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Abstract: In this paper, we introduce the notion of cubic ideals of I'-near-rings which is a combination of an
interval-valued fuzzy set and a fuzzy set. Interval-valued fuzzy set is another generalization of fuzzy sets that was
introduced by Lofti Asker Zadeh. In order to obtain cubic sub I-near-ring, cubic ideals of I-near-rings, direct
product of cubic ideals in 7-near-rings is also a cubic ideal, intersection of any family of cubic ideals of 7-near-
ring is also a cubic ideal of 7-near-ring, cubic level set on I-near- ring and strongest cubic relation on 7™-near-
ring. Subsequently we prove that a necessary and sufficient condition for a cubic ideal and its characteristic
function and how the images and inverse- images of cubic ideals of I'-near-rings become cubic ideals of I-near-
rings are studied.
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I.  Introduction

Zadeh [1] introduced the notion of fuzzy set in 1965. In 1975, Zadeh [2] introduced the notion of
interval-valued fuzzy set, where the values of the membership function are closed subintervals of [0,1] instead
of a single value from it. In 1971, Rosenfeld [3] defined fuzzy subgroup and gave some of its properties. In
1991, Abou-Zaid [4] introduced the notion of fuzzy subnear-rings and fuzzy ideals in near-rings. Jun, Kim [5]
and Davaz [6] applied a few concepts of interval valued fuzzy subsets in near-rings. Thillaigovindan et al [7]
introduced the notion of interval-valued fuzzy ideals of near-rings. Jun et al [8] introduced the concept of cubic
sets. This structure encompasses interval-valued fuzzy set and fuzzy set. Chinnadurai et al [9, 10] introduced the
notion of cubic bi-ideals of near-rings and cubic ideals of I semigroups. I'-near-rings were defined by Bh.
Satyanarayana [14] and ideal theory in I'-near-rings was studied by Bh. Satyanarayana. The purpose of this
paper to introduce the notion of cubic ideals of I'-near-rings and homomorphism in cubic ideals of I"-near-rings.
We investigate some basic results, examples and properties.

Il. Preliminaries
We recall the following definitions for subsequent use.
Definition 2.1. [4] A non-empty set R with two binary operations “+” and “-” is called a near-ring if
i) (R, +) is a group
it) (R, -) is a semigroup
ii)x-(y+z)=x-y+x-z forallx,y,z€R.
we use the word near-ring to mean left near-ring. We denote xy instead of x - y, note that x0 = 0 and
x(—y) = —xy but in general x0 # 0 for some x € R.
Definition 2.2. [4] An ideal I of a near-ring R is a subset of R such that
i) (I, +) is anormal subgroup of (R, +)
i)RICI
iii) ((x+ i)y —xy) €l foranyi € [ and x,y € R.
Note that I is a left ideal of R if it satisfies (i) and (ii) and I is a right ideal of R if it satisfies (i) and (iii).
Definition 2.3. [11] Let (M, +) be a group and I" be a non-empty set. Then M is said to be a I'-near-ring, if
there exist a mapping M X I' X M — M (The image of (x, a, y) is denoted by xay) satisfies the following
conditions
D) (x +y)az = xaz + yaz
ii) (xay)Bz = xa(yBz) forall x,y,z € Mand o, €T.
Definition 2.4. [11] Let M be a I'-near-ring. A normal subgroup (I, +) of (M, +) is called
i) aleftideal if xa(y + i) —xay € I forallx,y € M,a €T,i €1
ii) arightideal ifiax € [ forallx e M,a €T,i €1
iii) an ideal if it is both a left ideal and a right ideal of M
AT-near-ring M is said to be a zero-symmetric if ae0 = 0 for all a € M and a € T, where 0 is the additive
identity in M.
Definition 2.5. [13] A mapping u: X — [0,1] is called a fuzzy subset of X.
Definition 2.6. [4] Let R be a near-ring and u be a fuzzy subset of R. We say u is a fuzzy subnear-ring of R if
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1) u(x = y) = min {u(x), u(y)}

i) u(xy) = min {u(x), u(y)} forallx,y € R.

u is called a fuzzy ideal of R. if i is a fuzzy subnear-ring of R and

i) p(y +x —y) = p(x)

) u(xy) 2 u(y)

V) ,u((x + i)y — xy) > u(i) forany x,y,i €R.

Note that u is a fuzzy left ideal of R if it satisfies (i), (i), (iii) and (iv) and u is a fuzzy right ideal of R if it
satisfies (i), (ii), (iii) and (v).

Definition 2.7. [13] Let X be a non-empty set. A mapping : X — D[0,1] is called interval-valued fuzzy set (in
short i-v), where D[0,1] denote the family of all closed sub intervals of [0,1] and a(x) = [u~(x), u* (x)] for all
x € X, where u~ and u* are fuzzy subsets of X such that 4~ (x) < u*(x) for all x € X.

Definition 2.8. [7] An interval-valued fuzzy subset i of a near-ring R is called an sub near-ring of R if

1) f(x = y) = min {a(x), 7(y)}

i) f(xy) = min {i(x), z(y)} forallx,y € R.

An interval-valued fuzzy subset ji of a near-ring R is called an interval-valued ideal of R if 7 is an interval-
valued fuzzy subnear-ring of R and

i) fly + x —y) = i(x)

w) alxy) = g(y)

v) i((x + )y — xy) = (i) forany x,y,i € R.

Note that f is an i-v fuzzy left ideal of R if it satisfies (i), (ii), (iii) and (iv) and j is an i-v fuzzy right ideal
of R if it satisfies (i), (ii), (iii) and (v).

Definition 2.9. [8] Let X be a non-empty set. A cubic set A in X is a structure of the form

A={(x, f,4(x), A(x)) : x € X } and denoted by A=(fi,, A), where fi, = [y, 4}] is an interval-valued fuzzy
set (briefly, IVF) in X and A is a fuzzy set in X.

Definition 2.10. [9] Let A = < f1,y > be a cubic set of S. Define

U(A;t,n) ={x € S|i(x) =tand y(x) < n}wheret € D[0,1] and n € [0,1] is called the cubic level set of
A.

