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I. Introduction 

In general, continuous function is one of the core concepts in topology. Abd El Monsef et al. [1] 

introduced the notion of  -open sets and  -continuous mappings in topology and further the generalized 

continuous functions was introduced and studied by Balachandran et al.,[2]. The concept of Nano topology was 

introduced by Lellis Thivagar [5] which was defined in terms of approximations and boundary regions of a 

subset of a universe using an equivalence relation on it and he also defined Nano continuous functions, Nano 

open maps, Nano closed maps and Nano homeomorphisms and their representations in terms of Nano interior 

and Nano closure. In this paper we introduce Nano generalized   continuous function and Nano generalized 


 
irresolute function and study some of its relation between them. 

 

II. Preliminaries 

Definition: 2.1 [5] Let U  be the universe, R  be an equivalence relation on U  and  

        XBXUXLUX RRRR ,,,, 
 
where UX  . Then  XR  satisfies the following axioms: 

i) U  and  XR  .  

ii) The union of the elements of any sub collection of  XR  is in  XR . 

iii) The intersection of the elements of any finite sub collection of  XR  is in  XR . 

Then  XR  is a topology on U  called the Nano topology on U  with respect to X ,   XU R,  is called 

the Nano topological space.  

 

Definition: 2.2 [5] If   XU R,  is a Nano topological space with respect X  where UX   and if UA
, then 

 The Nano interior of a set A  is defined as the union of all Nano open subsets contained in A  and is denoted 

by  AN int .  AN int  is the largest Nano open subset of A . 

 The Nano closure of a set A  is defined as the intersection of all Nano closed sets containing A  and is 

denoted by  ANcl .  ANcl  is the smallest Nano closed set containing A . 

 

Definition: 2.3 [2] A function     ,,: YXf   is called  

(i) continuous if  Vf 1
 is open in  ,X  for every open set V  in  ,Y . 

(ii) Semi continuous if  Vf 1
 is semi open in  ,X  for every open set V  in  ,Y . 

(iii)Pre continuous if  Vf 1
 is pre open in  ,X  for every open set V  in  ,Y . 

(iv)  continuous if  Vf 1
 is  open in  ,X  for every open set V  in  ,Y . 
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(v) Regular continuous if  Vf 1
 is regular open in  ,X  for every open set V  in  ,Y . 

(vi)   (Semi pre) continuous if  Vf 1
 is   (semi pre) open in  ,X  for every open set V  in 

 ,Y . 

(vii) g continuous if  Vf 1
 is g open in  ,X  for every open set V  in  ,Y . 

 

Definition: 2.4 [3] A subset A  of   XU R,  is called Nano generalized closed set (briefly Ng closed) if 

  VANcl   whenever VA  and V  is Nano open in   XU R, . 

Definition: 2.5 [7] A subset A  of Nano topological space   XU R,  is called Nano generalized   closed 

set (briefly Ng   closed) if   VAclN   whenever VA  and V  is Nano open in   XU R, . 

Definition: 2.6 [7] A subset A
 
of a Nano topological space   XU R,  is called Nano generalized 

 
open 

(briefly Ng   open), if its compliment 
CA  is Nano g   closed. 

The collection of all Nano g   open subsets of is denoted by ),( XUONg . 

Definition: 2.7 [6] Let   XU R,  
and   YV R,  be Nano topological spaces. Then a mapping 

     YVXUf RR ',,:  
 
is called Nano continuous on U  if the inverse image of every Nano open set 

in V
 
is Nano open in U . 

Definition: 2.8 Let   XU R,  
and   YV R,  be Nano topological spaces. Then a mapping 

     YVXUf RR ',,:  
 
is called Nano 

 
continuous on U  if the inverse image of every Nano

 
open 

set in V
 
is Nano 

 
open in U . 

 

III. Nano Generalized   Continuous Functions 

Throughout this paper, U  and V  are non-empty, finite universe, UX   and VY  , RU  and 

'RV  denote the families of equivalence classes by equivalence relations R  and 'R  respectively on U  and 

V ,   XU R,  
and   YV R,

 
are the Nano topological spaces with respect to X  and Y  respectively. 

 

Definition: 3.1 Let   XU R,  
and   YV R,  be Nano topological spaces and a mapping 

     YVXUf RR ',,:  
 
is called Nano generalized   continuous (briefly Ng  continuous) on U  

if the inverse image of every Nano open set in V
 
is Nano g   open in U . 

