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Free Vibration of Pre-Tensioned Electromagnetic Nanobeams
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Abstract: The transverse free vibration of electromagnetic nanobeams subjected to an initial axial tension
based on nonlocal stress theory is presented. It considers the effects of nonlocal stress field on the natural
frequencies and vibration modes. The effects of a small-scale parameter at molecular level unavailable in
classical macro-beams are investigated for three different types of boundary conditions: simple supports,
clamped supports and elastically constrained supports. Analytical solutions for transverse deformation and
vibration modes are derived. Through numerical examples, effects of the dimensionless Hartmann number,
nano-scale parameter andpre-tension on natural frequencies are presented and discussed.
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I.  Introduction

Recently, research on dynamic behavior ofnano-structures has become a hot field because of the
application prospects of nano-electromechanicalsystems (NEMSs) or nano-machine components. Although
nano-structures, such as nanobeams and nano belts, have been proposed to have practical applications, analysis
in this field has been lacking in particular the dynamics of pre-tensioned nano structures. The relevant
researches on transverse vibrations of axially moving macro-beams can be dated back to Mote (1965)
constructed mathematical model of axially moving beams firstly based on the Hamilton principle and also
determined the first three natural frequencies and modes. His results were confirmed by experiment (Mote and
Naguleswaran, 1966). There are several excellent and comprehensive survey papers, notably Simpson (1973)
researched the natural frequency and mode functionof axially moving beams without pre-tension and clamped at
both ends. Oz et al. (2001) introduced axially moving beams with time-dependent velocity through multiple
scale analysis. Liu and Zhang (2007)presented the nonlinear vibration of viscoelastic belts. The bifurcation of
transverse vibration for axiallyaccelerating moving strings was investigated by Chenand Wu (2005).Yang and
Chen (2005) addressed dynamic stability problem of axially moving viscoelastic beams.

The nonlocal beam models received increasing interest in the past few years. Nonlocal continuum
theories regardthe stress state at a point as a function of the strain states of all points in the body, in contrast to
the classical viewthat the stress state at a given point is uniquely determined by the strain state at that same
point. Eringen (1972) has proposed a nonlocal continuum mechanics theory to deal with the small-scale
structure problems while in classical(local) elasticity, the material particles are assumed to be continuously
distributed and the stress tensor at a reference point is uniquely determined by the strain tensor through the
algebraic relation of Hooke’s law, and, the material particles in nonlocal elasticity are allowed to interact with
low-range forces and the algebraic constitutive equation is replaced by a generalized constitutive equation of
integral and differential operator type. Previous work shows that the dispersion curves obtained by the nonlocal
model are in excellent agreement with those obtained by the Born-Karman theory of lattice dynamics. The
dislocation core and cohesive stress predicted by the nonlocal theory are also close to corresponding estimates
known in the physics of solids (Eringen 1972, 1983; Eringen and Edelen 1972). The nonlocal elasticity theory
was applied in nano mechanics including lattice dispersion of elasticwaves, wave propagation in composites,
dislocation mechanics, static deflection, fracture mechanics, and surface tension fluids. (Reddy and Wang,
1998;Peddieson et al., 2003; Zhang et al., 2004; 2005;Wang, 2005; Lu et al., 2006; Wang and Varadan,
2006;Wang et al., 2006; 2008; Xu, 2006; Lim and Wang,2007; Benzair et al., 2008; Kumar et al., 2008;
Wangand Duan, 2008). The recent work by Tounsi et al.(2008) concluded that the scale coefficient was radius
dependent.

