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Abstract: The uniform distribution appears due to natural random events or to the application of methods for
transforming samples from any other distribution to samples with uniformly distributed values in the interval
(0,1). Thus, in order to test whether a samplecomes from a given distribution, one can test whether its
transformed sample is distributed according to the uniform distribution or not. Several test procedures are
developed to test the goodness of fit for uniformity. In this paper, we want to study the performance of eleven
different tests for uniformity by considering different sample sizes as well as different alternatives. The results so
obtained are displayed in various tables and graphs. Finally, conclusions are made on the basis of the results.
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I.  Introduction

Goodness-of-fit tests are frequently used to decide if an observed sample X;, i=1,2,...,n can be
considered as a set of independent realizations of a given cumulative distribution function(cdf) Fy(x). More
precisely, they are used to test the hypothesis Hq: F=F,, where F is the true cdf of the observations.Let us
suppose that Fq is a Uniform distribution in the interval [0, 1]. For testing uniformity, a number of authors
proposed different statistical tests. The wide variety of tests is caused by frequent application of the uniform
model in applications. This is not least defined by the fact that such a simple model makes it possible to solve
problems based on analytical methods only.Uniform distribution is often used to describe the measurement
errors of some devices or systems, which is not least due to the lack of information. Naturally, its unjustified use
can cause problems.

The hypothesis of uniformity of random variables can be subjected to different statistical tests of that
can be divided into two subsets. These include general goodness of fit tests used for uniformity and special tests
meant only for the hypothesis of uniformity of the sample X, X,,...,X,.Several tests are available for testing
uniformity. Generally, a simple testable hypothesis of uniformity of the sample X,X,,...,X, of independent
observations of a random value of X has the form: Ho: F(x)=X, x€[0,1]. Most of the tests for the hypothesis of
uniformity on the interval [0,1] are based on the ordered samples X)<X»<...<X(.In this paper, a simulation
study is carried out to estimate the power of eleven different tests aiming to assess the validity of uniformity
assumption on the unit interval [0,1] by taking various sample sizes against five different alternative
distributions.In the proposed study, section 2 represents a general description of the uniformity tests and the
types of alternatives considered here, section 3 presents the simulation approach considered in the study and also
the power results.

1. Goodness —of- fit tests for uniformity
2.1 Test Procedure:
Let F be a continuous cumulative distribution function. Let X,X,,...,X, be a random sample from F.
We are interested in testing Hq:Fwhere U[0,1] denotes the Uniform distribution in the interval [0,1].

- 1o )
LetX)<X@<...<X( be the ordered samples and X = — ZH X ; is the sample mean.
n &=

Generally, the use of nonparametric goodness of fit tests for composite hypotheses with regard to different
parametric models of probability distribution laws is seriously complicated due to the dependence of test
statistic distribution on a number of factors. But, in case of nonparametric tests used for uniformity, such type of
problem does not arise. Therefore, in many situations, a sample that is belonged to some parametric law comes
down to test the hypothesis of uniformity on the interval [0,1].

In our proposed study, the eleven well-known test statistics K-S(D,)), AD(Af), CvM(an), Watson(UnZ),

Sukhatme(Q,), Probability product(Q, ), Kuiper(V, ), Gini(G, ), ZhangA(Z ), ZhangC(Z.) and Si’Adefined
in terms of a Uniform distribution function, have been considered. These statistics are described below:
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2.1.1 Tests based on Empirical Distribution Function (EDF):

The test statistics based on empirical distribution function (EDF) measure the discrepancy between the EDF,
Fa(x), and the distribution function, F(x), and are based on the vertical differences between these two functions.
In our proposed study, the test statistics based on EDF which are considered herein may be subclassified into
two groups:

(a) Supremum test statistics:

The most well known EDF statistic is D,, introduced by Kolmogorov (1933) is given by

D= SUP|F, (¥~ F(x)|= max(D;, D;)

—00< X<00
i - i—
where  D; =max{-U} adD; = maxiV, -3
I<i<n 1<i<n n
Dn+ and D, are calculated as the largest vertical difference between F,(x) and F(x) when F,(x) is greater or

smaller than F(x), respectively.
Kuiper (1960) introduced a related test statistic V,to be applied to observations on a circle since the value of V,
does not depend on the origin choice. This test statistic is defined as

V,=D; + D, .
Kuiper gave its asymptotic distribution. Tails distribution for small samples and critical points can be found in
Stephens (1965) for both tails.

