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. Introduction
In general, continuous function is one of the core concepts in topology. Abd ElI Monsef et al. [1]

introduced the notion of /3 -open sets and /3 -continuous mappings in topology and further the generalized

continuous functions was introduced and studied by Balachandran et al.,[2]. The concept of Nano topology was
introduced by Lellis Thivagar [5] which was defined in terms of approximations and boundary regions of a
subset of a universe using an equivalence relation on it and he also defined Nano continuous functions, Nano
open maps, Nano closed maps and Nano homeomorphisms and their representations in terms of Nano interior

and Nano closure. In this paper we introduce Nano generalized £ continuous function and Nano generalized
J irresolute function and study some of its relation between them.

Il. Preliminaries
Definition: 2.1 [5] Let U be the universe, R be an equivalence relation on U and

Tq (X ) = {U @, Lg (X ), Ug (X ), B (X )} where X U . Then 7 (X ) satisfies the following axioms:
i) U and ¢ e7y(X).

if)  The union of the elements of any sub collection of 7y (X ) isinTg (X ) :

iif) The intersection of the elements of any finite sub collection of 7y (X ) isin TR(X ) .

Then z'R(X) is a topology on U called the Nano topology on U with respect to X , (U TR (X )) is called
the Nano topological space.

Definition: 2.2 [5] If (U TR (X )) is a Nano topological space with respect X where X —U andif AcU

, then

e The Nano interior of a set A is defined as the union of all Nano open subsets contained in A and is denoted
by N int(A). N int (A) is the largest Nano open subset of A .

e The Nano closure of a set A is defined as the intersection of all Nano closed sets containing A and is
denoted by NCI(A). Ncl(A) is the smallest Nano closed set containing A.

Definition: 2.3 [2] A function f : (X,7)— (Y, &) is called

(i) continuous if f*(V) is open in (X,T) for every open set V in (Y,G).

(ii) semi continuous if f (V) is semi open in (X ,7) for every open set V. in (Y,G).
(iii)Pre continuous if f ’l(V) is pre open in (X , T) for every open set V in (Y , 0').
(iv) & continuous if (V) is & open in (X,7) for every openset V in (Y, o).
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(V) Regular continuous if f’l(V) is regular open in (X,T) for every open set V in (Y,U).
(vi) B (Semi pre) continuous if f’l(V) is f (semi pre) open in (X,T) for every open set V in
(Y,G).

(vii) g continuous if f‘l(V) is g open in (X,z‘) for every open set V in (Y,G).

Definition: 2.4 [3] A subset A of (U TR (X )) is called Nano generalized closed set (briefly Ng closed) if
Ncl(A) =V whenever AV and V' is Nano open in(U, 7 (X)).

Definition: 2.5 [7] A subset A of Nano topological space (U TR (X )) is called Nano generalized £ closed

set (briefly Ng 8 closed) if NACI(A) =V whenever AV and Vs Nano openiin (U, 74 (X ).
Definition: 2.6 [7] A subset A of a Nano topological space (U , 74 (X )) is called Nano generalized 3 open
(briefly Ng £ open), if its compliment AC is Nano g f closed.

The collection of all Nano g /# open subsets of is denoted by NgSO(U, X) .

Definition: 2.7 [6] Let (U VTR (X )) and (V ,Og (Y )) be Nano topological spaces. Then a mapping
f: (U TR (X )) - (V O (Y )) is called Nano continuous on U if the inverse image of every Nano open set

in V is Nano openin U .
Definition: 2.8 Let (U,TR(X)) and (V,O'R,(Y)) be Nano topological spaces. Then a mapping

f:(U,75(X))— (V,04(Y)) is called Nano /3 continuous on U  if the inverse image of every Nano open
setin V isNano £ openin U .

I11. Nano Generalized  Continuous Functions
Throughout this paper, U and V are non-empty, finite universe, X cU and Y =V, U/R and
V/R" denote the families of equivalence classes by equivalence relations R and R' respectively on U and
V, (U,75(X)) and (V, 0 (Y)) are the Nano topological spaces with respectto X and Y respectively.