Vibration behavior of beams has been developed for a long time. However, very few papers
considernanobeams with nonlocal effects. The nano mechanical vibration of a electromagnetic nanobeam is
very different from the classical continuum mechanics theory which deals with the macroscopic scale of a beam.
In this paper, we attempt to consider the nonlocal effects of a pre-tensioned electromagnetic nanobeam without
axial motion and subsequently study the transverse vibration and the effect of Hartmann parameter of such
ananobeam. The model is described by partial differential equations in dimensionless quantities such thatthe
analysis is more general and distinctive to describe the difference between electromagnetic nano mechanics and
classical mechanics. It is found that pre-tension and nonlocal stress play significant roles in the vibration
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behavior of a electromagnetic nanobeam. Their effects are analyzed and discussed in detail in a few numerical
examples.
Il. Problem definition and modeling

Consider a pre-tensioned nanobeam with the length L, initial axial tension P at the ends. The end
boundary conditions are arbitrary and will be specified in various cases ofstudy. The force equilibrium for an
element of the nano beam. For vibration of a nanobeam, the bending rotation angle with respect to x-axis is
denoted as 6. Because only small deformation is considered for linear vibration, we have

aw

0 =1, inf = —, 1
cos sin % ¢Y)

where w is the transverse deformation.

We consider also a constant magnetic field of strength H, acts in the direction of the y. Using Ohm’s:

] = 0olE + poU X H,]. 2

where g, is the electrical conductivity,E is the intensity vector of the electric field, p,is the magnetic
permeability, and Uis the displacement vector, neglecting the effect of the intensity vectorE.

The ponder motive force has non-vanishing component directions, given by

F, = (J XpoH,), = o,usHiw, ©)

The equilibrium equation of an element with respect to the z-axis can be obtained based on the D’Alembert
Principle (Fung,1965) as

2Q 0*’w  ONow - 2%*w

adx - W + aa dx + aouoHowdx = ‘DF (4)
whereQ is the shear force, x is the axial, N is the internal axial force, p is the line density and t is time.
oM

-— - =0, 5
o~ @ | )
where M isthe bending moment.

ughout, we have (Yang and Lim, 2008)

oM Nazw N ON ow N 272 ’’w 0 .
ox oxz ' ox ox GoboToW = P ez = ©
which can also be expressed as

oM 9 (N 6W) N 272 ’’w 0 ;
ax  ox\ ogx) ' oMW T P = Y @
For such a nanobeam with a constant, external axial tension P at the ends, we have
0*M 0w 0w -

oz~ P oz ~ Pz T Gokollow = 0 (8)

According to Eringen (1983), the nonlocal stress in a 2D domain can be approximately governed by asecond-
order differential equation

[1 - (e,0)*V?oy; = oy €©))

where o;;(i, j=1, 2) are the nonlocal stresses, ai']-(i, j=1,2) the classical local stresses, e, a constant dependenton
material, and a an internal characteristic length, e.g., for lattice parameter, C-C bond length. For ananobeam, the
governing equation above with respect to the neutral axis can be reduced to an ordinary differential equation as

[1 - (eoa)Z%] o= ¢ (10)

where oindicates the nonlocal normal stresses whilea'the classical local normal stresses along the x-axis.From
Eqg. (8), the nonlocal normal stresses can be solved and expressed in an infinite series as (Lim andWang, 2007)
o%w ,0%w
oz Ez (e,a) Fpe + .., (11)
where E is the Young’s modulus and z is the transverse coordinate. Integrating Eq. (10) above with respect to
thedistance from the neutral axis and over the cross-sectional area, the nonlocal bending moment isgoverned by
M —( Mgy O 12
— ()57 = —Elo 3 (12)
where El is the flexural stiffness. From Egs. (8) and(12), the following governing differential equation ofmotion
for a nanobeam subjected to an initial axial tension P can be derived as
o%w 0%w

o= —Ez

Paz T Pﬁ — OouEHZW
5 0w 2*w 5 262w 2*w
- (eoa) paxzatz + P ax4 - UO”OHO axz = _EI ax4 (13)

For generality, dimensionless formulation is adopted using the following parameters
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2152
X w o UsHS ML
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X' =7 wh= VEI/(pL*) a oL I
where H,is the Hartmann number. In dimensionless quantities, Eq. (13) then becomes, dropping the asterisks for
convenience

Y A L R A ey
at? tha) 5z T T axzace T ok aw = 0, (14)

where T = e,a /LP = PL? /Eland H? = pL°H?/EI. From Egs. (8) and (12), the nonlocal bending
momentfor the non-dimensional form can be expressed as