 

Example: 3.2 Let  cbaU ,,  with     cbaRU ,,
 

and  baX , . Then 

      cbaUXR ,,,,  . Let  zyxV ,,  with 'RV     zyx ,,
 

and  zxY , . Then

      zyxVYR ,,,,'   . Define VUf :  and f  as       ycfzbfxaf  ,, . Then 

         cbzyfaxf ,,, 11  
. Thus  a  and  cb,  are Ng

 
open sets in U . That is the inverse 

image of every Nano open set in V  is Ng
 
open set in U . Therefore f  is Ng

 
continuous. 

 

Theorem: 3.3 Every Nano   continuous maps Nano g   continuous. 

Proof: Let      YVXUf RR ',,:  
 
be Nano 

 
continuous and B  is a Nano

 
closed set in V . Then 

 Bf 1
 is Nano   closed in U . Since every Nano 

 
closed is Nano g  closed,  Bf 1

 is Nano g   

closed in U . Therefore f  is Nano g 
 
continuous. 

 

Remark: 3.4 The converse of the above theorem need not be true which can be seen from the following 

example. 
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Example: 3.5 Let  dcbaU ,,,  with         dcbaRU ,,,
 

and  daX , . Then 

    daUXR ,,,  .Let  wzyxV ,,,  with 'RV       wzyx ,,,
 

and  zxY , . Then 

        yxzyxzVYR ,,,,,,,'   . Define VUf :  and f  as 

        wdfycfzbfxaf  ,,, . Then f  is Nano g   continuous but f
 

is not Nano 

continuous since     dcawyxf ,,,,1 
 is not Nano 

 
closed in U whereas   wyx ,,  is Nano closed in 

V . Thus a Nano g   continuous function need not be a Nano 
 
continuous function. 

 

The following theorem can also be proved in a similar way. 

 

Theorem: 3.6 Let   XU R,  
and   YV R,  be Nano topological spaces. Then  

(i) Every Nano continuous maps Nano g   continuous. 

(ii) Every Nano semi continuous maps Nano g 
 
continuous. 

(iii) Every Nano pre continuous maps Nano g 
 
continuous. 

(iv) Every Nano regular continuous maps Nano g   continuous. 

(v) Every Nano   continuous maps Nano g   continuous. 

(vi) Every Nano b continuous maps Nano g   continuous. 

(vii) Every Nano g continuous maps Nano g   continuous. 

(viii) Every Nano g s continuous maps Nano g   continuous. 

(ix) Every Nano  g continuous maps Nano g   continuous. 

(x) Every Nano g r continuous maps Nano g   continuous. 

 

Remark: 3.7 Reverse implications of the above theorem 3.6 need not be true which can be seen from the 

following example. 

 

Example: 3.8 Let  dcbaU ,,,  with       dbcaRU ,,,
 

and  baX , . Then 

        dbdbaaUXR ,,,,,,,  .Let  wzyxV ,,,  with 'RV       wzyx ,,,
 

and 

 zxY , . Then         yxzyxzVYR ,,,,,,,'   . Define VUf :  and f  as 

        ydfxcfwbfzaf  ,,, . Then f  is Nano g   continuous but f
 
is not Nano continuous, 

Nano semi continuous, Nano pre continuous, Nano regular continuous, Nano   continuous, Nano b 

continuous, Nano g continuous, Nano gs continuous, Nano  g continuous, Nano gr continuous since 

    bawzf ,,1 
 is not Nano closed, Nano semi closed, Nano pre closed, Nano regular closed, Nano   

closed, Nano b closed, Nano g closed, Nano gs closed, Nano  g closed, Nano gr closed in U whereas   wz,  

is Nano closed in V . Thus a Nano g   continuous function need not be Nano continuous, Nano semi 

continuous, Nano pre continuous, Nano regular continuous, Nano   continuous, Nano b continuous, Nano g 

continuous, Nano gs continuous, Nano  g continuous, Nano gr continuous. 

 

We have the following implications for the properties of subsets: 

1 Nano 
 
continuous, 2 Nano continuous, 3 Nano semi continuous, 4 Nano pre continuous,       5 Nano regular 

continuous, 6 Nano   continuous, 7 Nano b continuous, 8 Nano g continuous,    9 Nano gs continuous, 10 

Nano  g continuous, 11 Nano gr continuous.   
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Theorem: 3.9 A function      YVXUf RR ',,:    is Ng  continuous if and only if the inverse 

image of every Nano closed set in V  is Ng  
closed in U . 

