITx — x| ly = TylllITx — x|l + [ly — Tyl|l[[ITx — yl|
IIy TyII + [ITx — x| lly = xIl + ITx = yll + |ly — Tyll
] ; a[ _

lly = TyllITx — T(T)Il + lly — TylllITx = yllz]

llz=xll = o

] +1lly — Tx]|

||y Tyll IITX — x|
lly — x|l

1 2
lly = Tyl IITx = xll + lly = Tyll | Tx = 5 (T + Dx||
2ly = TylllITx — x|

lz—x%|| = o

[y =Tyl || 1+ Dx = ]+ = 0|ty =0

+p T
ly = TyllITs = xll + lly = Tyll || Tx = 5 (T + x|

= i xn] Vs IH 2T+ Dx—x] + ||TX; 2+ x| + lly -1y

lly — TylllITx — x|
|| %(T +Dx— TX”

1
+n E(T+I)X—TX||+<“;

1
lly = TylI?ITx — x|l + lly — Tyll 7 ITx — x|I?

llz— x|l = o
2[ly — TylllITx — x||
‘o [y - TyIIZZIITX—XII+4IITx—XII lly — Tyll [lly—TyI|+|ITx—x||
+y
|y - Ty||||Tx—x||+ ly = Tyll 2 ITx = x] 2
21T = xll + 5 [ITx — xl| + lly — Ty 1 — Tyl|||ITx — x
+5]2 2 _ s lhe= Tl 42 lly ' yllll I
5 lIx = Tx]|

) 1
lly = TyllTx — Il (lly = Tyll + 7 ITx — x|l
2|ly — TylllITx — x||

lz—x|| = a

1 1
lly = Tyl Tx = xll (3 lly = Tyl + 7 Ik = T<I)| [y = Tyl + 1T —
+p +v >

3
5 lly = TylllITx — x|
Tx—x|+|ly—T
+6[|I Il +lly = Tyll

> — Tx|| + 2&|ly — Tyl|

1z =1l = Ly = Tyl + 11T = xll 4 2y = Tyl + 2= xtl + ity = Tyl + L= xi + 21T =«
2 8 3 6 2 2 2

5 n
SNITy —yll +5 IITx — x|l + 2¢&|ly — Tyl|

2
llz —x|l = (+B+Y+ +2§)|Iy Ty||+( +B+Y+ + >||Tx—x|| (2.1)
~\2 3 2 8 6 2 2
v =xll = 2y ~z~xl = 25 T+ Dx Ty~ = rx—11
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lv=xll =z a

2|ly = Tyllllx — Tx]|

lly = Tyllllx = TxI| + [ly — Tyllllx =yl

[lly — TylllIx — TxIl + lly — Tyllllx — yllz] B[Ily = Tyll?lly — TxIl + llx = ylI?lly — Tyll]

ly — Tyl| IIX — Tx||

2

[Ily = Tyl + [Ix - TXII] [Ily — Tx|| + [Ix — Tyl|
Y +0

+nlly —xIl +
. ] nly =l + & | P

_ 1 2
ly = Tyll?llx = Txll + lly = Tyl [|x = 2 (T + Dx|

lv—xll =z a

2|ly — Tyllllx — Tx||

[y =Tyl [ 1+ D= ] + = e+ 0]ty = 1

+p 1
| lly = Tyllx = Tl + lly = Tyl [[x = 5 (T + Dx|
+Y‘||y_Ty||Z||X_TX|| s ”%(T+I)X—Tx”+||x;%(T+I)X||+||Y—Ty||
1 ly = Tyllllx — x|
+ E(T+1)x—x||+¢ ﬁ%(TiI;;_X"]

1
lly = Tyll*llx — TxIl + lly — Tyll 7 lIx — TxI|?

lv=xll =z a

2|ly — Tyllllx — Tx||

2
‘5 [ly - Tyl 2IIX—TXII+4IIX—TXII lly - TyII [Ily—TyII+|Ix—Txll
lly - Tyunx—Txu +lly = Tyl 3 llx = Tl 2
Pl Txll 4 lx = Txll + ly = Tyll] 1 — Tyllllx — Tx
+5]2 2 - g ITx—xl + 2 lly 1 yllll I
> IITx = x|

| 1
lly = Tylltix = Txll (lly = Tyll + 7 llx — TxIl)

lv—xll=a

2|ly — Tyllllx — Tx||

1 1
lly = Tyllllx = Txll (5 lly = Tyll + llx — Tl ) N [ R ]