0w _0%*w s 02w

M= <6t2 - PW - HaW) + W' (15)
For linear free vibration of a nanobeam, the modes are harmonic in time. Hence the timedependenttransverse
deformation of the nanobeam can be represented by

w(x,t) = W,(x)e@nt (16a)

M(x,t) = M,(x)ei®nt (16b)
where w,, (x)is the dimensionless amplitude of vibrationand n=1, 2, ... denotes the vibration modenumber.
Substltutlng Eq. (16) mto Eqs (14) and (15) the governing equation is transformed into the frequencydomain as

1+

2HZ) - (H + 0®)w, = 0, 17)

2p dsz/ 2,2 72\i5
= (1- P)W — (t*w?® + HH)w,, (18)
Eqg. (17) can be factorized as
4

ﬂ(%— "fn)Wn<x> =0 (19)

Jj=1
where kq,,, ko, k3, and k,,, are the roots of the characteristic equation
K% — Ak% — B = 0, (20)

whered = (P +t2H2)/(1 + 12(P — w?2)),and B = (H? + w2)/(1 + 1%(w? — P)).
Since Eq. (20) is a fourth-order polynomial in terms of k; the four roots are denoted by k,; (j = 1,2,3,4),

respectively. Because only linear free vibration isconcerned, the superposition of the four solutionswith respect
to each root k;is also a solution of Eq. (19). Hence

W, (x) = Clneiklnx + Cypetfon* + Cy ethan* + C,, etkan*, (21)
Mn(x) - flnclne kinx + KZnCZnekznx + €3nC3nek3nx + €4nC4nek2nx» (22)
where (5, = k(1 — 7°P) — (r?w® + H2),Cj, (j = 1,2,3,4) are four arbitrary constants ofintegration
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Fig. 1: The relationship between determinant value andnatural frequency.
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associated with Eq. (20) which is afourth-order ordinary differential equation.

I11. Applications and discussion
To illustrate the effects of nonlocal stress and initial axial tension on the free vibration frequency of a

nanobeam, the following examples for various boundary conditions are presented and discussed.
3.1 Simply supported nanobeams
For a nanobeam simply supported at both ends, the boundary conditions for the bending moments and
displacements are
M@©,t)= 0, M(1,t)= 0, w(0,t)= 0, w(l,t)=0. (23)
Substitute Eq. (16) into Eq. (23) and simplify the results. Further substituting Egs. (21) and (22) into the results
obtained above yields

Cln(gln + ZZnCZn + fSnCBn + £4nC4n) = Ov

Cln(flneikln + onEZneikzn + €3n63neik3n +€4n54neik4n) = 0,
| Cln(l + CZn + C3n + C4n) =0,
 Cin(en® + Cypetken 4 Gy etkan 4 G, etkan) = 0,
where G, = Cj/Cin, ( = 1,2,3)
For an arbitrary C;,, # 0 the coefficients inEq. (24) can be obtained as

(24)

(eikln - eikzn)([%n - fgn) (eikln - eikzn)(fin - €in) _

(eikam + elom)(lin + (5n)  (eMan+ eMam)((n + ()

6 _ (elkln _ elkzn)([%n — [ﬁn) (25)

T (et etan)(G+ 6y)

(eikln - eikzn)(fin - f%n)

(etken 4+ eikan)((5, + €5,)

Therefore, the n-mode amplitude of vibration from Egs. (21) and (25) is

— _ iki1nX (elkln - elkzn)(fin - f%n)

Wp(x) = Cipietan* + - - o 5

(etkan + elkzn)(&m + £3n)

(e — ethemy(£1, — £3,)
(eilfzn + eik_Sn)(&zm + fgn) ' .
[(elk1n _elkzn)(fin_fﬁn)]e”%nx + (elk1n _ elkz‘n)(ffn — fgn) eik4nx}
(etksn + eikzn)(&zm + fgn) (etken + eik4n)(&2m + f%n)

and the corresponding time-dependent displacement from Eq. (16) is

(efam — etfem)(£1, — £3,)