Definition 2.11. [12] For any non-empty subset G of a set X, the characteristic cubic set of G is defined to
be a structure ¢ (x) =< x, I, (x), ¥y, (x): x € X > which is briefly denoted by

_ _ 1,1] ifxed 0 ifxeaq
X6 () =<l (), ¥ (x) > where L, (x) = {[[0,0:]l oti{erwise and ¥y, (x) = {1 otlferwise
Definition 2.12. [9] Let A; = (i;, w;) be cubic bi-ideals of near-rings N; for i = 1,2,3, ..., n. Then the cubic
direct product of A;, (i = 1,2,3,...,n) is a function (@; X fi; X, ...,X f@,): Ry X R, X ..X R,, » D[0,1],
(wy X Wy X, ., X wy): Ry X Ry X ... X R, = [0,1] defined by
(.al X ﬁZ X, ey X ﬁn)(xlﬁxb ""xn) = min {.al(xl)t ﬁz(xz), ---»ﬁn(xn)} and
(w1 X Wy X, v, X W) (Xq, X2, vy X)) = max{w; (x1), wy(x3), ..., Wy (%)}
Definition 2.13. [9] Let A = {1, w) be a cubic set of N. Then the strongest cubic relation on N is a cubic
relation a with respect to A = (I, w) given by a(x,y) = {((x,¥), BGx,),v(x,¥)) x,y € N}, where § is an
interval-valued fuzzy relation with respect to j defined by S(x, y) = min {1(x), Z(y)} and y is a fuzzy relation
with respect to w defined by y(x, ¥) = max{w(x), w(y)}.
Definition 2.14. [7] Let R and S be near-rings. A map 8: R — S is called a (near-ring) homomorphism if
O(x+y) =0(x)+06(y)and 8(xy) = 8(x)0(y) forall x,y €R.
Definition 2.15. [9] Let f be a mapping from a set Rto R;. Let A, =< fi;, w; > be a cubic set of R and
A, =< [I, w, > be a cubic set of R;. Then the pre-image f~1(A,) =< f~1(i1,), f " (w,) > is a cubic set of
R defined by £~ (A,)(x) =< £ (@)(x), f (@) (x) >=< I(f (x)), w,(f (x)) >. The image
f(A1) =< f(i11), f (w;) > is acubic set of R, defined by f (A1) (x) =< f(i)(x), f(w1) (x) >

o if f71 in o1
wheref(ﬁl)(x)={yef ) and f(wl)(x)={yef-1<x§ A i fT) =0

[0,0] otherwise 1 otherwise

I1l. Main Results
In this section, we introduce the notion of cubic ideals of I'-near rings and discuss some of its properties.
Throughout this paper, N denotes I'-near-ring unless otherwise specified.
Definition 3.1. A cubic set A = (f1, w) of aT'-near ring N is called cubic sub I'-near ring of N if
i) f(x —y) =2 min {#(x), A(y)} and w(x — y) < max{w(x), 0 (y)}
i) f(xay) = min {g(x), g(y)} and w(xay) < max{w(x),w(y)}forallx,y € Nand a € T.
Definition 3.2. A cubic set A = (f1, w) of aT'-near ring N is called cubic ideal of N if A = (&, w) is a cubic
sub I"-near ring of N and
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i aly+x—y)=iax)and w(y + x —y) < w(x)

iv) f(xay) = a(y) and w(xay) < w(y)

v) ﬁ((x + z)ay — xay) > i(z) and w((x +2)ay — xay) <w(z) forallx,y,ze Nanda €T.

Note that A = (1, w) is a cubic left ideal of N if it satisfies (i), (ii), (iii) and (iv), and A = ({I, w) is a cubic
right ideal of N if it satisfies (i), (i), (iif) and (v).

Example 3.3. Let N = {0,1,2}g3 and I' = {a, B}. Define a binary operation addition modulo 3 on N and a
mapping N X I' X N = N by the following tables

®3] 0 1 2 a |0 1 2
0 0 1 2 0 0 1 2
1 1 2 0 1 1 2 0
2 2 0 1 2 2 0 1

SR Fa N Ron
olo|lo|o

[ IS F=N I
N N[O

Clearly (i)(N, 3) isa group (ii)xa(y + z) = xay + xaz (iii) (xay) Bz = xa(yfSz) for every x,y,z € N
and a,f € I'. Then N is a I'-near-ring.
Define a cubic set A = ({1, w) in N as follows