3 2
5lly = TYI|||X — Tx||

+lly — TyII

[IIX — Tx|

2

> IITX — x|l + 2&|ly — Tyl

o § § Y Y 0
lv—x| = > lly — Tyll + g IIx — Tx|| + 3 lly — Tyll + 3 lIx — Tx|| + > lly — Tyll + > lIx — TxI| + 3 lIx — TxI|

5 n
= IITy -yl +5 |Ix — Tx|| + 2¢&|ly — Tyl|

||V—x||>(2+[33+;+ +2§)||y Ty||+(8+g+y+ + >||x—Tx|| 2.2)
Now, by (2.1) and (2.2), we get
Iz = vl = ||z _X”B+ IIX—VII 5
Y Y
— > — .
Iz v||_2(2+3+2+ +2<§)|Iy Ty||+2<8+6+2+2+ )||x || 2.3)
Also,
llz=vll = [ITy — 2y —2)|| = ITy — 2y + Tyll = 2 [|Ty — y|| (2.4)
Therefore by (2.3) and (2.4),we have
2||Ty—y||>2( Peryl +2§)||y Ty||+2( +B+Y+8+”)||X—Tx||
="\2 g 2 6 8 8 2 % 2
Y o Y n
— — —_— 34— — > —
2 |ITy =yl 2<2+3+2+2+2§>|Iy Ty||_2<8+6+2+2+2)||x Tx||

lly — Tyll
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[lx = Tx|| < m|ly — Ty|| As 200 + 4B + 8y + 85 + 4n + 16 > 8.

1-(3+5+5+5+%)

where m = « B 7 5 1 <1
(Br6+3+t2+2)
Let R = %(T+I) then for every x e X,
1 1 m
IR?x = Rl = IRCR) = Rxll = IRy = yll = || 5 €+ Dy = ]| = 5 lly = 1l < S l1x = =

By the definition of R we claim that {R" (x)} is a Cauchy sequence in X , {R" (x)} is converges to so element
Xo In X. So lim,_,{R™ (x)} = x¢ S0 {R(x¢)} = x¢. Hence T(x,) = xy. SO X, is a fixed point of T.
Uniqueness: If possible let y, # x, is another fixed point of T .Then

Ixo=yoll = [[Txo—Tysll

[l — TX0||2||Y0 = Tyoll + lIxo — Txolllyo — X0||2
>

L 2[|xo — Txollllyo — Tyoll

lIxo — TxolI?llxo — Tyoll + Ilyo — Xoll*lIxo — TXo”] [”Xo — Txoll + llyo — TYo”]
+B +y

| lIxo — Txollllyo — Tyoll + lIxo — Txollllyo — X0l 2

11X — Tyoll + llyo — Txoll Ixo — Txollllyo — Tysll
+39 +1llxo — yoll + &

2 lIxo — yoll

Putting T(xo) = x, and T(y,) = Yo.
lIxo — %o lI%llyo — yoll + lIxo — %0llllyo — %olI?
Ixo—yoll = a
2|[xo — %ollllyo — yoll
B[”Xo — xolI2l1%0 = yoll + llyo — xoll%llxo — Xo”] +y [”Xo —xoll + 1lyo — oll
%0 — %ollllyo — yoll + Ixo — Xollllyo — %ol 2
%o = yoll + llyo — Xoll

+ 8[ ] +1llxo — yoll +§[“XO —xollllyo — Yo||]

2 lIxo = yoll
[Ixo=voll = (& + n)lIxg—yoll Therefore, ||xo—yoll = 0. Which is contradiction, so x, =y,. Hence x, is a
unique fixed pointin T.

Theorem 2.2: Let T and G be two expansion mapping of a Banach spaces X into itself. If T and G satisfies the
following conditions:
1. T? =1 and G2 = I, where | is identity mapping.
2. T ad G commute.
3.
lIGx — TxlI*[IGy — Tyll + [|Gx — Tx]|l|Gy — Gx||?
2||Gx — Tx|llIGy — Tyll
B [IIGX — Tx||?||Gx — Tyl| + |IGy — Gx||*[|Gx — TXII] +y [IIGX — Tx|| + ||Gy — Tyl
lGx — Tx|l|Gy — Tyll + [IGx — Tx||[|Gy — Gx|| 2
llGx — Tyll + ||Gy — TxI| lIGx — TxI|[|Gy — Tyl
+9 +n||Gx — Gy|| +
[ 2 = O S e — Gy
For every x,yeX and o,B,v,8,n,& € [0,1] with x # y and ||Gx — Gy|| # 0 and & + n>1. Then there exists a
unique commo fixed point of T and G such that Tx, = x, and Gx, = X,.
Proof : Suppose that x is any point in Banach space X it is clear that (TG)? = I.
IT(G*x) — T(G*YI