Definition: 3.1 Let (U ' TR (X )) and (V,O'R,(Y)) be Nano topological spaces and a mapping
f:(U,75(X)) = (V,0q(Y)) is called Nano generalized 3 continuous (briefly Ng/3 continuous) on U
if the inverse image of every Nano open setin V is Nano g # openin U .

Example: 32 Let U={abc} with U/R={{a,b}ic}} and ={a,b}.  Then
. (X)={U,4 {a,bl{c}}. et V={xy,z} with V/R'={{x}{y,z}} and Y ={x,z}. Then
oo (Y)={,0,{x}{y,2}}. Define f:U >V and f as f(a)=x,f(b)=2f(c)=y. Then
f1({x})=1{a}, f *({y,z})={b,c}. Thus {a} and {b,c} are NgB open setsin U . That is the inverse

image of every Nano open setin V is Ng/ opensetin U . Therefore f is Ng/# continuous.

Theorem: 3.3 Every Nano ﬂ continuous maps Nano g ﬂ continuous.
Proof: Let f : (U TR (X )) - (V , O'R,(Y )) be Nano  continuous and B is a Nano closed set in V . Then

f _1(8) is Nano /3 closed in U . Since every Nano /3 closed is Nano g /3 closed, f _l(B) is Nano g 8
closed in U . Therefore f is Nano g/ continuous.

Remark: 3.4 The converse of the above theorem need not be true which can be seen from the following
example.
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Example: 35 Let U={abcd} with U/R={a}{o},{ch{d}} and X ={a,d}. Then
r.(X)=1{U, ¢§ dif.eet V={xy,z,w} with V/R'={{x,y}{z},{w}} and Y ={x,z}. Then

O'R( ) {\/ 9,12 }{X y,Z }{X, y}} Define f:U->V and f as
f(a)=x,f(b)=2f(c)=y,f(d)=w. Then f is Nano g/ continuous but f is not Nano /3

continuous since f ’1({X, y,w}) = {a,c, d} is not Nano /3 closed in U whereas {X, Y, W} is Nano closed in
V . Thus aNano g £ continuous function need not be a Nano £ continuous function.

The following theorem can also be proved in a similar way.

Theorem: 3.6 Let (U VTR (X )) and (V,GR,(Y )) be Nano topological spaces. Then
Q) Every Nano continuous maps Nano g / continuous.

(ii)  Every Nano semi continuous maps Nano g # continuous.
(iii)  Every Nano pre continuous maps Nano g £ continuous.
(iv)  Every Nano regular continuous maps Nano g / continuous.
(v)  Every Nano ¢ continuous maps Nano g £ continuous.
(vi)  Every Nano b continuous maps Nano g  continuous.

(vii) Every Nano g continuous maps Nano g  continuous.

(viii) Every Nano g s continuous maps Nano g / continuous.

(ix) Every Nano ¢ g continuous maps Nano g f# continuous.
(X)  Every Nano g r continuous maps Nano g £ continuous.

Remark: 3.7 Reverse implications of the above theorem 3.6 need not be true which can be seen from the
following example.

Example: 3.8 Let ab,c,d} with U/R={{al{c}{b,d}} and X ={a,b}. Then

U= o

7e(X)=1{U.¢.{a}fab.d} b, }} et V={xyzw witn V/R={xyl{zhwl} and
Y ={x,z}. Then aR.( )=, 8. {2} {x, y, 2} {X,y}}. Define f:U—>V and f as
f(a)= Z, f(b)= w, f(C)= X, f(d): Y. Then f isNano g/ continuous but f isnot Nano continuous,

Nano semi continuous, Nano pre continuous, Nano regular continuous, Nano ¢« continuous, Nano b
continuous, Nano g continuous, Nano gs continuous, Nano ¢ g continuous, Nano gr continuous since

f "l({Z,W}) = {a, b} is not Nano closed, Nano semi closed, Nano pre closed, Nano regular closed, Nano &
closed, Nano b closed, Nano g closed, Nano gs closed, Nano ¢ g closed, Nano gr closed in U whereas {Z,W}

is Nano closed in V . Thus a Nano g /# continuous function need not be Nano continuous, Nano semi

continuous, Nano pre continuous, Nano regular continuous, Nano & continuous, Nano b continuous, Nano g
continuous, Nano gs continuous, Nano ¢ g continuous, Nano gr continuous.