N A(x) w(x)
0 [[0.6,0.8] 0.2
1 [[0.3,04] 0.6
2 [[0.1,0.2] 0.8

Thus A = ({1, w) is a cubic ideal of I'-near-ring N.
Theorem 3.4. Let N be a I'-near-ring and {A;} = < fI;, w;|i € A > be a non-empty family of cubic subsets of
N.If {A;} is a cubic ideal of N then [;c yA; = < Nje A i, Uje , @; > is a cubic ideal of N.
Proof: Let A; = < fi;, w;|i € A > be a family of cubic ideals of N. Let x,y,z € N,a € T and n j1;(x) =
(inf 1) (x) = inf 7;(x), U w;(x) = (sup w;)(x) = sup w;(x).
(Nier 2 (x — y) = inf{ig; (x — y)}ies
inf{min { &;(x), & (V) }}ier
min{inf{; (x)}ie; , inf {1; () }ier}
min{N;e; f1;(x),Nier 1;(¥)}
. (Vigr ) (x — y) = sup{w; (x — ¥) }ies
< sup{max { w;(x), w; () }}ies
= max{sup{w;(x)}ie;, sup {w;(¥)}ies}
= max{U;e; w;(x),U;e; w; ()}
(Nier &) (xay) = inf {&; (xay)}ie,
= inf {min { Z; (%), 5;(y) Pies
= min{inf{Z; () }ie; , inf {#; (V) }ier}
= min{N;e; f1;(x),Nier 1;(¥)}
. (Uigr w) (xay) = sup {w; (xay)}ies
< sup{max { w; (x), 0; () }}ie
= max{sup{w; (x)}ie; , sup {w; () }ies}
= max{U;e; @;(x),U;er 0; (1)}
(Nigr 2 +x —y) =inf {I; v + x — ¥ }ies
> inf{jz; () }ie;
= Nier (%)
(Vigr )y +x —y) =sup {w; v + x — Y }ies
< sup{w; () }ier
= Nigr ;i (x)
(Nier @) (xay) = inf{f; (xay)}ies
inf{i; (¥)}ier
= Nier ()
sup{w; (xay)}ie
< sup{w; ) }ies
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= Nigr ;i (¥)
(Nier B)((x + 2)ay — xay) = inf {7 ((x + 2)ay — xay)}ie;
> inf{i1;(2) }ies
= Nier f1;(2)
. (Uier @) ((x + 2)ay — xay) = sup{w; ((x + 2)ay — xay)}ies
< sup{w;(2) }ies
= Nig w;(2)
Hence M;e »A; = < Niex fli» Uje  w; > is a cubic ideal of I'-near-ring N.
Theorem 3.5. A cubic set A = (i1, w) in N is a cubic ideal of N if and only if 4=, u* and w are fuzzy ideals of
N.
Proof: Let A = (j1, w) be a cubic ideal of N. Forany x,y,z € N,a € " then we have
==t =] =il —y)
> min{fi(x), Z(y)}
= min{[p~ (), u* ()], [~ ), u* I}
= [min{p~(x), #~ ()}, min{u* C)u* ()}
It follows that ¢~ (x — y) = min{u~ (x),u~ ()} and u* (x — y) = min{u* ()u*(y)}
Clearly w(x — y) < max{w(x), w(y)}
[~ (xay), u* (xay)] = @(xay)
min{j(x), Z(y)}
= min{[p~ (), u* ()], [~ @), u* 1}
[min{p~(x), u~ ()}, min{u* ()u* ()}
It follows that p~ (xay) = min{u~(x), u~(v)} and u* (xay) = min{u*()ut(v)}
Clearly w(xay) < max{w(x), w(y)}
W O+x=-u+x-N=ay+x-y)
> f(x)
= [0~ (), u* ()]
Itfollowsthatuy~(y+x —y) = pu~(x) and u* (y + x —y) = u*(x)
Clearly w(y + x — y) < w(x)
[~ (eay), p* (xay)] = g(xay)
= a(y)
=[O, w* )]
It follows that u~ (xay) = u~(y) and u* (xay) = ut(y)
Clearly w(xay) < w(y)
[0~ ((x + Day — xay), u* ((x + 2)ay — xay)| = G((x + 2)ay — xay)
> i(2)
= [u=(2),u* (2)]
It follows that u'((x + z)ay — xay) > u~(z) and u*((x + z)ay — xay) > ut(2)
Clearly a)((x + z)ay — xay) < w(z)
Hence u~, u* and w are fuzzy ideals of N.
Conversely suppose that 4=, u* and w are fuzzy ideals of N. Let x,y,z € N,a € .
falx —y) = [u(x = y),u*(x — y)]
> [min{p™(x), u~ ()}, min{u™ (x), u* ()}
= min{[u~ (), 1+ (O], [w” ), ¥ N1}
= min{ji(x), Z(y)}
Clearly w(x — y) < max{w(x), w(y)}
f(xay) = [u™ (xay), u* (xay)]
> [min{u~ (x), u~ ()}, min{u* C)u* ()}
= min{[u~(x), u* ()], [0~ @), u* ]}
= min{a(x), £(y)}
Clearly w(xay) < max{w(x), w(y)}
By +x—y) = G+x—-y)uy+x—-y)]
> [p™ (), ™ ()]
> fi(x)
Clearly w(y + x — y) < w(x)
f(xay) = [u™ (xay), u* (xay)]
= [, ut )]
=a(y)

v
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Clearly w(xay) < w(y)
ﬂ((x + Z)ay — xay) = [u‘((x + z)ay — xay), u+((x + z)ay — xay)]
= [u(2), 1" (2)]
= i)
Clearly w((x + 2)ay — xay) < w(2)
Hence A = ({1, w) is a cubic ideal of N.
Theorem 3.6. Let H be a non-empty subset of N. Then H is an ideal of N if and only if the characteristic cubic
et Xy =< fly,,, Wy, > 0f Hin N isa cubic ideal of N.
Proof: Let H be aideal of N. Let x,y,z € N and a € I'. Suppose that
By (x —y) < min{ﬁXH(x),ﬁXH(y)} and w,,, (x —y) > max{wa(x), wXH(y)} for some x,y € N.
Then ﬁ){H(x _J’) =0, /IXH(X) =1= ﬂxH(y) and (’J)(H(x - }’) =1, wa(x) =0= w)(H(y)-
This implies that x,y € H butx —y € H a contradiction.
Hence i, (x —y) = min{ﬁXH(x),ﬁXH(y)} and w,,, (x —y) < max{wXH(x), wXH(y)}.
Again assume that i, (xay) < min{ji,, (x), i, ()} and w,, (xay) > max{w,, (x), @, ()} for some
x,y € N and a € I'. This implies that /1, (xay) =0, i, (x) =1 = i, () and
wy, (xay) = 1, w,, (x) = 0 = w,, (¥). This implies that x,y € H and xay & H, which is a contradiction.
Thus z,,, (xay) = min{,, (x), i, )} and w,, (xay) < max{w,, (x), 0, ()}.
Let us assume that iz, (v + x — y) < i1, (x) and w,,,(y + x — y) > w,,, (x). This implies that iz, (x) = 1,
by +x—y)=0andw,, (x) =0,w, (y+x—y)=1.S0,x e Hand y + x —y ¢ H, which isa
contradiction. Thus fi,, (v +x —y) = 1, (x) and w,, (¥ + x = y) < w,, (x).
Assume that i1, (xay) < fi,, () and w,, (xay) > w,,, (y) implies i, (xay) =0, i, (y) =1and
w,,, (xay) = 1, w,,(y) = 0. This implies that y € H and xay ¢ H, which is a contradiction. Thus
Ly, (xay) = 1, () and w,, (xay) < w,,, (v). Similarly we can prove /IXH((x +2)ay — xocy) > i1, (z) and
wXH((x + z)ay — xay) < Wy, (2).
Therefore yy =< fi,,, w,, > is cubic ideal of N.
Conversely, assume that y; =< Bypr Wy > 1S cubic ideal of N. Let x,y € H. Then
ﬂxH(x) =1= ﬂxH(y) and OJXH(X) =0= w)(H(y)-
fy (¢ = ) 2 min{iz, , (x), i1, ()} = min{1, 1} = 1.
Wy, (X —y) < max{wXH(x),wXH(y)} = min{0,0} = 0.
This implies that /i, (x —y) = Tand w,,(x —y) = 0. Thusx —y € H.
Letx,y € Hand a € I'. Then fi,, (x) = 1= Ly, ) and w,,, (x) = 0 = w,,, (¥).
[y, (xay) = min{i,, (x), i, ()} =min{1, 1} = 1.
Wy, (xay) < max{wa(x),wa(y)} = min{0,0} = 0.
This implies that /i, (xay) = 1 and w,, (xay) = 0. Thus xay € H.
Letx € Hand y € N. Then ji,, (x) = 1 and w,,, (x) = 0. We have
Ay+x—y)>jax)=Tlandw(y+x—y) < w(x) =0.S0,y + x —y € H.
Again,lety € H,x € N and & € I" be such that i, (y) =1and w,, (¥) = 0.
d(xay) = ji(y) =1 and w(xay) < w(y) = 0, which implies that xay € H.
Similarly we can prove that (x + z)ay — xay € H. Therefore H is an ideal of N.
Theorem 3.7. If A = < i, w > be any cubic set of N. Then A = < 1, w > is a cubic ideal of N if and only if
every non-empty cubic level set U(A ; ,n) is an ideal of N.
Proof: Assume that A = < i, w > be a cubic ideal of N.
Letx,y,z € U(A ;t,n) forall t € D[0,1] and n € [0,1]. Then a(x) =&, a(y) =t,a(z) =t
and w(x) <n,w(@y) <n,w(z) <n.
Now suppose x,y € U(A ; t,n) then by definition of cubic ideal of N
i(x —y) = min{j(x), f(y)} = min{t, £} = £ and
w(x —y) <max{w(x),w(y)} < max{n,n} <n.Hence x —y € U(A ; {,n).
Suppose x,y € U(A ;t,n) and a € I' then
fA(xay) = min{i(x), g(y)} = min{t, i} = t and
w(xay) < max{w(x), w(y)} < max{n,n} < n. Hence xay € U(A ;{,n).
Letx € U(A;t,n)and y € N. We know that g(y + x —y) = ji(x) = tand w(y + x — y) < w(x) < n this
implies that y + x —y € U(A ; £, n).
Lety e U(A;t,n),x € Nand a € I'. Then i(xay) = i(y) =t and w(xay) < w(y) = n.
This implies that xay € U(A ;t,n).
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Letz € U(A;En),x,y € N and a € I'. By definition z((x + z)ay — xay) = fi(z) =  and