(etkan + e”‘zn)(&zm + t’%n)

CTZn =

6411 =

1] elkanx (26)

w,(x,t) = Cip {eik1"x+

(eikln _ eikzn)(fin — &Zl,n) -1 el‘kznx (27)
(ei'kZ" + ei'k3n)(€in + fgn)
(elkin — elkzn)(f%n - gin) ik3nx

(etksn + etkan) (65, + fﬁn)
ik ik 2 2
(el m — gt zn)(fln - €3n) eik4nx eiwnt
(etkan 4+ elkan)(£5, + €5,)
where C,, # 0 is an arbitrary constant. For nontrivialsolution of Eq. (21), the determinant of the
coefficientmatrix must be zero

1 1 1 1

gk gian gikon gikan
=0,

z1n l 2n l 3n l 4n

ikln ik2n ik3n ik4n
glne €2ne K?yne Z4ne
which yields a characteristic equation as

Bulin(ethon — ethom)(ethan — ethin) 4 (3,63, (eham — efhan) (ethan — ethon)

DOI: 10.9790/5728-1301014755 www.iosrjournals.org 50 | Page



Free Vibration of Pre-Tensioned Electromagnetic Nanobeams

+ Ol (e — etlan) (elkon — ethan) 4 (2,62, (e¥sn — eikan)(eikan — gikin)

+ ginggn(eiksn — eikm)(eikzn — eik4n) + fin[%n(eikzn — eikln)(eik4n — eik3n) = 0,
(28)

The n-mode vibration mode and transverse deformation can be solved to the extent of an arbitrary constant
Cin # 0. The analysis above can be described clearly through numerical examples. For instance, takingr = 0.3
and P = 2, the roots for w,(n = 1,2, ...) satisfyingEgs. (18) and (28) can be obtained as the interceptsof the
horizontal axis in Fig. 1 where the determinant Eq. (27) vanishes.
It is obvious that there are infinite modes of frequency, which make the determinant zero. The first intercept
with the horizontal axis is the fundamental frequency; the second intercept is the second mode frequency, and so
on. Following the numerical procedure above, the relationship between w;, w, and the dimensionless nano scale
parameter t can be obtained as shown in Fig. 2.
We can find that the fundamental and the second mode frequencies reduce with the increasing z. Hence, the
natural frequencies reduce when the stronger nonlocal stress effect is present. It is also obvious that the
frequencies increase with the dimensionless
pre-tension P . Obviously, z and P affect very much the natural vibration frequencies.

Natural frequencies
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Fig. 2: Nanoscale effects on the first two mode frequencies for clamped nanobeams
3.2. Clamped nanobeams

The problem of a clamped, pre-tensioned nano beam is presented in the following example. Theclamped
boundary conditions are

ow(o,t) ow(l,t)
W(O, t) = 0, W(l,t) = O, T = 0, T = 0. (29)
From the above equation, the result can be deduced by Egs. (16) and (21)
1 1 1 1 1
eikln eian eikSn eikAn 6
2n
— |C, =0, (30)
kln an k3n k4n C3n
ikyp i ikgn ik gn ~
klne ' k2ne ’ k3ne ’ k4ne ) Can
which yields
CT _ l (eik4n - eikln)(ksz’n - k%n) + (eikln - eik3n)(kgn - k%n)
m K +(etam — effsmy(k, — kiy)

(eikln - eikzn)(k%n - k%n) + (eian - eik4n)(k%n - k%n)

Csn = — . . .
T (eftken — eten)(ki, — k) + (etin — ekam)(kS, — k)
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(eikln - eian)(k?Zm - k%n) + (eik2n - eik3n)(k12n - k%n)
(efon — elen)(kZ, — K3,) + (e — ethan)(k3, — k)
where K = (esn — ein)(k3, — ki) + (e™n — esm)(ki, — ki)
Hence, the n-mode amplitude of vibration is
ikan _  pikin\ (L2 _ 12
Fa(0) = Cin {eiklnu [(e ¢ K)("3n kon)
(eikln - eik3n)(k2n - k%n) + (eik4n - eik?’n)(k%n - klzn)
K e
(eikln - eikzn)(k%n - kin) + (eik2n - eik4n)(k%n - k%n)
[( = etn)(kf, — k3, + (el — etan)(k3, — K3,)
(eikln - eikzn)(k?zm - k%n) + (eian - eik3n)(k%n k%n) ikanx
[( = e\ (k3 — KE,) + (et — etan)(kF, — kZ)|° }
and the corresponding time-dependent displacement is