(b) Quadratic test statistics:
This wide family of discrepancy measures is given by theCramer-von Mises family

1
Qn:nJ.{Fn(X)—F(X)}Zl//(X)dF(X), where w(X)is a suitable function giving weights to
0

X)— X . en X) =1, this statistic 1s the Cramer-von Ises statistic and when X
F F(X)¥. When w(X)=1, this statistic is the C Mi istic W? and when

=[{F()H1-F(X)}]?, this statistic is the Anderson-Darling (1954) statisticAnz. The test statisticisdefined as
follows:

, <& 2i-1, 1
W, _;{Lj(i) 7]} +ﬁ
2 1& ..
A, :—n—HZ(Zl ~D[InU;, +InfL-U .. 1]
i=1

Lewis (1961) demonstrated that for n>3, the asymptotic distribution of An2 is a good approximation to its
distribution and he proportionated a table containing the g-valuesof this asymptotic distribution for the lower
tail, where g= P(A’ <1).

Watson (1961) proposed the statisticUn2 , Which is a modification oan2 , which is used with observations on a
circle. This statistic is defined as
2 2 11 2
U2 =W?-n(U -.5)
The simulated Critical values of these tests are given in Table 1.
1.1.2  Other approaches:
(a) The Sukhatme test:

E.S.Pearson (1938) suggested that for the case when the alternative distribution may be concentrated in either
end of the interval that we reject for the small values of

no . |2U;,1f0<U, £1/2
Q2:HUi,where U, = .
i 2(1-U,),if1/2<U, <1

The test is easily carried out by rejecting for large values of

-2InQ, =-2)"InU; ,
i=1
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which also has a chi-square distribution with 2n degrees of freedom. This test is a Uniformly Most
Powerful(UMP) test for the alternative class of densities

h(y,v)=(1-v)y",0<y<1/2
=1-v)A-y)-v,1/2<y<l0<v<l

(b) Pearson’s Probability Product test:
Karl Pearson probability product test Q, was proposed by Pearson in 1933 which is defined as

Ql:HUi
i=1

For testing uniformity, the statistic 2InQ, has a chi-square distribution with 2n degrees of freedom under the
i.i.d. Uniform (0,1) null hypothesis. For large values of n, 2InQ; gives a uniformly most powerful test.

(c) Gini Index Test:

Let X1,X5,...,X;, be a random sample from an unknown distribution F with a probability density function f(x).
Let Fo(x;0) be a parametric family of distributions with p.d.f. fo(x;e). The hypothesis of interest is

Ho: f(X) = fo(x;e), for some e€O, against the alternative H;: f(x)# fy(x;e), for any eeO.

Using probability integral transformation ui= Fo(X;), i=1,2,...,n, it can be reduced to test the hypothesis of
uniformity on the unit interval as

Ho:f(u) = 1, O<u<l against the alternative H;: f(u)#1, O0<u<l and the Gini index test for testing uniformity is

defined as
n n
Gn = Z n
i=1 nzui
i=1

The critical values are found in Noughabi, Arghami and Borzadaran (2014).
(d) Zhang Test:
Zhang (2002) proposed a method to construct new goodness of fit tests, derived from classical ones, and are

defined as
&, In{ugd In{L-U,}
= ;[[n—i+(1/2)]+ [i—(1/2)]]

-1 2
- Uy -1
C— .
= [n=@/2)]/i-(@3/4)]-1

The statistics Z, and Zc are distribution symmetric. They appear similar to the tests Kolmogorov-
Smirnov, Anderson-Darling and Cramer-von-Mises. The critical values for these statistics are found in Zhang
(2002).

1.1.3  Test based on sample quantiles :

When gooodness-of-fit tests are carried out with categorized data, test statistics are constructed either
with relative frequencies of intervals or with sample quantiles. In the second case, data is categorized by taking
a partition of the range of F(x)e [0, 1] and by mapping the partition to R with the inverse of the empirical cdf
(sample quantile function). In this case, statistics are functions of the sample quantiles.