a)((x +2z)ay — xay) < w(z) = n. Which implies that ((x + 2)ay — xay) € U(A ;t,n).

Therefore U(A ;t,n) is an ideal of N.

Conversely, let £ € D[0,1] and n € [0,1] be such that U(A ; £,n) # @ and U(A ; ,n) is a bi-ideal of N.
Suppose we assume that g(x — y) £ min {i(x), Z(y)} (or) w(x — y) £ max{w(x), w(y)}

If Z(x —y) £ min{a(x), i(y)} then there exist £, € D[0,1] such that @(x — y) < t; < min {i(x), Z(y)}
Hence x,vy € U(A ; t;, max{w(x), w(y)}) but x — y & U(A ; t;, max{w(x), w(y)}). This is a contradiction.
If w(x — y) £ max{w(x), w(y)}, then there exist n, € [0,1] such that w(x — y) > n; > max {w(x), w(y)}
implies x,y € U(A ; min{j(x), @(y)},n,y) and x —y & U(A ; min{ji(x), £(y)}, n,). This gives a contradiction.
Hence fi(x — y) = min {g(x), Zi(y)} and w(x — y) < max{w(x), w(y)}.

Letx,y € N and @ € N.Suppose i(xay) £ min {i(x), Z(y)} (or) w(xay) £ max{w(x), w(y)}

If f(xay) £ min{i(x), Z(y)} then there exist £, € D[0,1] such that g(xay) < t; < min {i(x), Z(y)}

Hence x,y € U(A ; t;, max{w(x), w(y)}) but xay & U(A ; t;, max{w(x), w(y)}). This is a contradiction.

If w(xay) £ max{w(x), w(y)}, then there exist n, € [0,1] such that w(xay) > n; > max{w(x), w(y)}.
Hence x,y € U(A ; min{f(x), i(y)},n,) and xay & U(A ; min{a(x), Z(y)},n,) which is a contradiction.
Hence g(xay) = min {i(x), Z(y)} and w(xay) < max{w(x), o (y)}.

Letx,y € N. Suppose g(y + x —y) & g(x) (o) w(y + x —y) £ w(x). If f(y + x —y) & a(x) then there
exist £, € D[0,1] such that Z(y + x —y) < &; < fi(x). S0, x € U(A ; &, w(x)) but

y+x—7y &U(A;E,w(x)). This is a contradiction. If w(y + x — y) £ w(x) then there exist n, € [0,1] such
that w(y + x —y) > ny > w(x).S0,x € U(A ; ji(x),ny) buty + x —y & U(A ; i(x),ny). Thisis a
contradiction. Thus g(y + x —y) = g(x) and w(y + x — y) = w(x).

Letx,y € N and a € N.Suppose j(xay) £ ig(y) (or) w(xay) £ o). If f(xay) £ i(y) then there exist
£, € D[0,1] such that g(xay) < £, < a(y) impliesthat y € U(A ; £, w(y)) but xay & U(A ; &, w(y)). This
is a contradiction. If w(xay) £ w(y), then there exist n; € [0,1] such that w(xay) > n; > w(y) implies

vy € U(A;a(y),ny) and xay & U(A ; i(y),n,) which is a contradiction.

Hence g(xay) = a(y) and w(xay) < w(y).

Assume that g((x + z)ay — xay) & i(z) (or) w((x +2)ay — xay) £ w@). If g((x + 2)ay — xay) & i(2)
then there exist £, € D[0,1] such that 2((x + z)ay — xay) < ; < @(2). S0, z € U(A ; £, w(2)) but

(x + 2)ay — xay ¢ U(A ; £, w(2)). This is a contradiction. If w((x + z)ay — xay) % w(z) then there exist
n, € [0,1] such that w((x + z2)ay — xay) >n, > w(2).S0,z € U(A ; i(z),n,) but

y+x—y¢&U(A; (z),ny). This is a contradiction.

Thus g((x + z)ay — xay) = ji(z) and w((x + z)ay — xay) > w(2).

Therefore A = < i, w > is a cubic ideal of N.

