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Abstract: In the present paper, the two dimensional Fourier-Mellin Transform (2DFMT) in the range of
[0,0,0,0] to[eo, oo,%,%] is defined by using two dimensional Fourier-Laplace transform (2DFLT). Then, we have
obtained the solution of 2DFMT of some function in the above defined range.
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. Introduction

Mathematicians have long had techniques to solve quadratic equations, geometric questions and for
physical conditions of speed or position. Fourier transform (FT) is named in the honor of Joseph Fourier (1768-
1830), one of greatest names in the history of mathematics. Fourier Transform is a linear operator that maps a
functional space to another functions space and decomposes a function into another function of its frequency
components. Fourier transform’s have many applications in Applied Mathematics, Physics, Chemistry and
Engineering such as in medical images, communication, image analysis, data analysis, in image segmentation,
signal and noise of fMRI [2]. Fourier transform has established itself as the most efficient tool for deriving
closed-form option pricing formulas in various model classes [1]. Fourier transforms have been applied to
different remote sensing applications. Lillo-Saavedra et al. used Fourier transforms to fuse panchromatic and
multispectral data obtained from Landsat ETM+ sensor [3].

The Mellin transform is a basic tool for analyzing the behavior of many important functions in
mathematics and mathematical physics. Mellin transform is a natural analytical tool to study the distribution of
products and quotients of independent random variables. Using Mellin transform agricultural land classification
is possible. It has application to derive different properties in statistics and probability densities of single
continuous random variable and also used in deriving densities for algebraic combination of random variables.
Dirichlet Boundary Value Problem is solved by Mellin Transform [6]. Mellin transform method is applied to
fractional differential equations with a right-sided derivative and variable potential [4]. Mellin transform also
use to establish the means, variances, skewness and kurtosis of fuzzy numbers and applied them to the random
coefficient autoregressive (RCA) time series models [5].

In the present work, the two dimensional Fourier-Mellin Transform (2DFMT) of some signals in the range of

[0,0,0,0] to[oo, oo,%,%] are defined .

Preliminary Result

Let f(t,l,w,z) be the function of four variable in t,,w &z. Then, Two Dimensional Fourier-Laplace
Transform is defined for f(¢t,,w,z), forall t,l,w,z = 0 [9,10] as-

FL{F(t,Lw, D)}y = [ [ J Jy f(t L w,z) e CtrubePw=vzgt dl dw dz, (1.1)

where, s, u, p, v are parameters ands, u, p, v > 0.

Put, w = —logax, z = —logbhy
dx dy

dw = ——, dz = ——

x y
Andw=0$x=§andw=oo=>x=0
AISO,Z=O=>y=%andz=oo=>z=0,
Then (1.1) is-

w (o (=02 —i(st+ul) v v dx dy
FL{f(t,l,w,2)} = fo fo foafobf(t,l,x,y)e aPb’xPyvdt dl (—7) (—7)

1 1
FL{f(t,l,x,y)} = aPb" fow fow foa fozf(t, 1,x,y) e t6t+ubyp=1yv=1g¢ dl dx dy
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= FM{f(t,1,x,y)} in the range [0,0,0,0] to[os, oo,%,%], (1.2)
where, K(t,1,x,y,s,u,p,v) = e {6+ uDyP=13v=1 and (0 < t < ©0),x(0 < x < 0),x(0 < x < i),y(O <y<
1

P

In the present paper, we have solved some functions using Two Dimensional Fourier-Mellin Transform in the

range [0,0,0,0] to[oo, o, 1,;].

1

1. Application of 2DFMT with Some Function in the Range [0, 0, 0, 0] to[oo, oo,%,;]

11 IfF FM{f(t, L, x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform in the
given defined range of f(t,1, x,y) then FM{1} = —[supv]~!
Proof: We have from (1.2) as-

1 1
FM{1} = a?b” [ [ & b1 e“'(s?“l)x”‘ly"‘:dt dl dx dy
= aPbh? {f;oe‘i“ dt fme‘i“l dl faxP~t dx [by" dy}

—en {2 [ [ )
- 2] 12

FM{1} = oy
FM{1} = —[supv]™!