ITx = Ty|| = o

> o JI6E@ — TEIPIGEy) = TG+ 16(6*) — TEWNIG(GY) - G(szmz]

| 2IG(G2x) — T(G20)[IG(G?y) — T(G2y)|l

o 1G(G*%) — T(GZO12IG(G*%) — T(G2Il + IIG(G%y) — G(GZ)I2]IG(G?x) — T(sz)u]
| 116(G%0 — TXIIIG(G2y) — T@W)II + IG(G2x) — T(GZOIMG(G?y) — GG
1G(G%%) — T(GZX) | + [IG(G?y) — T(G*Y)|

+v >
r 24 2 200 _ 2

4 5|16 1@y ; 1G(Gy) — T(G x)n] GG — GGl

i [11G(G2%) — T(G*X)IIG(G2y) — T(Gzy)||]
_ 1G(G2x) — G(GZy)|
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ITG(Gx) — TG(Gy) |l

=

[11Gx — TG(G)II*IGy — TG(Gy)Il + lIGx — TG(Gx)lllIGy — GXIIZ]

i 2||Gx = TG(Gx)[[/IGy — TG(Gy)l

[11Gx — TG(GX)II?IGx — TG(Gy) Il + |Gy — GxII*[IGx — TG(GX)II]

lIGx = TG(G)[I[|Gy — TG(Gy) || + [|Gx — TG(Gx)[|[|Gy — Gx||

[11Gx = TG(GX) | + 1IGy — TG(Gy)II] [IIGX — TG(Gy) Il + IIGy — TG(Gx)|
2 2

1Gx — TG(G Gy — TG(Gy)
+ 1||Gx — Gy|| + [
n ylil+< 1Gx — Gy

Taking Gx=p, Gy =qand TG = R, whrer p # q, we get

+B

+Y

IRp — Rall = o| P~ Rpll*llq — Rqll + |lp — Rpllllq — pllz] B[Illo — RplI®llp = Rqll + llg — pII*llp — Rpll
2|lp — Rpllllq — Rql| [lp — Rpllllg — Rqll + llp — Rpllllg — pll
llp — R1OII+|Iq Rql| IIp Rqll + |lq — Rpl|
[ ] > ]+n|lp—qll
||p RpIIIIq Rql|
llp — qll

It is clear by theorem (3.1) that R = TG has at least one fixed point say x, in K that is R(x) = TG(Xq) = Xq
andso T(TG) (x¢) = T(xg) or T?(Gxg) = T(x) Implies that G(x,) = T(xo).

Now || Txo—xoll = IITXO —T%%oll = |ITxo—T(Txo)l

- [”G(Xo) T(xp)II*1G(Txg) — T(Txo)Il + 1G(%0) — T(Xo)IIIG(Tx0) — G(xo)II*

2|1G(x0) = T(xo) I11G(Txo) = T(Txo)l
B[IIG(Xo) T(xo)lI?IG(x0) — T(Txo)l + 11G(Tx) — G(x0) I*1IG(x0) — T(Xo)”]

IG(x0) = T(xo)I1G(Txg) = T(Txp)Il + IG(%0) — T(xo)1G(Txp) — G(xo)l
. 1G(%0) — T(x0) Il + 1IG(Txp) — T(Txo)l 45 1G(x0) = T(Txo)Il + 1G(Txp) — T(xo)l

2 2
[”G(Xo) = T(x)IIG(Txg) — T(Txo)|
1G(xg) — G(Tx)|

+llG(x0) — G(Tx)| + &
Puttlng GXO = TXO,

IT(x0) = %ol 2 a[

IT(x0) — T(xo)II*l1X0 — Xoll + IT(x0) — T(xo)lllIx — T(x0)||2]
2|IT(xo) — T(xo)llIxo — Xoll

4B [1IT(x0) — T IIFIT(x0) — Xoll + lIxo — T(xp)II*IT(x0) — T(xo)II
| 1T (x0) — T(x) 110 — %ol + IT(X0) — T(Xe)lllIxg — T(Xo)II
[1IT(x0) — T(xo)Il + lIxo — Xo|| ||T(Xo) —Xoll + Ixo = T(xp)l

+y S > +1lIT(xo) — X0l
[1IT(x0) — T(xo)IlI%o — Xol

T TG — ol ]

IT(x0) = Xoll = (8 + MIIT (%) — ol

So Txy =x¢ (8 +n > 1) that is x is the fixed point of T. But Tx, = Gx, S0 Gx = Xq. Hence x, is the fixed
point of T and G.