Theorem 3.8. Let A = < 1, w > be a cubic set of N and 9(x,y) = {((x,y),%(x,¥),8(x,y))| x,y € N} be a
strongest cubic relation with respect to 9. Then A = < @, w > is a cubic ideal of N if and only if 9 is a cubic
ideal of N x N.

Proof: Assume that A = < i, w > is a cubic ideal of N. Let x;, x5, y1,¥2,21,Z, € N. Then
x=(x,x),y=Ww.Y:),z2=1(2,,2;) EN XN and @ = (a,, ;) € I’ we have

T(x — y) = T((x1, x2) — (¥1,¥2))

(X1 = Y1, X2 = ¥2)

min {Z(x; — y1), A(x2 — ¥2)}

min {min{a(x,), £(y1)}, min{a(x,), a(y,)}}

min {min{{(x,), £(x;)}, min{a(y1), a(y2)}}

min {T(xy, x2), T(y1, ¥2)}

min {7(x), T(y)}

1 T T AV TR

0(x —y) =8((x1,%2) — 1, ¥2))
8(x1 — Y1, %2 — ¥2)
max {w(x; — y1), w(x; — )}
max {max{w (x;), 0 (y1)}, max{w(x;), w(¥,)}}

max {max{w (x1), w(xz)}, max{w(y1), 0 (y)}}
max {6 (xy,x2), 6(y1,¥2)}

max {6(x), §(y)}

T(xay) = T((x1, x2) (a1, @) 1, ¥2))

T a1y1, %2a2Y5)

min {{z(x,a;y1), A(x2a2y,)}

min {min{{(x,), Z(y,)}, min{i(x,), 1(y;)}}
min {min{:a(xl)v ﬁ(xZ)} ) mln{ﬁ(yl)v II()’z)}}

I miAn nn

v
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= min {T(xy, x2), T(V1,¥2)}
= min {7(x), 7(y)}
S(xay) = 6((xq, x5)(ay, @) (¥1,¥2))
8 (x11Y1, X2 22Y7)
max {w (x4, y1), w(x,a,¥,)}
max {max{w(x,), w(y1)}, max{w(x;), w(y,)}}
max {max{w (x;), w(x;)}, max{w(y1), w(y)}}
max {6 (x;, x5), 8(¥1,¥2)}
max {5(x), §(y)}
Ty +x—y) =71, y2) + (1, %2) — (1, ¥2))
=T +x1 =YY + % —¥2)
= min {Z(y; + x; — y1), £(y2 + x, — ¥2)}
> min{i(x;), Z(x2)}

A

= f(x1'x2)
=T(x)
S +x—y)=6((,y2) + (x1,x3) — V1, ¥2))
=00 +x =YY+ X2~ Y2)
=max{w(y; +x; —y1), (¥, + x; — ¥,)}
< max{w(x;), w(xy)}
= 6(x1'x2)
=6(x)
T(xay) = T((x1, x2)(ay, a2) (Y1, ¥2))

T( @11, %2a2Y5)
min {{Z(x,a;y1), A(x2a2y,)}
min{a(y,), 2(y,)}
T(y1,¥2)
()
S(xay) = 6((xq, x5) (ay, @) (¥1,¥2))
8 (x1a1Y1, X202Y2)
max {w(x,a1y1), w(x,@;¥,)}
| < max{w(y1), w(y,)}
=T(y1,¥2)
=17(y)
‘E((x + z)ay — xay) = T(((x1, x2) + (21, 22)) (a1, @) V1, ¥2) — (x4, x2) (@1, a2) (Y1, ¥2))
= T((x1 + z)ayy — Xy 1)1, (02 + 2) @Y, — X,02Y)
= min {1((x; + z)ay; — Xy y1), 1((c + 22) a2y, — %,a,y,)}
> min{ji(z,), 1(z;)}
= f(zl!ZZ)
= 7(2)
S (((x1, x2) + (21, 22)) (a1, @2) (Y1, ¥2) — (%1, x2) (@, @2) (Y1, ¥2))
8((xy + z)ayyr — x1a1y1, (X3 + 22) @2y, — X,@2Y7)
max {a)((xl + z)ay; — x10-’13’1): (U((xz + z) a3y, — xz“z}’z)}
max{w(zy), w(z;)}
6(21122)
=6(2)
Therefore 9 is a cubic ideal of N X N.
Conversely, assume that 9 is a cubic ideal of N X N.
Letx = (xq, %),y = (V1,¥2),Z2 = (21,2,) EN XN and a = (e, a,) €T.
min{@(x; — y1), A(x; — y2)} = T(x1 — ¥1, %2 — ¥2)
= T((x1, x2) — 1, ¥2))
=T(x—y)
= min {7(x), T(y)}
= min {T(xy, %2), T(y1, ¥2)}
= min {min{ﬁ(xl)v ﬁ(xZ)} 4 mm{ﬁ(}ﬁ), /I(}’2)}}
= min {min{a(x,), 2(y1)}, min{fz(x;), 2(y2)}}
It follows that f(x; — y1) = min {#(x1), 2(y1)} and a(x; — y2) = min{fi(xz), Z(y2)}
max{w(x; — 1), w(xz — ¥2)} = 8(xy — y1, %, — ¥2)
=8((x,x2) — 1, ¥2))
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5(x—y)
max {6(x), §(y)}
max {6 (xy, x3), 6(¥1,¥2)}
max {max{w (x1), 0 (x;)}, max{w(y;), w(¥2)}}
= max {max{w (x,), 0 (y1)}, max{w (x;), w(y2)}}
It follows that w(x; — y;) < max {w(x;), w(y;)} and w(x, — y,) < max{w(x,), w(y,)}
min{a(x; a,y1), fxa2y2)} = T a1y, X2 @3Y7)
= T((x1, x2) (@1, @2) (1, ¥2))
= T(xay)
> min {7(x), T(y)}
= min {T(xy, x2), T(v1,¥2)}
= min {min{.a(xl)v ﬁ(xZ)} ) mm{ﬁ(}ﬁ), /I(ZV2)}}
= min {min{fi(x,), Z(y,)}, min{iz(x,), A(y;)}}
This implies that 2(xya;y;) = min {{2(x,), Z(y1)} and &(x;azy,) = min{ia(x,), Z(y2)}
max{w (x;a;y1), 0 (x,@2Y,)} = 8(x1a1Y1, X2a2Y7)
= §((xq, x2)(aq, @2) V1, ¥2))
6(xay)
max {(x),5(y)}
max {§(x1, x2), 6(y1,¥2)}
max {max{w (x;), 0 (x;)}, max{w(y,), w(¥2)}}
= max {max{w (x,), 0 (y1)}, max{w(x;), 0 (y;)}}
It follows that w (x; a1 y;) < max {w(x;), w(y1)} and w(x,a,y,) < max {w(x,), w(¥,)}
min{Z(y; +x; — y1), A0, + %2 = ¥2)} =T + %1 — Y1, Y2 + %2 — ¥2)
=T((y1, y2) + (x1, x2) — (y1,52))
=T(y+x—y)
> 7(x)
= T(x1, %3)
= min{ji(x,), @A(x2)}
Which implies that g(y, + x; — y1) = f(xy) and fg(y, + x, — y,) = ji(x;)
max{w(y; +x; —y1), 02 + X, —¥2)} =01 + X1 — Y1, Y2 + X2 — ¥2)
=6((y1,y2) + (x1,%2) — (Y1, 52))
=6(y+x—y)
<dé(x)
= 6(x1,%3)
= max{w(x;), w(x;)}
It follows that w(y; + x; — y1) < w(xy) and w(y, + x, — y,) < w(xy)
min{a(x; @, y1), fxa2y2)} = T(x a1y, X2 @2Y7)
T((xy, x2) (g, a2) (1, ¥2))
T(xay)
(y)
=7(y1,¥2)
= min{a(y,), A(y,)}
This implies that ji(x;@,y1) = a(y,) and (x,a,y,) = 1(y,)
max{w (x;a;y1), w(xa,¥,)} = 6(x1a1y1, X2a27)
= §((xq, x2) (a1, @2) V1, ¥2))
= d(xay)
<5(y)
=8(y1,¥2)
= max{w(y1), w(¥,)}
This implies that w(x;@,y1) < w(y;) and w(xa5y,) < w(y,)
min{ﬂ((xl +z)a,y; — x1a1)’1)' ﬁ((xz + z) a3y, — xz“z)’z)}
T((x1 + 20)x1 71 — X111, (X2 + 2)A2Y, — X,a5Y7)
f(((xl:xz) + (Zl:zz))(ap ) V1, ¥2) — (X1, x3) (aq, @) (71, ¥2))
T((x + 2)ay — xay)