The quantile categorization is an alternative method to test goodness-of-fit, which uses the hypothetical and
empirical quantile functions

F, () = inf{x: F,(X) > z}and F ' () = inf{x: F, (X) > 7}
respectively, for every n. Data are reduced by considering a partition vector of the interval (0, 1), = (my,..., Tm.1)
€ (0,)™* with

(2i —Duy,

T=0<m<..<mmui<l=m,,

and by applying the functions F,“and F, " to x in order to obtain partition vectors of R,
= em)={ By " (), ..., By ()},

Yoz (Y oYy ) ={F (), 7 (7, )}
where Yni = X(ni) and ni= (nm;)+1, i= 1, ... ,m-1. Hypothetical empirical probability vectors are

q :(ql""’qm) :{FO(Cj)_FO(Cj—l):]‘S S m}:(ﬂ'j EAE 1< j<m),
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PCY) ={Pu(Yo)s s P (3 =AR (Y, ) =R (Y, ) 1< j<m},

where N, =0,n, =o0,Y, =—o0,Y, =c0.

In order to test Hy: F= Fo, let us consider the Cressie and Read’s power divergence statistics

A _T4 _ N\ pi(Yn)/I_ o %
Tn.m_Tn.m[p(Yn)’q]_l(ﬁ_}_l);pi(Yn)[( g ) 1], <A<

In case of 2-interval partition (0, 1)= (0, n] (,1), the above equation reduces to
T o2 { U IS . X\/) _1}
AA+D L o 1-q,)
Where ¢, =7 and p,(Y,)=F{F.'(7)}.
2.1.4. The New Goodness-of-fit Test Statistic:
TotestH, : F = F,, the new statistic proposed by Esteban et al. (2006) is constructed by using the formulas

1
Smex = SUP{T", W(m)},S = [T/, dw(z)
0

7e(0,1)

Where w(s) is some function in the interval [0,1] and large values of S and Smax reject the null hypothesis.
_ 1 g . -
Now, by taking W(7r) = = z(1—7) in O, , We obtain the new test statistic as follows:
n

1

1 1* 2

St, = max{F,Sn’A,(FO(X(n))—l) 3

. I\, i+1
Where, Sn,A =maX;_,, . n—1[max{(|:0(x(i)) _H) 1(F0(X(i)) - n
2.1.5 Types of Alternatives

If F(x) is completely specified, the Z, should be uniformly distributed as U (0,1). Power studies hence
therefore been confined to a test of the hypothesis concerning Z, where Z;’s are drawn from alternative
distributions. If the variance of the hypothesized F(x) is correct, but the mean is wrong, the point Z; will tend
towards 0 and 1. Again if mean is correct, but the variance is wrong, then the point Z; will move to each end, or
will move towards 0.5.

The following alternatives Type A, Type B and Type C proposed by Stephens (1974) are given as follows:
A :F(2)=1-(1-2)*,0<z<1
21z% for0<z<05
B, :F(z)= ) )
1-2""(1-2)", for0.5<z<1
0.5-2%(0.5-2)%, for0<z<0.5
C.:F(2)= ) )
0.5+2“'(z-0.5)%, for0.5<z<1

where k>0. For k>1, the family Ay gives points closer to zero than expected under the hypothesis of uniformity,
By gives points near to 0.5 and Cy gives two clusters close to 0 and 1. For k<1, the behavior is opposite, that is,
the family Ay gives points closer to 1, By gives high probability to intervals near to 0 and 1 and Cy gives more
probability to intervals around 0.5 than expected under the uniform distribution.