Similarly above theorem the uniqueness part is obvious.

Theorem 2.3: Let T and G be two non expansion mapping of a Banach spaces X into itself. If T and G
satisfies the following conditions:

1. T2 = TG = G2 =1, where | is identity mapping.

2. T ad G commute.

3.

ITx =Tyl < «

Gx = TxIlIGy = Tyll + lIGx = Txll Gy - Gxnz]
201G~ TGy — Ty
= Tx|211Gx — Tl + llGy — Gl 1Gx — T e Gy
G = TGy — Tyl + [1Gx — TGy — Gx] 2
1Gx = Tyl + liGy — T Gx = TGy — Tyl
) +n||Gx — Gy|| +
| 2 L] I eyt

For every x,yeX and o,B,y,6,n,& = 0. where 200+ 43+ 8y + 85 + 4n+ 165 < 8. Then T and G have
common fixed point.
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Proof : Suppose X is any point in Banach space. Takingy = % (T+Dx z=T(y), v=2y-1z wehave
iz = x|l = ITy — T?x]| = [Ty — T(Tx)||
lly = Tyll?ITx — T(T)l + lly — TylllITx — yllz]
2[ly = TylllITx — T(Tx)||
5 [Ily = Tyll?lly = T(T)ll + ITx = yll*lly = Tyll [Ily — Tyl + ITx = T(TY)||
lly = TylllITx = T(T)Il + lly — TylllITx — yll 2
5 lly T(TX)I|2+ IITx Tyll] T ully = Tx] +§[Ily T}|,||}|,”_T)'(rx||T(TX)”]
lly — Tyll?ITx — x|l + lly — Tylll|Tx — yllz] B [Ily = Tyl lly — x| + ITx = ylI*|ly — Tyl|
2[ly = TylllITx — x|| lly = TylllI Tx — x|l + lly — TylllITx — y|l
IIy TyII + I Tx — x| lly — Il + [ITx — yll + Ily — Tyl
] + a[ _

lz—x%|| <a

lz=x|| <«

] +1lly — Tx]|

e [Ily Tyl| IITx — x|l
[ly — TxI|

1 2
lly = Tyl T = xll + lly = Tyll | Tx = 5 (T + Dx|
2ly = TylllITx — x|l

llz —xll <

[y =Tyl || 1+ Dx = x| + rx= 0|ty =1

ly = TyIITx =1+ lly = Tyl | Tx = 5T+ Dx

+B

o lly = Tyll JZ, Imx—xl| , - [ %(T+ Dx— x| + ||Tx; %(T+ Dx|| + lly = Tyl

lly = TylllITx — xI|

N Y

1
+1 E(T+I)X—Tx

1
lly = Tyll*IITx = x|l + lly = Tyll 7 ITx — x||*
2|ly = TylllITx — x|

llz —x[l < o

‘o [y - TyIIZZIITX—XII+4IITx—XII lly — Tyll [lly—TyI|+|ITx—x||
+y
|y - Ty||||Tx—x||+ ly = Tyll 2 ITx = x] 2
—IITX— x|l +—||Tx— x|l + lly — Tyll 1 lly — TylllITx — x||
+52 ‘= n llx = Txll + & | =
2 llx = Txl|

) 1
lly = TylllTx = Il (Ily = Tyll + 7 1ITx — Il
2lly = Tyl Tx — x|

llz —x[l < o

1 1
lly = Tyl Tx = x1I (3 ly = Tyll + 7 lIx — TxIl) +Y[uy_ Tyll + [ITx — x|

3
S lly = TylllTx — x| 2

ITx — x|l + lly — Tyl|
+ 2&|ly — Tyll + 5 [

> ]+g|lx—Tx||

a a B B Y Y 0
Iz —x|| = Elly — Tyll +§||TX— x| +§||Y = Tyll +g||TX— x| +§||Y = Tyll +§||TX— x|| +§||TX— x||

5 n
= IITy -yl +5 IITx —x|[ + 2¢&|ly — TyII

B Y ) ( By n)
—x|| < 2 T 2.5
Iz = x| (2+3+2+ +28 ||y VR GRS AR @5)
v =xll = llzy =z —xll = |[25 (T+ Dx =Ty —x|| = IITx = Tyl
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lv—xll <a