nmiA
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It follows that ﬁ((xl + z)ay, — xlalyl) > fi(z1) and ﬁ((xz + z3)a,y; — xza’zyz) > i(z;)
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max{w((x; + z))ayy; — xa191), w((x + 2) @2y, — %,a,5)}
=0((xq + z)ayr — xya1 )1, (2 + 22) @Y, — %,05Y5)
= 5(((951'952) + (21'22))(‘11'“2)(}’1,}’2) = (x1, %) (a1, a2) V1, ¥2))
= 6((x + z)ay — xay)
<6§(2)
= é‘(ZleZ)
= max{w(z,), w(z;)}
It follows that w((x; + z) ey, — X a1y1) < w(z1) and w((x; + 22) A, Y, — X,a,Y,) < w(2,)
Hence A = < I, w > is a cubic ideal of N.
Theorem 3.9. If A = (f1, w) is a cubic ideal of N, then the set N, = {x € N | A(x) = A(0)} is an ideal of N.
Proof: Let A = (i1, w) be a cubic ideal of N and x,y € N, then A(x) = A(0) and A(y) = A(0).
Suppose x,y,z € N4. Then j(x) = g(y) = ji(z) = @(0) and w(x) = w(y) = w(z) = w(0)
Since f is an interval-valued fuzzy ideal of N,
f(x —y) = min{i(x), £(y)} = min{z(0), (0)} = £(0)
w is a fuzzy ideal of N
w(x —y) < max{w(x), w(¥)} = max{w(0), w(0)} = w(0)
Thusx —y € N.
Letx,y e Nyand a € T.
f(xay) = min{f(x), Z(y)} = min{jz(0), Z(0)} = 2(0) and
w(xay) < max{w(x), w(y)} = max{w(0), w(0)} = w(0)
This implies that xay € N4
Forevery y € N and x € N, we have
Ay +x—y) = ia(x) = @(0) and w(y +x — y) < w(x) = w(0)
Thusy +x—y € Ng.
Letx e N,y € N, and a € I we have
f(xay) = a(y) = £(0) and w(xay) < w(x) = w(0)
Thus xay € N, Similarly, we have to prove (x + z)ay — xay € N,.
Therefore, N4 is an ideal of N.
Theorem 3.10. The direct product of cubic ideals of I"-near-ring is a cubic ideal of I"-near-ring.
Proof: Let A; = {i1;, w;) be cubic ideals of I'-near-rings N; fori = 1,2,3, ..., n.
LetN=N; XN, X ..XN,,I' =T'; xI', x..xT',,and
x =0, % 00, %), ¥ =1, V20 s Y Z = (24, 23, ., Zy) € N, = (a1, A3, ..., apy) ET.
ﬁi(x - }’) = ﬁi((xlﬁxb ""xn) - (yll Y2, lyn))
= 1 (X1 = Y1, X2 = Yau s X — V)
= min{j; (x; — y1), {12 (X3 = ¥2), ooy i (X, — Y1)}
= min {min{f; (x), it; (1)}, min{fz, (x), @, (y2)}, ..., min{jz,, (x,), 2, (y) 13}
= min {min{ft; (x,), @5 (x2), ..., il ()}, min{ity (1), @2 (v2), oo ()3}
= min {(ﬁl X .[IZ X, ey X .an)(xl'xb ...,xn), (.al X .122 X, ey X .an)(ylt Y2, !yn)}
1 (x — y) = min{z; (x), 1;(y)}
CUL'(X - )’) = wi((x1'x2' '"lxn) - ()’1, Va2, 'yn))
= w; (X1 — Y1, X2 = Y2, 0» Xn — Yn)
= max{w; (x; — 1), 02 (X2 = ¥2), oo, Wy (X, — Y}
< max{max{w, (x;), w; (y1)}, max{w, (x;), W, (¥2)}, ..., max{w, (x,), w, () }}
= max{max{w, (x;), Wz (x3), ..., w, (%)}, Max{w; (¥1), 02 (32), ..., 0, ()1}
= max{(w; X Wy X, ...,X Wy ) (X1, X2, e, Xp), (W1 X W3 X, e, X W) V1, Y2y s V) }
w;(x —y) = max{w;(x), w; ()}
ﬁi(xay) = ﬁi((xllel (s xn)(al' A2, .y an)(yll Y2, e lyn))
i (X1 Q1 Y1, X2 @22, e s XA Y)
min{t; (@1 y1), fl2 (X202Y2), oo, i (X @ YD }
min {min{{; (x,), f; (y1)}, min{ft, (x;), it (v2)} , ..., min{ft, (x,), it () 3}
min {min{f1; (x,), 1, (x3), ..., il (x) }, min{it; (v1), 1 (V2), s il ()3}
min {(fy X Iy X, ..., X ) (%1, Xg, e, X5), (g X flg X, 0, X ) V1, V2, o5 Yo}
i (xay) = min{j; (x), 1;(y)}
wi(an) = wi((xyxz' ey Xn)((ll, a2, ..y an)(yli Y2, e !yn))
= w; (@11, X2A2Y2, o) Xn A V)
= max{w; (x,a1y1), Wz (X2@2Y2), v, 0y (X AR Yn)}
< max{max{w; (x;), 0, (1)}, max{w, (x;), 0, (y2)}, ..., max{w, (x,), _n(¥x)3}}