Wn(x t) = Cln {eiklnx+ [(eik4n — eikln)(k?z’n — k%n)

Cm =

+ kanX (31)

eksn* (32)

K
(efhin — eMm)(k3, — k3) + (e — etham)(k3, — kfn)] pikon

K
_I_[(eik”‘ — etem)(kF, — kin) + (Mo — etem)(kF, — ki) .
(et — ety (2, — kZ,) + (ehn — etm)(kZ, — KZ,)
+[(elk1n - elkzn)(kgn - k%n) + (elan - elk3n)(k%n - k%n) e
(etksn — eikan) (k2 — k2))+ (etkin — etkan)(k2, — k3.)

ik3znx (33)

ik4nx} e wnpt

For nontrivial solution of matrix Eq. (28), the determinant of the coefficient matrix must be zero, or

Ksnkyn(ethim — eikan)(eikan — gikin) 4 Ky, keyp (ethan — eikom)(eihin — gikan)

+ klnk4n(eik3n _ elkln)(elRSn _ elk2n) + k2nk3n(eik3n _ eian)(eik4n _ elkln)

+ klnkSn(eik‘m — eikm)(eikzn — eik4n) + klnan(eikzn — eikln)(eik4n — eiksn) = 0.
(34)

Analogously, from Egs. (20) and (34), we cansolve the unknown quantities in Egs. (32) and (33). Tosolve the
problem numerically, the relationship betweenw,, w, and tis presented in Fig. 3 for two values of P. Again, it is

obvious that frequency decreases
with an increase in Twhile it increases with anincrease in P .

Natural frequencies
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Fig. 3: Nanoscale effects on the first two mode frequencies for clamped nanobeams

3.3. Nanobeams with elastically constrained ends

14

In this example, we consider a special supporting condition for nanobeams with elastically constrained ends

(Xie, 2007). The support conditions may be formulated with the following boundary conditions
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w(0,t) = 0, w(l,t) =0,
22w(0,t) ow(0,t)
ax?2 ox (35)
22w(1,t) ow(1,t)
axz ox 0,

where 2 = A/(PL) is the dimensionless stiffness of theelastically constrained ends in which Ais the
physicalstiffness of the elastic constraint. If Aapproaches 0, these ends degenerate to simply supports as
discussedin subsection 3.1, while if Aapproaches infinity, theydegenerate to clamped ones in subsection 3.2.
Substituting Egs. (16) and (21) into Eq. (35) yields

AC =0, (36)
where A =
1 1 1 1
ekln ek2n eksn ek4n
k2 +ink,, k2 +irk,, k2 +irk,, k2 +irk,,
(k:, —ink, Je (k3 —ink,, e (kS —irk,, o™ (kG —ink,, e
1
62n
C=|=- |C,
C3n
64n

For C;, # 0, the following solutions of coefficients are obtained by solving Eg. (37):

C. = 1 (et — etkan)(ethan — etkan)[kyy — kyp + iA(kzy — ko))
K +(etkan — etkan)(ethan — etkan) (k) — kyp + iA(kyy — kon)]
eikin _ gikan
elkan — pikan’
Con = 1 (efan — etfan)(ethan — elken)[ky,, — kyp + iA(K1p — k2p)]
K +(etkam — etkan)(etan — ek [k — kyp + id(ksn — K2n)]
pikon _ pikin

eikan — gikzn’ (38)
(e — etm)[k2, — k3, + Ay — o)) — (e — eom)[kE, — I, + iA(Kyn — ko))
~ (ean — eRen) [k, — kB, + Alkan — kp)] — (e — eten)[kZ, — k2, + iA(Kan — ko)l