We have the following implications for the properties of subsets:
1 Nano S continuous, 2 Nano continuous, 3 Nano semi continuous, 4 Nano pre continuous, 5 Nano regular

continuous, 6 Nano ¢« continuous, 7 Nano b continuous, 8 Nano g continuous, 9 Nano gs continuous, 10
Nano ¢ g continuous, 11 Nano gr continuous.
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Theorem: 3.9 A function f :(U,74(X))— (V,04(Y)) is NgB continuous if and only if the inverse
image of every Nano closed setin V is Ng/ closed in U .

Proof: Let f be Ng/ continuous and F is Nano closed in V . Thatis V — F is Nano openin V . Since f
is Ng/ continuous, ffl(V —F) is NgB openin U. That is U — f’l(F) is Ngs open in U .
Therefore f ’1(F) is Ngg closed in U . Thus the inverse image of every Nano closed set in V is Ngg3
closed in U | if f is Nano continuous on U .

Conversely, let the inverse image of every Nano closed set be Ng/ closed. Let G is Nano open in V . Then
V —G s Nano closed in V . Then f*(V —G) is NgZ closed in U . Thatis U — f *(G) is Ngg
closed in U . Therefore f’l(G) is Ng# openin U . Thus, the inverse image of every Nano open setin V is
Ng/ openin U . Thatis, f is Ngg continuouson U .

Theorem: 3.10 A function f Z(U,TR (X ))—) (V,GR.(Y )) is Nggf continuous if and only if
f (Nggcl(A)) = Nel(f(A)) for every subset Aof U .

Proof: Let f be Ngg continuous and AU . Then f(A)gV . Since f be Ngg continuous and
Ncl(f (A)) is Nano closed in V , f (Ncl(f(A))) is Ng/ closed in U .

Since f(A)c Nel(f(A)), f (f(A) < fH(NcI(f(A)), then Ac f(Ncl(f(A))
NgAcl(A) = Nggel | *(Nel(f (A)]= f *(NcI(f (A).  Thus  Nggel(A)c 7 (Nel(f ()
Therefore f(Ng/cl(A)) = Ncl(f(A)) for every subset Aof U .

Conversely, let f(Nggcl(A)) < Ncl(f(A)) for every subset Aof U . If F is Nano closed in V and since
f1(F)cu, f(Nggl(f*(F))< Nel(f(f *(F)))=Ncl(F)=F .

Thatis f (Ngel(f (F)))< F. Thus Nggel(f *(F))< £ *(F). But f*(F)< Nggel(f *(F)).
Hence Ngﬂcl(f ’1(F)): f’l(F). Therefore f’l(F) is Ng/3 closed in U , for every Nano closed set F
inV . Thus f is Ng# continuous.

Remark: 3.11 If f:(U,75(X))—>(V,0.(Y)) is NgB continuous then f(Nggcl(A)) is not
necessarily equal to NCI(f (A)) where AcU .
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Example: 312 Let U={abcd} with U/R={a}{c}{b,d}} and X ={ab}. Then
r.(X)={U,¢,{a},{b,d},{a,b,d}}.Let V={xy,z,w} with V/R'={x yh{z},{w}} and
Y={xz}. Then oo(Y)={N.0{h{xy}{xy.2}}. Define f:U—>V and f as
fa)=z f(b)=xf(c)=w, f(d)=y. Then f1{z)={a}, f *({x. y})={o.d},
f*({x,y,z})={a,b,d}. Thus {a},{b,d} and {a,b,d} are NgpB open setsin U . That is the inverse
image of every Nano open set in V is NgB open set in U . Therefore f is NgB continuous. Let
A={,cjcU. Then  f(NggCI(A))= f(NgsCl(fb,c}))= f({o,c})={x,w} . But
NCI(f(A))= NCI({x,w}) = {x, y,w}. Thus f(NgBCI(A))= NCI(f(A)), even though f is Ngs

continuous. That is equality does not hold in the previous theorem when f is Ng/ continuous.