1.2.If FM{f(t,1,x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of
f(t, 1, x,y) then FM{tlxy} = ﬁ [((p+ D+ 1)s?u?]?
Proof: We have from (1.2) as-

1 1
FM{tlxy} = a?b” [ [, J& 2 tlxy el‘L(S””l)xlp‘ly"‘ldt dl dx dy
= aPb? {fow te™St de [ "le=™ dl [axP dx [Py” dy}

1

o[, - g ] [0, - ][ )
_ _ +1 v+1
=[] [l }

FM{tlxy} = E[(p + 1w+ 1)s?u?]™?

1.3.If FM{f(t,1,x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of
f(t,Lx,y) then

Nnin,.n,,nY —
FM{t"["x"y"} = o
Proof: We have from (1.2) is

1 1
FM{t"["x"y"} = aPb® [ [ [@ [Pt inxny™ e {Stubyr=1yv=1q¢ di dx dy
1 1

alb? {foc the=ist d¢ fow me—ul 4] J‘OExp+n—1 dx J‘Eyv+n—1 dy}

o[, g e a2, -n gl 22 )

[ + )@ + ] (su)~ ™ [nIn]?

© o1 —ist N o1 —ist 1Pt v+n
@ {[ ) et ] [—f et ar] A L
= aPh? [ n=1Dn=2)....321[ st dt]
p+n 4 v+n
—iul
[( iu)m (n - 1)(71 - 2) ~3.2. 1f & dl] p+n [a] v+n[ ]
n,n.ny _ 1 2
FM{tnl Xy }_ a"b"(p+n)(17+n)(Ls)'“+1(Lu)"+1 [n!]
FM{t""x"y"} = [(p +n)(w +n)] 1 (su)~ ™D [nI'n]?

( 1)n+1anbn
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1.4.1f FM{f(t,1,x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of
f(t, 1,x,y) then FM{e%*blxy} = ﬁ [(p+ 1D+ 1)(is —a)(iu—b)]?
Proof: - We have from (1.2) as-

101
FM{eat+blxy} = aPhV fgo J‘(;‘O J‘Oafoyeat+blxy e—i(st+ul)xp—1yv—1dt dl dx dy
1 1
= aPh? {f(:ce‘(is‘“)t dt fgoe‘("“‘b)l dl faxP dx [by” dy}

— v [ e [ )
+1 +1
= arb* {[(ls a)] [(lu b)] p+1[ ]p "Jlrl[ ]v }

FM{e®+hlixy} = E [(p+ D+ 1)(is —a)(iu—b)]?

1.5.If FM{f(t,1,x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of
f(t,1,x,y) then

FM{cos at cos bl xy} = —[(p + 1D+ 1)(s? +a®)w? + b)) !

Proof: - We have from (1. 2) as-

1 1
FM{cos at cos bl xy} = aPb” [ [" [ [ cos at cos bl xy e "\t xP=1yv=1dt dl dx dy
1 1
= aPp? {fwcos ate™t dt [ "cosble ™ dl faxP dx [by” dy}

= aPh? [(sez

= a’b? {[(sz+a2)] [(u2+b2)] m[ ]p+1 "11 [ ]y+1}

FM{cos at cos bl xy} = _a—s:[(p + D+ (% +a®)w? + bH)]?

((—is) cos at + asin at)] [(u2 /) ((—iu) cos bl b sin bl)] [xl’ﬂ] [ 1;+1]

v+1

1.6. If FM{f(t,1,x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of
f(t,1,x,y) then

FM{sinatsinblxy} =[(p + D (v + 1)(s? + a®)(u? + b?)]?

Proof: - We have from (1.2) as-

1 1
FM{sinat sinbl xy} = aPb” [" [" [ [P sin at sin bl xy e " ¥DxP=1yv=1dt dl dx dy
1 1
= aPb? {foc sinat e~ dt [ "sinble=™ dl ﬁxp dx [by” dy}

= aPhv |-
a’b [(52+a2) (u?+b?)