Also the p.d.f. of other two alternatives considered here are given as follows:

The p.d.f. of Beta distribution is

A1 \r-1
f@:py) =D
juﬂ‘l(l—u)“du

)},
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-yt

B(B.7)

The p.d.f. of Weibull distribution is
f(2:5.7) :%%)H exp(-z/ f);220,5,7 >0

B, y>0,0<z<1

I11. Simulation Study

Sample Size(n) | T e S t S t a t i S t i c
2 2 p2 1
U, D,W, AV, S, .
1 0(.1788|.4078|.4466|2.5121 512 9|.2161
2 0/.1846|.2942].4573]2.5020 3715].1399
2 5(.1877|.2630].4594]2.5230 3383|].0776
3 0/.1858|.2416|.4604]2.5130 307 0].0645
5 0[.1867|.1899|.4665[2.4941 2 408)].0381
1 0 0(.1822|.1345|.4682|2.4901 1708|.0186

To study the empirical level and power of the eleven test statistics we have generated samples from
different distributions. The study was carried out for six different sample sizes (n=10, 20, 25, 30, 50, 100) and
considering significance levels 0.10, 0.05 and 0.01 (for 10 percent and 1 percent levels are not shown in the
table) and by considering five different alternative distributions viz., Type A, Type B, Type C, Beta and
Weibull. Here, the uniform variates are generated by RAND function using BASIC and for the other
distributions method of inverse integral transformation is used. The ratio of the value of the test statistic greater
than the critical value divided by the total number of repetition gives the empirical level under null case and
power of the test statistics under the alternative hypothesis.

V. Results
The following tables show the simulated critical values, empirical level and power of the test statistics for
different alternatives:
Tablel:Simulated Critical values of tests under Uniform distribution

Table 2(a).Empirical levels of test under Uniform Distribution (¢=0.05)

Sample Size(n) | T e s t S t a t i s t i c S
2
Un Dn Gn Vn Ql

1 0 0 5 0 1 0 5 0 1 0 48 7|.0503].0482

2 0 0 5 0 0 0 5 0 0 0 4 96|.0502].0517

2 5 0 5 0 1 0 5 0 2 0518|.0500].0517

3 0 0 5 0 1 0 4 9 9 0507|.0499].0518

5 0 0 5 0 2 0O 5 0 1])].0483|].0501].0522

1 0 0]. 0 4 9 g8/]. 0 5 0 0. 049 7|].0503 -

Table 2(b). Empirical levels of test under Uniform Distribution (0=0.05)
Sample Size(n) | T e s t S t a t i s t i c
2 p2 1
QZ Wn An ZAZC Sn,A
1 0. 049 4].0501].0467 0 5 0 1 0 5 0 1 0 5 0 1
2 0 050 3|].0500(.0481 0 5 0 1 0 5 0 1 0 1 0 1
2 5 0 48 3|/].0505(].0499 0 5 0 1 0 5 0 0 0 500
3 0 049 1].0501|.0493 0 5 0 1 0 5 0 1 0 5 0 3
5 0 0 48 1]1].0494|.0513 0 5 0 0 0 5 0 0 0 5 0 4
1 0 0 -]1.0475]1.04098 0 5 0 3 0 5 0 0 0 5 0 8
Table 3(a)Empirical Power of the Tests under Type A Distribution (0=0.05)
Sample size(n) T e S t S t a t i S t i c

k 1 2 A2
' Sn,AZAWn An Dn Zc

1 .5].2509].1715].1743].1542[.1507].13538
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6 6 0 2
8 57 7
9 2 46
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1
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. 0
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. 0
.5
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Table 4(a) Empirical Power of the Tests under Type B Distribution (0=0.05)
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Table 4(b) Empirical Power of the Tests under Type B Distribution (¢=0.05)
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Table 5(a) Empirical Power of the Tests under Type C Distribution (0=0.05)
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Table 5(b) Empirical Power of the Tests under Type C Distribution (a=0.05)