v
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= max{max{w1 (xl)' W3 (xZ)r e wn(xn)} ’ max{w1 (}’1): W3 (y2)! R wn(yn)}}
= max{(w; X Wy X, ...,X W) (X1, X2, e, Xp), (W1 X W3 X, eee,X W) V1, V2 ooer Vi) }
w;(xay) = max{w;(x), ;(y)}
gy +x—y) = ﬁi(()’p)’z’ e V) (X1, X0 0, X0) — V1, V2 ---’Yn))
Ei + X =Y Y2 + X2 — Yar e, Y + X — V)
min{@; (y1 + x1 = y1), (V2 + X2 = ¥2)s ooy i U + X5 — Y}
min{/jl (xl)' .HZ (xZ)' Ty ﬁn(xn)}
(g X fiy X, e, X ) (g, X3, v, X))
Ly +x—y) =)
wl(y +x— Y) = wi((YllyZ' "'vyn) + (xlvva vxn) - (ylﬂ Y2, !yn))
;1 + X —YLY2 F X2 = Yo, e, Y X0 — Vn)
max{w; (y1 + X1 — y1), 02(V2 + Xz = ¥2), o, 0 (Y + X — Y)}
max{w; (x;), W, (x2), ..., Wp (x5}
(w1 X Wy X, oo, X W) (X1, X, vy Xp)
0wy +x—y) =wx)
ﬁi(xay) = ﬁi((xlﬁxb ""xn)(al' Az eees an)(ylr V2 'yn))
i (X101 Y1, X202V, e Xy A Y)
min{i; (x1a1y1), flz (X202Y2), oo, fln (Xn@n V) }
min{ﬁl (}’1); ﬂZ ()’2)» L] ﬁn(yn)}
(fy X iy X, e, X @) (V1) V25 +oer Yn)
ti(xay) = g;(y)
w;(xay) = w;((en, Xz o X0 (@1, Az, oo, @) V1, V25 s Vo))
= w; (X1 Q1 Y1, X2A2Y2, o) Xn A Vn)
= max{w; (x1a1Y1), 02 (X22Y3), e, Wp (X AnYn)}
< max{w; (y1), w2 (¥2), -, 0, (V)3
= (W1 X W3 X, 0o, X W) (Y1, Y2y s V)
w;(xay) = w;(y)
Bi(Cx + Day - xay)

= lai (((xll X2, --'an) + (le Z, "'lZn))(all A3 eeey an)()’l: Y2, ---;Yn)

- (x1’x21 "'an)(all aZI ey an)()’l: YZ: ;Yn))
= @i (((eq + 2z ay; — x1a191), (X2 + 22) Q27 — %202Y2), s (Xn + Z0) A Yn — Xn Vi)
= min{it; (y1 + %1 = ¥1), (V2 + X2 = ¥2)s eoos il (Y + X5 — YD}
= min{t; (z,), 1,(22), ..., f1n(Z,)}
= (fy X fig X, o)X @) (21, Z2) o) Zn)
@i ((x + 2ay — xay) = g;(2)
wi((x + 2)ay — xay)
= w; (((xll X2, "'lxn) + (211221 "'!Zn))(all A3y eeey an)(}’l: Y2, e ;}’n)

- (x1'x2' 'xn)(all A2y ey a’n)()’p Yoy e !yn))

(e + z)aryr — xya191), (%2 + 22) @22 — %243Y2), -, (X + Zn) AnYn — XnAnYn))
max{w (y1 + X1 — Y1), 02 (y2 + X2 = ¥2), o, 0 (U + X0 — Y)}

max{w; (z,), W (22), ..., W (2,)}

(W1 X Wy X, e, X W) (24,22, o) Zy)

wi((x + z2)ay — xay) = w;(2)

Hence A; = ({I;, ;) is a cubic ideals of I'-near-rings N;.

Theorem 3.11. Let N and N; be two I'-near-rings and f: N — N; be an onto near-ring homomorphism.

If A=< fI,w > isacubic ideal of N then f(A) =< f(@), f(w) > is a cubic ideal of N;.

Proof: Let A = < I, w > be a cubic ideal of N and x,y € N.

