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Abstract: Let | be a compact interval and fbe a continuous function defined from I to I. We study the
relationship between tubulent function, erratic function and Devaney Chaos.
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. Introduction
After the introduction of first mathematical definition of chaos in 1975 by Li and Yorke [3], several
other definitions in various contexts were introduced. The most popular among all such definitions is the one
given by Robert. L. Devaney [4]. In Devaney’s definition of chaos these are three important factors, namely,
Transitivity, Dense periodicity and Sensitivity. In this manuscript we try to prove the relationship between
turbulent function, erratic function and Devaney chaos. Firstly we study the relation between turbulence and
chaotic function and in the second part, the interconnection between the concepts given in the keywords.

Il. Preliminaries
2.1. Definition: Devaney Chaos
Let V beaset. f:V — V issaid to be chaotic on V if
= f has sensitive dependence on initial conditions
= fistopologically transitive
= periodic points are dense in V

2.2. Definition: Turbulent Function

Let f: X — X be a continuous function. We say that f is a turbulent function if there exist compact subintervals
J, K with at most one common point suchthat J UK < f(J) n f(K).

2.3. Definition: f:J — Jis said to be topologically transitive if for any pair of open sets U,V < J there exists
k > O0suchthat f*(U) nV = @

2.4. Definition: f:] — J has sensitive dependence on initial conditions if there exists § > 0 such that, for any
x € ] and any neighbourhood N of x, there exists y € N and n = 0 such that |f"(x) — f"(y)| > 6.

2.5. Definition: Erratic Function

Suppose that X is a compact convex subset of a linear space and let /- X — X be a continuous function. We say
that f is an erratic function if there exists a nonempty convex compact subset A of X such that

a) ANf(A)=0

b) Auf(A) cfiA)

2.6. Definition: B-C Chaotic
Let f: X — X be a continuous function. We say that f is chaotic in the sense of Block and Coppel (B-C-chaotic)
if one of its iterates is turbulent, i.e., there exist n > 1 and two disjoint nonempty compact subsets J, K of X such
that] U K < f*(J)n f*(K)
2.7. Result [1]
Let f: X — X be a continuous function. If f is an erratic function, then f is a B — C Chaotic function.
2.8. Result [2]
A continuous map f:I — I onan interval is D — chaotic if and only if it is B — C chaotic.
2.9. Result [5] (Chapter 11, p.26)
If f is turbulent, then there exist points a, b,c € I such that f(b) = f(a) = a, f(c) = bandeithera < ¢ <
b,f(x)> afora<x<b
x<f(x)<bfora<x<c
orb<c<af(x)<aforb<x<a
b<f(x)<xforc<x<a
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2.10. Result [5] (Chapter 1V, p.75)
If J is a subinterval of I which contains no periodic point of f then, for any x € I, the points of the trajectory
y(x) which lie J form a strictly monotonic.

I11. Main Results
3.1. Theorem
If f:1 — I be a continuous map and f is turbulent, then f is Devaney Chaotic.

Proof: If fis a turbulent function, so it must satisfy the necessary and sufficient condition for the turbulent
function which is given in Lemma 2.9.
If fis turbulent, then there exist points a,b,c € I such that f(b) = f(a) = a, f(c) = band either a < ¢ <
b,f(x)> afora<x<b
x<f(x)<bfora<x<c
orb<c<af(x)<aforb<x<a
b<f(x)<xforc<x<a

Suppose the pair of open sets be (a, c)and (c, b), So from the necessary condition for turbulence we have
a< c<b,
f(x)> afora<x<b
x<f(x)<bfora<x<c
So after successive iterations the elements of (a, c) will enter to the second open set (c, b)
So we can conclude that f is Turbulent = f is Topologically Transitive.
We know that If f is turbulent, then there exist points a,b,c € I such that f(b) = f(a) = a, f(c) = b. SO
there exist compact subintervals J, K with at most one common point. Let J = [a, 8] and K = [y, §], where
B = y.Then we assume thatf (8) # B. Now [«, §] be the neighbourhood of g with > 0. Since the function is
turbulent, we have |[f(B) — f(a)] =38, > &.Then f has sensitive dependence on initial conditions.
In order to prove the dense set of periodic points, we have to show that each open interval contains a periodic
point. Let U be an open set inl. Since f is turbulent, then it implies that JUK < f(J) n f(K). Given any
n € N, Fx, suchthat f"(x,) = x,.
Suppose there are no periodic points in U.
Vx €U, f"(x) #x, Vn
=>3Ay,z €],Ksuci thatf"(y) = f"(z) = x Vnm

=f) = "'y = " (2)

=) = ) = ()

=0p(x) = { %, f(x), f2(X), e e, fE)}NU =@
So we have arrived with a contradiction that £ is not transitive. But if f is turbulent then f is transitive. So U has
periodic points and therefore the set of periodic points of f are dense in I.Then f is Devaney Chaotic.
Theorem 3.2.
If f is a continuous map from an interval to itself and f is an erratic function implies f™ is turbulent, n > 2.

Proof: Suppose that f is an erratic function and let us take ] = A and K = f(4).

SoJ UK =A Uf(A) < f2(A) = f(f(A) = f(K)

We know that f(K) € f(J UK) < f(f*() = f3(J)

Also we knowthat f (J UK) S f(f2(K) = f3(K)

This inclusion continuous for n = 2., where n is a non negative integer

Therefore f™ is turbulent.

Theorem 3.3.

If f is a continuous map from an interval to itself and f is erratic implies f is topologically transitive and
sensitive dependence on initial conditions.

Proof: Since A U f(A) = @ and f(A) € f2(A), if we take any two open sets we can attain the condition,
) nV # @. So the function is topologically transitive. Since A € f2(A), if we have a § — neighbourhood
atx € Aand y € Ns(x), after iteration we will have |f(x) — f(y)| = 6; > 8. The functioniss. d.i.c
Theorem 3.4.

If f is a continuous map from an interval to itself and f is erratic implies f is a Devaney Chaotic function.
Proof: Using the results 2.7. & 2.8., we can prove the theorem. Hence the proof
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