o oo |o|o|Nfo|[m|dHo|d|(w s ~|ofo|o|d|o(w m|ofmfoo| |||
oo~ |N (MM ~[o |~ [ |o| (o ||t |© |~ |~ || |o|m|m
- o~ o | o[ [mm|dH~m M|t |m|o|o|w|o|o |0 |0 |w (o]~
A [N ™ (o [H|N | [ [0 [0 || 0 |0 |o|d|N o (v ||~ |[d|m
~n (oo oo |o (o |o[mo|m|o|N|o|o|Ni~|m(v|o|s |~ |w (oo~ |o|o|o|o
«» M~~~ oo N[ M (s o]~ [~ |00 [ [N W (W [© [ |t |o || M| o |o|-|w|o|o|o|o
O [~ [~ |~~~ (o<t |0~ [~[o[w|m|m|o || |o|m|wo|o|-|~|o|o|o|o|m|o|o|o|o|o
- ol |N[m|<t|[©|o|d|w|~|o o oo o oo |o|ln|w|o oo ||t |o|o|o| “|lNjo| | | |
—
o~ (M| [N (oo ||| |(w|o (N |~ |~ |ofla|o (s |o|v|N|wo (v |o|lo|o|Nn|v|o|o|o|o
< ot [ W |~ [ Mt (o [Ofw | N[O oo Nn|o|m|w|o|o|o|lm|o|o|o|o|Nn|jo|o|o|o|o
OO (MMM |N[O(Mm|N || [0 ||~ (M| || |Nfm | (|| |~|w(o|o|o|o|w|m|o|o|o|o
— ol M|t (b~ |H[N|© [~ o |d|N |~ |o o |—H[m|o|o|o|o ||| o o ™o
[ [ [ [
[<2]
o<t [~ [ |w |~ |||« |o o |~[o|m|o|o|o|d|~|o|lo|o|o|s|o|o|o||m|o|wnw|o|o
Ql ~(w oo |o|o || ||~ fofm o~ o~ (b~ o | |Fm|m|o|o|o|m|~|m|m ||«
_/A_n oW o [~|© M|t (o<t [~ [N (o< o | M| || N|o oo |o|o|lo|o|-|o |||~ |0
bt ol [N |m | |0 [H|N|© || [©|H|m || |0 |~ |H[m|o (o |~ |~ | |w [~ 0|0 (o|o|o|o
A
» (&)
N o[t~ [ || || (o[ [N (o ~[o|m~ oo~ |o|lo|o|o|~|o|lo|o|o|o|o|o|o|o
eGn ~(w oo |o|o |||~ ofm|o|~|o o~ v~ |o|o|t|o|o|o|lo|o|H|o|o|o|o|o
~ (W (o[~ |© [ ||t [© [N ||t || (M| || o |o|o|o|o|o|o|o|n|o|o|o|o|o
Wn o|ld|N|m || |H|N|© oo o |dH|m o |o|o|o|dHlm|o|o|o| |N|o (o] | | c|s|o]| | | | -
[ % IS S S O (R O ) A ) R R I R R R R R R
wo|low|o|o|w|lojlow|jo|ow|jo|o|w|o|lo|v|o|o|w|o|o|w|lo|o|w|o|o|nw|o|o|w|o|o
i~ Ll Ao R (S RS A TP N R R (oA [P e B A [To N Rl [SVA For B o N RS R ITo N R EOVE [ TN S IToN Rl [V o N S S B ITo R BN [aVR o TN AS i ITe)
~
(=
-
(o]
N
w
L
Q
E )
© o o Te) o o =}
n — 39 3\ ™ re) —

Table 6(a) Empirical Power of the Tests under Beta Distribution (0=0.05)
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Table 7(a) Empirical Power of the Tests under Weibull Distribution (0=0.05)
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Table 7(b) Empirical Power of the Tests under Weibull Distribution (¢=0.05)
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30 (3,.5) |1 0 0 01 0 0 0|1 0 0 0|1 .000
(4,1) |1 0 0 0|1 0 0 0|1 0 0 0. 90 46
(4,.5) |1 0 0 0|1 0 0 0|1 0 0 0|1 .000
(5,1) |1 0 0 0|1 0 0 0|1 0 0 O 9 0 4 6
(1,1) |1 0 0 01 0 0 0]1 0 0 0 9 4 8 1
(3,1) |1 0 0 01 0 0 0|1 0 0 0. 9 481
50 (3,.5) |1 0 0 01 0 0 0]1 0 0 0]1 .00 0
(4,1) |1 0 0 01 0 0 0|1 0 0 0. 9 481
(4,.5) |1 0 0 01 0 0 0|1 0 0 0|1 .000
(5,1) |1 0 0 01 0 0 0|1 0 0 0. 9 481
(1,1) |1 0 0 01 0 0 0|1 0 0 0|1 0 00
(3,1) |1 0 0 01 0 0 0|1 0 0 01 0 00O
100 (3,.5) |1 0 0 01 0 0 01 0 0 0|1 .000
(4,1) |1 0 0 01 0 0 0|1 0 0 01 0 00O
(4,.5) |1 0 0 01 0 0 0|1 0 0 01 0 00O
(5,1) |1 0 0 01 0 0 0|1 0 0 01 0 00O
Fig.1
Empirical Power of the tests under Type A Alternative(k1=1.5)
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Empirical Power of the tests under Type B Alternative(k1=2)
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Empirical Power of the tests under Type C Alternative(k1=1.5)
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V. Discussions
Table 1, 2(a) and 2(b) shows the simulated critical values as well as the empirical level of the eleven
tests for six different sample sizes. It is seen that all the tests almost satisfy its nominal levels. However, the
probability product test is found to be anticonservative in most of the sample sizes. Table 3(a) and 3(b) show the
empirical power of eleven tests under the alternative of Type A distribution for six different values of the
parameter (ky). It is seen that power of all the tests increases as the sample size increases. However, the power of