Since f(D(') = % AG) and f(@) ) =, W () for x' € Ny
So f(A) =< f(i), f(w) > is non-empty. Let x',y" € N; and a € T. Then we have
xixeflx'—yN}2{x—yixef Y (x)and y € f~1(y")} and
{xixe f(x'ay)} 2 {xay ix € f M (x) and y € f 1 (y")}
— 7 " _ sup -
fUDG =) = sy ;Stu(f)_
= fe=x"F )=y A=)
= f(x)=x’,f(y)=yz: min {[.I(X), ﬂ(y)}
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=min{ ™ 3G, ™% A0))
= min{f (D ("), fF (D}
fl@)x'=y") = Fp)=x' y,a)(p)

_f(x) x f(y) y,w(x ¥)
S fw=x' f )= y’ max {w(x), w(y)}

= max {f(X)Z;]: w(x), f(y):;]: w(y )}
= max{f(w)(x"), f(w) (¥}
f(ﬁ)(x,ay,) = f(p)zx’(s;;z; .a(p)
Z e fy)ey ACFEY)
> et Flyymyr WD {ﬁ(x) A}

= min {f(x):cz3 A, f(y) y’ ”(y)}
= min{f (D) (x"), f(D (")}

f@@'ay) = o ah @)

m
= fe=x" =y’ w(xay)
< pm fiymy MAX {0(), 0 ()}
— inf inf
- fax {f(x)=x’ w(x), o=y’ a)(y)}
= max{f (w)(x"), f(0)(¥")}

fDG+x' =y) =, y+x”y” AD) Z oy ey RO+ 2 =¥) 2 70 () = f(@)(x)
f@Wo+x' =)= o e® < oMo+ - < Mok = f@))
fDay) = oy B@) 2 ;oo P iAxay) = U5 AY) = fIDO)
f@Eay) = o)y 0®) < 1, f(y;"yf wixay) < o0 = f(@)
fD((x' +2)ay —x'ay) = - (' +2ay = ayy AP)
f(x)suﬁg)f(y) y per G + 200y = x'ay")

Z p)=' F(2)

= f(D(")
f@)((' +2)ay’ —x'ay) = o @)

F@)=((x"+z)ay’ xay)

ln
_f(x) x "f)=y'f(2)=2' w((x'+z)ay —xay)

< f(z) i w(z)
= f(0)(2)

Therefore f(A) =< (), f(w) > isacubic ideal of N;.
Theorem 3.12. Let f: N — N; be an onto homomorphism between I'-near-rings N and N;. If A=< I, w > isa
cubic subset of N; such that f~1(A) =< f~1(j1), f ~1(w) > is a cubic ideal of N then A = < 7, w > is a cubic
ideal of N;,.
Proof: Letx,y,z € N, and « € I'. Then
f(a) =x,f(b) =y, f(c) =zforsome a,b,c €N.
i(x —y) = a(f(a) — f(b))

= a(f(a—Db))

= f~*(D(a —b)

> min{f ' (@) (a), f " (@ (b)}

= min {@(f (), @(f (b))}

= min {a(x), A(y)}
wx—y) =w(f(a) - (b))

= w(f(a—b))

=f(w)(a—Db)

< max{f ! (w)(a), f " (w) (D)}

= max {w(f (), w(f (b))}

= max {w(x), w(y)}
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fCxay) = a(f(a)af (b))
= A(f (aab))
f~1 (D) (aab)
min{f "' (@)(a), f (1) (b)}
min {4(f (@), A(f (b))}
min {i(x), a(y)}
w(xay) = o(f(@af (b))
= w(f(aab))
= [ (w)(aab)
< max{f ! (w)(a), f~H(w) (D)}
= max {w(f (@), w(f (b))}
= max {w(x), w(y)}
Ay +x—y) =a(f ) + f(a) - (b))
= a(f(b +a—b))
=f@®d+a-Db)
> fH(D(a)
= a(f (@)
= a(x)
w(f(b) + f(a) = f(b))
w(f(b+a—>b))
f ()b +a-D)
<fHw)(@
= o(f (@)
= w(x)
ACxay) = i(f(@)af (b)) = i(f (aab)) = f (@) (aab) = f(D(b) = A(f (b)) = A1)
w(xay) = o(f(@af (b)) = o(f (aab)) = f(w)(aab) < f(w)(B) = w(f (b)) = W ()
A((x + Day — xay) = i ((F(@) + £(©))af (b) - f(@)af (b))
= @(f((a + c)ab — aab))
= f(n)((a + c)ab — aab)
> fH(m)(c)
= i(f(©)
= i(z)
w((x + Day — xay) = o ((f(@) + £(©))af (b) - f(@)af (b))
= w(f((a +c)ab — aab))
= f~Y(w)((a + c)ab — aab)
< fHw)(0)
= w(f(c))
=w(2)
Hence A = < 1, w > is a cubic ideal of '-near-ring N;.
Theorem 3.13. Let f: N - N; be a homomorphism between I'- near-rings N and N;. If A = < I, w > is a cubic
ideal of T- near-ring N; then f~1(A) =< f~1(j2), f ~*(w) > is a cubic ideal of I'- near-ring N.
Proof: Let A = < 1, w > is a cubic ideal of N,. Let x,y,z € N and a € I'. Then
fHD—y) = agf(x —y)
=a(f(x) = f)
= min {a(f (x)), A(f (¥))}
= min{f ' (4(x)), f 1 (Z(¥))}
fH@)(x —y) = o(f(x —y))
=o(f&) - f)
< max {w(f (x)), o (f (¥))}
= max{f N (w (), f T (w(¥))}
fH @ (xay) = a(f (xay))
= g(f()af )
= min {a(f (x)), A(f ()}
= min{f ' (a(x)), f 1 (Z())}
fH @) (xay) = o(f (xay))
= w(f(x)af ()
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< max {w(f (x)), o(f (¥))}
= max{f " (w®)), f " (w(¥))}
@ +x—y) =a(fy +x—y))

fH o)y +x—y) =o(fy +x—y))
o(fO)+ ) —fO)
o(f(x))
fHw(x))
fHD xay) = f(f (xay)) = a(faf @) = A/(f»)) = £ @)
fHw)(xay) = o(f(xay)) = o(f(Daf 1) < o(f 1)) = f(0®))
fHD ((x + 2ay — xay) = i(f ((x + 2)By — xay))
= 1(fC) + f(@)af ) = fF()af ()
= (f(2))
= 71 (1(2))
o(f((x + 2)ay — xay))
o((f() + f@)af ) — FOaf )
w(f(2))
fHw(@)
Hence, f~1(A) =< f~1(), f~*(w) > is a cubic ideal of I'- near-ring N.

Al

[ () ((x + 2)ay — xay)

I IA

V. Conclusion
In the structural theory of fuzzy algebraic systems, fuzzy ideals with special properties always play in
important role. In this paper we have presented cubic ideals of I'- near-rings. We applied the interval-valued
fuzzy set theory and fuzzy set theory in I'- near-ring by their cubic ideals and obtained many results. The
obtained results can be applied in various fields such as computer networks, robotics and neural networks.
In our future work on this topic we try to extend this concept to cubic bi-ideals in I'- near-rings and cubic
interior ideals in I'- near-rings.
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