= b {[ ] [l s ]pﬂvil[ I}

FM{sinatsinblxy} = [(p + D(w + 1)(s? + a®)(u? + b?)]?

(i) sin bl - bcosbl)] [xpﬂ] [v+1]

((—is)sinat — acos at)] [ o1

1.7.1f FM{f(t,1,x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of
f(t,Lx,y) then

FM{sin at cos bl xy} = %u[(p + D+ (% +a®)w? + b)) !
Proof: - We have from (1.2) as-
1 1
FM{sinat cos bl xy} = aPb¥ [" [ [ [P sin at cos bl xy e~ {Ct*uDxP~1yv=1dt dl dx dy

1 1
= aPb? {fccsinate‘i“ dt [ cosble™™ dl [axP dx [by” dy}

= b’ | et (- ls)slnat—acosat)] [(u2+b2)(( lu)cosblbsmbl)] [xw [+]

(s2+a?) v+1

= a’b’ {[(sz+a2)] [(u2+b,2)] ﬁ[ ]p+1 ”11 [ ]UH}

FM({sin at cos bl xy} = % [((p+ D+ 1(s?+a®)w?+bH)]?
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1.8. If FM{f(t,1,x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of
f(t, 1, x,y) then

FM{cos at sin bl xy} = % [((p+ D+ 1(s2+a®)w?+bH)]?
Proof: - We have from (1.2) as-

1 1
FM{cos atsinbl xy} = a?b” [," [ " [ [} cos at sin bl xy e 7S+ ¥DxP~1yv=14dt dl dx dy
1 1
= aPb? {foo cosate™ dt [ sinble™™ dl [axP dx [Py” dy}

= anV[ et (( is) cos at + a sin at)] [(u2+b2)(( iu) sinbl — b cos bl)] [xp+1] [ VH]

(s2+a?) v+1

= |t [whlinl ]pﬂvil[ I

FM{cos at sin bl xy} = % [(p+ 1@+ 1)(s?% +a®>)(w? +b?)]?

1.9. If FM{f(t,1,x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of
f(¢t L, x,y) then

FM{cos at cos bl x™y™} = nbn

Proof: - We have from (1.2) as-

1 1
FM{cos at cos bl x™y"} = aPb” [" [ " [@ [P cos at cos bl x™y™ e~ t+ubyxP=1yv=1q¢ gl dx dy
1 1
= aPb? {fw cosat et dt [ "cosble™™ dl [axP* 1 dx [Fy”tnot dy}

“[(p+n)W+n)(s?+a®)W? + b?)]?

= aPh? [ et (( is) cosat + asin at)] [(u2+b2) ((—iu) cos bl + b sin bl)] [xp+n] [VT:]

(s2+a?)

=i {[ ] [l L ek I}

FM{cos at cos bl x"y"} = ——[(p + n) (v + n)(s? + a®)(u? + b2)]*

nbn

1.10. I FM{f(t, L, x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of
f(t,Lx,y) then

FM{sinat sin bl x"y"} = m
Proof: - We have from (1.2) as-

1 1
FM{sinat sin bl x"y"} = aPb? [" [ [@ [P sin at sin bl x™y™ e+l xP=1yv=14t dl dx dy
1 1
= aPb? {fw sinate™t dt ["sinble™™ dl [axP*1 dx [Fy"+n~t dy}

[(p+n)(w+n)(s? +a?)(u? + b?)]?*

p+n 4 v+n . .
= aPbh? {[(sz az)] [(u2 bz)]p+n[ ] v+n[ ] } {Since by previous result}
FM{sin at sin bl x™y"} = W [(p+n)(w+n)(s? + a?)(u? + b?)]?*

1.11. W EM{f(t, L x,y)}(s, u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of
f(t,1,x,y) then

FM{cosh at cosh al xy} = _a—sbu [(p+ 1D+ 1)(s? +a®)(u? + b?)]?