Proof: Let f  be Ng  
continuous and F  is Nano closed in V . That is FV   is Nano open in V . Since f  

is Ng  
continuous,  FVf 1

 is Ng  
open in U . That is  FfU 1  is Ng  

open in U . 

Therefore  Ff 1
 is Ng  closed in U . Thus the inverse image of every Nano closed set in V  is Ng  

closed in U , if f  is Nano
 
continuous on U .  

Conversely, let the inverse image of every Nano closed set be Ng  
closed. Let G  is Nano open in V . Then 

GV   is Nano closed in V . Then  GVf 1
 is Ng  

closed in U .  That is  GfU 1  is Ng  

closed in U . Therefore  Gf 1
 is Ng  open in U . Thus, the inverse image of every Nano open set in V is 

Ng  
open in U . That is, f  is Ng  

continuous on U . 
 

Theorem: 3.10 A function      YVXUf RR ',,:    is Ng  continuous if and only if  

     AfNclAclNgf 
 
for every subset A of U . 

Proof: Let f  be Ng  
continuous and UA . Then   VAf  . Since f  be Ng  

continuous and
 

  AfNcl  is Nano closed in V ,    AfNclf 1
 is Ng  

closed in U .  

Since     AfNclAf  ,       AfNclfAff 11   , then    AfNclfA 1 . 

      AfNclfclNgAclNg 1  =    AfNclf 1
. Thus      AfNclfAclNg 1 . 

Therefore      AfNclAclNgf   for every subset A of U . 

Conversely, let      AfNclAclNgf 
 
for every subset A of U . If F  is Nano closed in V  and since

  UFf 1
,           FFNclFffNclFfclNgf   11  

. 

That is     FFfclNgf 1 . Thus     FfFfclNg 11   . But     FfclNgFf 11    .  

Hence     FfFfclNg 11   . Therefore  Ff 1
 is Ng closed in U , for every Nano closed set F  

in V . Thus f  is Ng
 
continuous. 

 

Remark: 3.11 If      YVXUf RR ',,:    is Ng  continuous then   AclNgf   is not 

necessarily equal to   AfNcl  where UA . 

Nano   g   

continuous 
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Example: 3.12 Let  dcbaU ,,,  with       dbcaRU ,,,,
 

and  baX , . Then 

        dbadbaUXR ,,,,,,,  .Let  wzyxV ,,,  with 'RV       wzyx ,,,
 

and 

 zxY , . Then         zyxyxzVYR ,,,,,,,'   . Define VUf :  and f  as 

        ydfwcfxbfzaf  ,,, . Then          ,,,, 11 dbyxfazf  
 

    dbazyxf ,,,,1 
. Thus    dba ,,  and  dba ,,  are Ng  

open sets in U . That is the inverse 

image of every Nano open set in V  is Ng  
open set in U . Therefore f  is Ng  

continuous. Let 

  UcbA  , . Then            wxcbfcbClNgfAClNgf ,,,    . But 

       wyxwxNClAfNCl ,,,  . Thus      AfNClAClNgf  , even though f  is Ng  
continuous. That is equality does not hold in the previous theorem when f  is Ng  

continuous.  

 

Theorem: 3.13 A function      YVXUf RR ',,:    is Ng  continuous if and only if  

     BNclfBfclNg 11    
for every subset B of V . 

Proof: If f  is Ng  
continuous and VB  .  BNcl  is Nano closed in V and hence ,   BNclf 1

 is 

Ng  
closed in U . Therefore       BNclfBNclfclNg 11   . Since  BNclB  ,

    BNclfBf 11   . Therefore           BNclfBNclfclNgBfclNg 111    . That is

     BNclfBfclNg 11   . 

Conversely let      BNclfBfclNg 11    
for every subset B of V . If B  is Nano closed in V  , then 

  BBNcl  . By assumption,        BfBNclfBfclNg 111    
. Thus 

    BfBfclNg 11   . But     BfclNgBf 11    . Therefore     BfBfclNg 11   . 

Hence  Bf 1
 is Ng closed in U , for every Nano closed set B  in V . Therefore f  is Ng  

continuous 

on U . 

 

Remark: 3.14  If      YVXUf RR ',,:    is Ng  continuous then   BfclNg 1  is not 

necessarily equal to   BNclf 1
 where VB  . 

 

Example: 3.15 Let  dcbaU ,,,  with       dcbaRU ,,,
 

and  caX , . Then 

        cbabacUXR ,,,,,,,  . Let  wzyxV ,,,  with 'RV         wzyx ,,,
 

and 

 wxY , . Then     wxVYR ,,,'   . Define VUf :  and f  as 

        zdfwcfxbfyaf  ,,, . Then            cbwxffUVf ,,,, 111    . 