Srll A Za CvM(WnZ), Gini(Gn) and AD( Anz) seems to be higher than the other tests in most of the situation
and the power of Sukhatme test is found to be the lowest among all the tests considered here. Also it is found
that for some values of the parameter, the CvM and Gini test give the similar power in most of the sample sizes.
For large sample sizes as well as for large values of the parameter, the powers of all the tests become exactly

one. Table 4(a) and 4(b) show the empirical power of the tests under the alternative of Type B distribution for
six different values of the parameter (k;).Here also, the power of the tests increases as the sample size

increases.However, the powers of Watson(U nz ), Kuiper(V, )and Z, are found to be higher than the other tests.
Also it is seen that as the sample size as well as the value of the parameter increases, the power of Srl1 A K-S( D,

), CvM(an) and AD( An2 ) tests also increases and it become exactly one.

Table 5(a) and 5(b) show the empirical power of eleven tests under the alternative of Type C
distribution for six different values of the parameter (k;). Here, it is seen that power of all the tests increases as
the sample size increases and also the power becomes exactly one as the sample size increases in most of the

tests. The power of Watson(U nz ), Kuiper(V,) and Sukhatme (Q,) tests are found to be higher than the other
tests and the power of Probability Product(Q, ) tes is the lowest among all the tests.Also, the power of K-S( D,
), SrlhA .CvM(W ?) and Z are found to be in the middle range.

Table 6(a) and 6(b) show the empirical power of eleven tests under the alternative of Beta distribution
for six different set of the parameters (f,y). It is found that the tests viz., CVM(Wn2 ), ZaAD( An2 ) and K-S( D,
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)give comparatively higher power than the other tests in all the situations, whereas the Sukhatme(Q, ) and Gini(

G, ) test gives the smallest power in most of the situations. Also the power of S,l]'A and Probability Product( Q,

) test are found to be in the middle range. The powers of most of the tests become exactly one for large sample
sizes and for large values of the parameter.Table 7(a) and 7(b) show the empirical power of the tests under the
alternative of Weibull distribution for six different set of the parameters (B,y). Here also, it is seen that, the
power of all the tests increases as the sample size increases. Out of all the tests considered here, it is seen that,

the Zatest gives the highest power followed by Kuiper(V,), Watson(U f ), K-S(D,), CvM(an), SrlhAand AD(

/—\nz) and the Gini(G,, ) test gives the smallest power.For large sample sizes as well as for the large values of the

parameters, all the tests give the almost same power and finally it becomes exactly one.Also it is found that, for
some set of the values of the parameter, the Ginitest gives the same power for a particular sample size.

VI. Conclusion
Power of Z, test is found to be higher than the other tests in most of the alternatives except for the

alternative of Type C. The tests CvM(WnZ), AD( Af) and K-S(D,) give almost same power in most of the

1

nAY Watson(Urf) and Kuiper(V, ) tests are also good for some alternatives. The

situations. The power of S

Sukhatme( Q,) and Probability Product( Q, ) tests show comparatively less power in most of the situations. Also

it is not possible to find out the powers of Sukhatme and Probability Product tests for large sample sizes due to
the unavailability of critical values.Finally, we arrive at the conclusion that Z, test may be recommended in
most of the situations except for the alternative of Type C. We may give second preference to the tests CvM,

AD,K-Sand S ,.
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