Theorem: 3.13 A function f :(U,TR (X ))—) (V,GR.(Y )) is Ngg continuous if and only if
Ngﬂcl(f _l(B))g f *(Ncl(B)) for every subset B of V .

Proof: If f is Ngf continuous and B V. Ncl(B) is Nano closed in V and hence , f *(Ncl(B)) is
NgB closed in U . Therefore Ngﬂcl(f _1(NCI(B)))= f*(Ncl(B)). sinceB NCI(B),
f*(B)< f*(Ncl(B)). Therefore  Ng/cl(f *(B))= Nggel(f *(Ncl(B)))= f *(Ncl(B)). That is
Nggel(f *(B))< f *(Ncl(B)).

Conversely let Ngﬂcl(f _1(B))g f‘l(NCI(B)) for every subset B of V . If B is Nano closed in V , then
NC|(B) =B. By assumption, Ngﬂcl(f _1(B))g f _1(NC|(B)) =f "l(B) : Thus
Ngscl(f *(B))< f *(B). But f *(B)< Nggl(f (B)). Therefore Ng/el(f (B))= f *(B).
Hence f *(B) is Ng/ closed in U , for every Nano closed set B in V . Therefore f is Ng/ continuous
onU .

Remark: 3.14 If f:(U,7,(X))— (V,0,(Y)) is NgB continuous then Ng,BCI(f _1(8)) is not

necessarily equal to ™ (NCI( )) where BC V.

2(X
Example: 315 Let U ={a,b,c,d} with U/R={ab}{c},{d}} and X ={a,c}. Then
7x(X)={U.¢.{c}{a, }{a bejf. Let V={xyzw win V/R'={{x}{y}{z}{w}} ana
Y ={x,w}.  Then oo (Y)={V, 0, {x,Ww}}.  Define f:U->V and f as
@)=y, (0)=x 1(e)=w, 1(d)=2. Tren (1)U, 1(g)= g, (b)) = i}
Thus {b,C} is Ng/ open sets in U . That is the inverse image of every Nano open setin V is NgZ open
set in  U.  Therefore f is NgB# continuous. Let B={x}cV. Then
NgACI(f (B))= NgaCI(f *({x))= NgsCI({b)) = b}. But
f’l(NCI(B)): f’l(NCI({X})): f’l(V):U . Thus Ng,BCI(f ’1(8));& f’l(NCI(B)), even though

f is Ng/ continuous. That is equality does not hold in the previous theorem when f is Ng/3 continuous.

Theorem: 3.16 A function f Z(U,Z'R (X ))—) (V,GR.(Y )) is Ngg continuous if and only if
f _l(N int (B)) = Nggint (f _l(B)) for every subset B of V .

Proof: If f is Ng/ continuous and B =V . N int(B) is Nano open in V and hence , f (N int(B)) is
Ng/ openin U . Therefore Ngﬁint(f *(Nint (B)))z f *(Nint(B)). Also N int (B) B implies that
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f ’1(N int (B))g f ’l(B). Therefore Ngp ith(f ’1(N int (B)))g Nggint (f ’1(8)). That s
f*(Nint(B)) < Nggint (f *(B)).
Conversely let f’l(N int (B))g Ngﬂint(f ’1(8)) for every subset B of V . If B is Nano openin V ,
then N int (B) =B. By  assumption, f *(Nint (B))g Nggint (f ’1(8)) . Thus
f ’l(B) < Nggint (f 71(8)). But Nggint (f ’l(B)>g f ’1(B). Therefore Nggint (f ’1(8))2 f ’1(8)

That is, f’l(B) is Ng/3 open in U , for every Nano open set B in V . Therefore f is Ng/ continuous on
u.

Remark: 3.17 If f:(U,75(X))— (V,0,(Y)) is NgB continuous then Ng,b’int(f ’l(B)) is not
necessarily equal to = (N |nt( )) where B V.