2|ly = Tyllllx — Tx]|

lly = Tyllllx = TxI| + [ly — Tyllllx =yl

[lly — TylllIx — TxIl + lly — Tyllllx — yllz] B[Ily = Tyll?lly — TxIl + llx = ylI?lly — Tyll]

ly — Tyl| IIX — Tx||

2

[Ily = Tyl + [Ix - TXII] [Ily — Tx|| + [Ix — Tyl|
Y +0

+nlly —xIl +
. ] nly =l + & | P

_ 1 2
ly = Tyll?llx = Txll + lly = Tyl [|x = 2 (T + Dx]

lv—xll <a

2|ly — Tyllllx — Tx||

[y =Tyl [ 1+ D= ] + = e+ 0]ty = 1

+p 1
| lly = Tyllx = Tl + lly = Tyl [[x = 5 (T + Dx|
+Y‘||y_Ty||Z||X_TX|| s ”%(T+I)X—Tx”+||x;%(T+I)X||+||Y—Ty||
1 ly = Tyllllx — x|
+ E(T+1)x—x||+¢ ﬁ%(TiI;;_X"]

1
lly = Tyll*llx — TxIl + lly — Tyll 7 lIx — TxI|?

lv—xll <a

2|ly — Tyllllx — Tx||

2
‘5 [ly - Tyl 2IIX—TXII+4IIX—TXII lly - TyII [Ily—TyII+|Ix—Txll
lly - Tyunx—Txu +lly = Tyl 3 llx = Tl 2
Pl Txll 4 lx = Txll + ly = Tyll] 1 — Tyllllx — Tx
+5]2 2 - g ITx—xl + 2 lly 1 yllll I
> IITx = x|

| 1
lly = Tylltix = Txll (lly = Tyll + 7 llx — TxIl)

lv—xll<a

2|ly — Tyllllx — Tx||

1 1
lly = Tyllllx = Txll (5 lly = Tyll + llx — Tl ) N [ R ]

3 2
5lly = TYI|||X — Tx||

+lly — TyII

[IIX — Tx|

2

> IITX — x|l + 2&|ly — Tyl

o § § Y Y 0
lv—x| < > lly — Tyll + g IIx — Tx|| + 3 lly — Tyll + 3 lIx — Tx|| + > lly — Tyll + > lIx — TxI| + 3 lIx — TxI|

5 n
= IITy -yl +5 |Ix — Tx|| + 2¢&|ly — Tyl|

||V—x||_(2+[33+;{+ +2§)||y Ty||+(8+g+y+ + >||x—Tx|| (2.6)
Now, by (2.5) and (2.6), we get
Iz = vl < ||z _X”B+ IIX—VII 5
Y Y
— < — .
Iz v||_2(2+3+2+ +2<§)|Iy Ty||+2<8+6+2+2+ )||x || 2.7)
Also,
llz=vll = [ITy — 2y —2)|| = ITy — 2y + Tyll = 2 [|Ty — y|| (2.8)
Therefore by (2.7) and (2.8),we have
2||Ty—y||<2( Peryl +2§)||y Ty||+2( +B+Y+8+”)||X—Tx||
- "\2 g 2 6 8 8 2 % 2
Y o Y n
— — —_— 34— — < —
2 |ITy =yl 2<2+3+2+2+2§>|Iy Ty||_2<8+6+2+2+2)||x Tx||

lly — Tyll
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[lx = Tx|]| = m]|ly — Ty|| As 200 + 4B + 8y + 85 + 4n + 16 < 8.

1-(3+5+5+5+%)

a,p,y, 98 nm
(Br6+3+t2+2)
Let R = %(T+I) then for every x e X,

>1

where m =

1 1 1
IR?*x — Rx|| = [IR(Rx) — Rx|| = [IRy —yll = S lly =Tyl = II'T(Ty) = Tyl = S lITy —yll
1 1 1
=5 lly =Tyl = S ITGy — Tyll <5 |Gy — vl
Because T is non expansive. so ||R?>(x) — R®)|| < % [Ix — Tx||
IR?>x — Rx|| < ?IIX — Tx|| By the definition of m. we claim that R"(x) is a cauchy sequence in X. Also by
completeness R™ (x) converges to R(x), i.e., lim,_,,, R"(x) = xo = T(xq) = X,. therefore x, is fixed point of T.
m m m
Again, ||R?(x) —R®)|| < 5 Ix — Tx|| = > IG?x — G*Tx|| = > IG(Gx) — GT(Gx)||
< %”GX — x|| Because G is non-expansive.

We can conclude that G(x,) = X, that is x, is fixed point of G. Therefore T(xy) = G(xy) = Xo. S0 X IS a
common fixed point of T and G.
The uniqueness part is obvious.

I11.  Conclusion
In this paper we proved fixed point theorem and common fixed point theorem in 2-Banach space. The results of
this paper extend the previously known results Banach space and 2-Banach space.
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