Proof: - We have from (1.2) as-

1 1
FM{cosh at coshal xy} = aPb¥ [" [* [ [? cosh at cosh al xy e~ Ct*uDxP=1yv=1dt dl dx dy
1 1
= aPb? {f: coshat e™* dt [*coshale™™! dl [axP dx [Py’ dy }

— aPpY 1 [e—(is—a)t + e—(i5+a)t]°° 1 [e—(iu—a)l + e—(iu+a)l]°O [xp+1] [ v+1]
=a 2l -(is—a) = —(ista) (u-—a) = —(u+a)ly Lp+1 v+1

= anV{ [(ls)zziiaz] [(Lujgiaz] p+1 [ ]p+1 1711 [ ]v+1}

FM{cosh at cosh al xy} = E[(p + D+ (2 +a®)(w? + b?)]?

1.12. If FM{f(t,1,x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of
f(t L x,y) then
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is
FM{cosh at sinhal xy} = 5 [((p+ D+ 1)(s2+a®)(w?+b?)]?
Proof: - We have from (1.2) as-
1 1
FM{cosh at sinhal xy} = aPb" [" [ [ [F cosh at sinh al xy et *¥DxP~1y?=14d¢ dl dx dy
1 1
= aPb? {fgo coshat e™™" dt [ “sinhal e™™ dl [axP dx ﬁy” dy}

— gPbY 1 [e—(is—a)t + e—(is+a)t]wl [e—(iu—a)l _ e,—(iu+a)l]OO [xp+1] [ v+1]
- 2l —-(is—a) = —(ista) —(u-a)  —(u+a) 1y Lp+1 v+1
2is p+1 4 rqqv+l
= aPb? — =
=afb { [(ls)z—az] [(Lu)z—az] p+1 [ ] v+1 [b] }

FMf{cosh at sinh al xy} = ; [(p + D+ D(s% + a®)W? + b?H)]?

1.13. I EFM{f(t, L x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of
f(t,Lx,y) then
FM({sinh at sinh al xy} = %[(p + 1D+ (s +ad)W? + b))t
Proof: - We have from (1.2) as-
1 1
; ; — © (P (G (b ci ; —i( D, p-1,,v-1

FMf{sinhat sinhal xy} = a?b” [~ [ J; fobsmhclltsmhallxye Hstrub yp=1yv=1q¢ dl dx dy
_ w0, i © —iul < -
= aPb" {fo sinhate™" dt [ “sinhale ™ dl [¢xP dx [Py¥ dy}

1[ 2a 1[  2a 1 [11P*l 1 1t
= a”b”{ =l sl alnl] ol }

FM({sinh at sinh al xy} = %[(p + D)W+ 1)(s2 +a?)W? + b?)]?

2. The Tabular form of the Results obtained are given as follows-

S.N. f&Lxy) FM{f(t,1,x,y)} in the range [0,0,0,0] to[eo, o0, = ]
1 1 —[supv]™*
1
2 tlxy - [(p+ D+ Ds?u?]™?
3 trM Xy 1 -1 —(n+1) 2
i [+ +n)] " (sw) [nln]
at+bl 1
4 e xy — [+ D+ (s — @) iu— )]
5 cos at cos bl xy %[(p + D+ D(s?+ a?)@? + b?)]?
6 sin at sin bl xy [(p+ D@+ D(s*+a®)(w? + b)) ?
7 sinat cos bl xy %‘[(p + D+ D2 + a®) @ + b?)] ™
8 cos at sin bl xy E[(p + D)W+ 1)(s% + a®) w2 + b2
o cosat cos bLxTy" B+ W@+ (s + @) + b))
7 z. nyn
10 sinat sinblx™y T [(p + n) (v + ) (s? + a®) (W + b?)]
11 coshat coshal xy %[(p + D+ D(s? + a?)@? + b?)]?
12 coshat sinh al xy %[(p + D)W+ 1)(s% + a®) (W2 + b2
13 sinh at sinh al xy %[(p + D+ 1(s? + a?)(u? + b?)] 1

Il. Conclusion
In the Present paper we have converted Two Dimensional Fourier-Lapalce Transform into Two
Dimensional Fourier-Mellin Transform in the finite region and using this transform we have solved some
functions and obtained their solution.
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