Thus  cb,  is Ng  
open sets in U . That is the inverse image of every Nano open set in V  is Ng  

open 

set in U . Therefore f  is Ng  
continuous. Let   VxB  . Then 

           bbClNgxfClNgBfClNg    11
. But 

         UVfxNClfBNClf   111
. Thus      BNClfBfClNg 11   , even though 

f  is Ng
 
continuous. That is equality does not hold in the previous theorem when f  is Ng

 
continuous.  

 

Theorem: 3.16 A function      YVXUf RR ',,:    is Ng  continuous if and only if  

     BfNgBNf 11 intint     
for every subset B of V . 

Proof: If f  is Ng
 
continuous and VB  .  BN int  is Nano open in V and hence ,   BNf int1

 is 

Ng
 
open in U . Therefore       BNfBNfNg intintint 11   . Also   BBN int ,implies that 
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    BfBNf 11 int   . Therefore        BfNgBNfNg 11 intintint    . That is

     BfNgBNf 11 intint    . 

Conversely let      BfNgBNf 11 intint     
for every subset B of V . If B  is Nano open in V  , 

then   BBN int . By assumption,      BfNgBNf 11 intint     
. Thus 

    BfNgBf 11 int    . But     BfBfNg 11int   . Therefore     BfBfNg 11int  
. 

That is,  Bf 1
 is Ng open in U , for every Nano open set B  in V . Therefore f  is Ng  

continuous on 

U . 

 

Remark: 3.17 If      YVXUf RR ',,:    is Ng  continuous then   BfNg 1int   is not 

necessarily equal to   BNf int1
 where VB  . 

 

Example: 3.18 Let  dcbaU ,,,  with       dbcaRU ,,,,
 

and  baX , . Then 

        dbadbaUXR ,,,,,,,  .Let  wzyxV ,,,  with 'RV       wzyx ,,,
 

and 

 zxY , . Then         zyxyxzVYR ,,,,,,,'   . Define VUf :  and f  as 

        ydfwcfxbfzaf  ,,, . Then          ,,,, 11 dbyxfazf  
 

    dbazyxf ,,,,1 
. Thus    dba ,,  and  dba ,,  are Ng  

open sets in U . That is the inverse 

image of every Nano open set in V  is Ng  
open set in U . Therefore f  is Ng  

continuous. Let 

  VzyB  , . Then            dadaNgzyfNgBfNg ,,int,intint 11    . But 

           azfzyNfBNf   111 ,intint . Thus      BNfBfNg intint 11   , even 

though f  is Ng  
continuous. That is equality does not hold in the previous theorem when f  is Ng  

continuous.  

 

Theorem: 3.19 If   XU R,  and   YV R ',  are Nano topological spaces with respect to UX  and 

VY  respectively, then for any function VUf : , the following are equivalent. i) f  is Ng  
continuous  

ii) the inverse image of every Nano closed set in V  is Ng  
closed in U  

iii)
 

     AfNclAclNgf 
 
for every subset A of U  

iv)      BNclfBfclNg 11    
for every subset B of V  

v) 
     BfNgBNf 11 intint     

for every subset B of V .  

Proof follows from the theorems 3.9, 3.10, 3.13, 3.16.  

 

IV. Relation Between N G   Continuous Map And Ng   Irresolute Map 

Analogous to irresolute maps in Nano topological spaces we introduce the class of Ng irresolute maps which 

is included in the class of Ng
 
continuous maps. In this section we investigate basic properties of Ng

 
irresolute maps. 

Definition: 4.1 Let   XU R,  
and   YV R,  be Nano topological spaces and a mapping 

     YVXUf RR ',,:  
 
is called Nano generalized   irresolute (briefly Ng  irresolute) if the 

inverse image of every Nano g 
 
closed set in V

 
is Nano g   closed in U . 

 

Example: 4.2 Let  zyxU ,,  with     zyxRU ,,  and  zxX , . Then the Nano topology is 

defined as       zyxUXR ,,,,  . Let  cbaV ,,
 
with 'RV      cba ,,  and  baY , . Then 
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      zyxVYR ,,,,'   . Define VUf :  and       bzfcyfaxf  ,, . Then f  is Nano g

  irresolute since the inverse image of every Nano g   closed set in V  is Nano g   closed in U . 

 

Theorem: 4.3 A function VUf :  is Nano g   irresolute, then f is Nano g   continuous.   