Can
where
Ky = (eMom — eom)?[k, — k3, + id(kan = kap)]

— (e — ethany(ethsn — efan)[kZ, — k3, + id(ksn — kan)].
Then the n-mode amplitude of vibration can be obtained as

N kin _ gikan
— —_ LK1nX
wWn(x) = Cin {e it [eik3n — ik

l (eik1n _ eikzn)(eik4n _ eik3‘n)[k3n — k2n + l)l(k3n — an)] ek2nx

K; (+(etsn — etkan)(ethen — ekan)[ky, — kyp + iA(Kyn — kon)]
eik2n _ gikln
[ (39)

i (eik4n — eikzn)(eik3n — elkzn)[kln — an + l)l(kln — an)] ek3nx
Ky (+(etan — etkam)(ethsn — eken)[ky — kyy + id(kan — kon))
N (efin — etem)[kF, — ki + id(ksn — kyn)] — (e*3n — eem)[kf, — ki, + id(kin — k2n)]] o
(etksn — eem)[k, — I, + iA(kan — kpn)] = (een — ethen)[i, — ke, + iA(kan — kop)]

and the corresponding time-dependent displacement is shown in Eq. (40):
Wa(t,t) = Cin {e“‘”" + [ﬁ

+i (eik1n _ eikzn)(eik4n _ eik3n)[k3n — k2n + l/‘l(kgn — k2n)] eanx
Ky (+(etken — etkan)(ethan — etkan)[ky, — kyp + id(kyn — kan)]

e ik3n — e ikon

_l_

eikin _ giksn
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ikan _ oikin
[—e moe? (39)

eik3n — gikan
1 { (etkan — etkan)(gtkan — elken)[k, — ko + id(kypy — kon)] }] kamt
Ky (+(e™am — etkan)(etkan — etkan)[kyy, — kyp + iA(K3n — ko)) ¢
+[(e”‘m — etken)[k3, — k3 + iACkan — kan)] = (™o — ean)[k2, — k3, + m(kln—km)]]eiw}ewnf
(etkan — eiken)[k2, — kZ, + iA(kgn — kpn)] — (elan — elken)[k2, — kZ, + iA(ksn — kop)]
For nontrivial solution of Eq. (36), the determinant of the coefficient matrix must be zero, or Eq. (40)
k3nk4n(eik2n - eikin)[(k3n + M-)(kzln - M’) - (k4n + l/l)(kSn - 1/1)]
ankzm(eile - eikln)[(an + i/D(kztn - il) - (k4n + i/-{)(an - i/-{)]
ank3n(eik4n - eikln)[(an + i/D(k3n - il) - (ksn + i/-{)(an - i/-{)]
[ + +
[ + +

klnk4n(el_k3n - el_kzn) (kln M-)(kzln - M’) - (k4n ll)(kln - l/l)]

klnkSn(elkzn - elk4n) (kln M-)(an - M’) - (k3n ll)(kln - l/l)]

klnan(eile - eik3n)[(k1n + il)(an - il) - (an + il)(kln - 1/1)] (40)

The relationship between the natural frequenciesw,, w, and nanoscale parameter tis Fig. 4 for k = 0.2. Again,
we observe similar effects of tand Pwhere increases in tand Pcause thefrequencies to decrease and increase,
respectively.

Natural frequencies
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Fig. 4: Nanoscale effects on the first two mode frequencies for nanobeams with elastically constrained ends

IV. Conclusion
In this paper, we concluded that the transverse free vibration of electromagnetic nanobeam is
significantly influenced by the existence of a pre-tension and the dimensionless nano scale parameter. Three
numerical examples are presented which include simply supported nano beams, clamped nanobeams and nano
beams with elastically constrained ends. In the numerical examples, we find that the first two modefrequencies
drop quickly with increasing dimensionless nano scale parameter. On the contrary, thefirst two mode
frequencies increase with increasing pre-tension. The effects are similar for the three examples investigated.
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