Proof: Let VUf :  is Nano g   irresolute, then the inverse image of every Nano g   
closed set in V  is 

Nano g   closed in U . Let F  be Nano closed in V , then F  is Nano g 
 
closed in V  and f   is Nano g 

 

irresolute. Hence  Ff 1
 is Nano g 

 
closed. Therefore f is Nano g   continuous.  

 

Remark: 4.4 The converse of the above theorem need not be true as shown in the following example. 

 

Example: 4.5 Let  dcbaU ,,,  with       dbcaRU ,,,,
 

and  baX , . Then 

        dbadbaUXR ,,,,,,,  .Let  wzyxV ,,,  with 'RV       wzyx ,,,
 

and 

 zxY , . Then         zyxyxzVYR ,,,,,,,'   . Define VUf :  and f  as 

        wdfxcfybfzaf  ,,, . Then          ,,,, 11 cbyxfazf  
 

    cbazyxf ,,,,1 
. Thus    cba ,,  and  cba ,,  are Ng  

open sets in U . That is the inverse 

image of every Nano open set in V  is Ng  
open set in U . Therefore f  is Ng  

continuous. But f  is not 

Nano g   irresolute, since     dbawzyf ,,,,1 
  which is not Nano g   closed in U  whereas 

 wzy ,,  is Nano g   closed in V . Thus a Nano g   continuous function is not Nano g   irresolute. 

 

Theorem: 4.6 A function VUf :  is Nano g   irresolute if and only if for every Nano g   open set A  in 

V ,  Af 1
 is Nano g   open in U .   

Proof follows from the fact that the complement of a Nano g   open set is Nano g   closed and vice versa. 

 

Theorem: 4.7 If VUf : and WVg : are both Ng  irresolute, then WUfg :  
is Ng  

irresolute.  

Proof: Let A  be Ng  open in W . Then  Ag 1
 is Ng open in V , since g  is Ng  

irresolute and 

      AfgAgf
111     is Ng  

open in U , since f  is Ng  
irresolute. Hence fg   is Ng  

irresolute.  

 

Theorem: 4.8 If VUf :  
is Ng  

irresolute and WVg :  
is Ng  continuous, then 

WUfg :  
is Ng  continuous.  

Theorem: 4.9 If VUf :  is Ng  
continuous nd WVg :  is Nano continuous, then 

WUfg :  
is Ng  continuous.  

Proof of the theorem 4.8 and 4.9 are obvious. 

 

Theorem: 4.8 If VUf :
 

is Ng
 

irresolute and WVg :
 

is Nano   continuous, then 

WUfg :
 
is Ng  continuous.  

Proof: Let A  be Nano open in W . Then  Ag 1
 is Nano 

 
open in V , since g  is Nano 

 
continuous. 

Thus  Ag 1
 is Ng

 
open in V , since every Nano 

 
open set is Ng

 
open and 

      AfgAgf
111     is Ng

 
open in U , since f  is Ng

 
irresolute. Hence fg   is Ng

 
continuous.  

 

Similarly we can prove the following theorems. 
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Theorem: 4.9 If VUf :  
is Ng  

irresolute and WVg :  
is Nano semi continuous, then 

WUfg :  
is Ng  continuous.  

Theorem: 4.10 If VUf :  
is Ng  

irresolute and WVg :  
is Nano pre continuous, then 

WUfg :  
is Ng  continuous.  

Theorem: 4.11 If VUf :  
is Ng  

irresolute and WVg :  
is Nano regular continuous, then 

WUfg :  
is Ng  continuous.  

Theorem: 4.12 If VUf :  
is Ng  

irresolute and WVg :  
is Nano   continuous, then 

WUfg :  
is Ng  continuous.  

Theorem: 4.13 If VUf :  
is Ng  

irresolute and WVg :  
is Nano b continuous, then 

WUfg :  
is Ng  continuous.  

Theorem: 4.14 If VUf :  
is Ng  

irresolute and WVg :  
is Nano g continuous, then 

WUfg :  
is Ng  continuous.  

Theorem: 4.15 If VUf :  
is Ng  

irresolute and WVg :  
is Nano gs continuous, then 

WUfg :  
is Ng  continuous.  

Theorem: 4.16 If VUf :  
is Ng  

irresolute and WVg :  
is Nano gr continuous, then 

WUfg :  
is Ng  continuous.  

Theorem: 4.17 If VUf :  
is Ng  

irresolute and WVg :  
is Nano  g continuous, then 

WUfg :  
is Ng  continuous.  
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