Example: 3.18 Let U = { b,c, } with U/Rz{{ ,},{C}, {b,d}} and X ={a,b}. Then

(X)=U.sfalbdlfabdlie V={xyzw win V/R={xy}iz}{wf} and
Y={xz}. Then on(Y)={.,a{z}{xy{xy,2}}. Define f:U->V ad f as
fa)=z f(b)=xflc)=w f(d)=y Then 2 ({z)=fal f *(Ix y))=1{o.d},
f({xy,z})= {a,b,d}. Thus {a}, {b,d} and {a,b,d} are Ng/ open sets in U . That is the inverse
image of every Nano open set in V is NgB open set in U . Therefore f is NgA continuous. Let

={y,z}cV. Then Nggint(f*(B))<Nggint(f*({y,z}))=Ngsint({a,d})={ad}. Bu
fr(Nint(B)= f *(Nint({y,z}))= f *({z}) = {a}. Thus Nggint(f *(B))= f *(Nint(B)), even

though f is NgB continuous. That is equality does not hold in the previous theorem when f is Ngg
continuous.

Theorem: 3.19 If (U ,z‘R(X )) and (V,GR.(Y )) are Nano topological spaces with respect to X < U and

Y CV respectively, then for any function f:U —V , the following are equivalent. iy f is Ngg
continuous
i) the inverse image of every Nano closed set in V is Ng/ closed in U

iii) f(Nggcl(A)) < Ncl(f(A)) for every subset Aof U
iv) Ngﬂcl(f _1(B))g f *(Ncl(B)) for every subset B of V

v f _l(N int (B)) < Nggint (f _1(8)) for every subset B of V .
Proof follows from the theorems 3.9, 3.10, 3.13, 3.16.

IV. Relation Between N G # Continuous Map And Ng £ Irresolute Map
Analogous to irresolute maps in Nano topological spaces we introduce the class of Ng/3 irresolute maps which

is included in the class of N/ continuous maps. In this section we investigate basic properties of Ngf
irresolute maps.
Definition: 4.1 Let (U TR (X )) and (V,O'R, (Y )) be Nano topological spaces and a mapping

f Z(U,Z'R (X ))—)(V,O'R.(Y )) is called Nano generalized /3 irresolute (briefly NgS irresolute) if the
inverse image of every Nano g 3 closed setin V is Nano g f closed in U .

Example: 4.2 Let U = {X, y,z} with U/R = {{X}, {y,z}} and X = {X,Z}. Then the Nano topology is
defined as 75 (X )= {U, 4, {x},{y, z}}. Let V = {a,b,c} with V/R" = {{a,b},{c}} and Y = {a,b}. Then
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oo (Y)={,8,{x}{y,2}}. Define f:U >V and f(x)=a, f(y)=c, f(z)=b.Then f isNanog

[ irresolute since the inverse image of every Nano g / closed setin V is Nanog f closed in U .

Theorem: 4.3 A function f :U —V isNano g £ irresolute, then f is Nano g/ continuous.
Proof: Let f:U —V isNano g/ irresolute, then the inverse image of every Nano g /3 closed set in V is
Nano g /3 closed in U . Let F be Nano closed in V , then F is Nano g /3 closedin V and f isNanog /S

irresolute. Hence f _I(F) is Nano g S closed. Therefore f is Nanog /£ continuous.
Remark: 4.4 The converse of the above theorem need not be true as shown in the following example.

Example: 45 Let U ={ab,c,d} wih U/R={a},{ch{o,d}} and X ={a,b}. Then
. (X)={U,¢,{a},{b,d}{a,b,d}}.Lec V={xy,z,w} with V/R'={x yh{z},{w}} and
Y ={X Z} Then GR( ) {\/ ¢{ }{ }{x,y,z}}. Defire f:U—>V and f as
fa)=z1b)=y, flc)=x f(d)=w. Then ({2 =la) 7 (x y))=lb.ch
f({x,y,z })z{a,b,c}. Thus {a},{b,c} and {a,b,c} are NgB open sets in U . That is the inverse
image of every Nano open setin V is Ng/# opensetin U . Therefore f is Ng# continuous. But f is not
Nano g/ irresolute, since f’l({y,z,w}):{a,b,d} which is not Nano g/ closed in U whereas
{y, Z,W} is Nano g 3 closed in V . Thus a Nano g 8 continuous function is not Nano g /3 irresolute.

Theorem: 4.6 A function f :U —V isNano g £ irresolute if and only if for every Nano g # open set A in
vV, f’l(A) is Nano g 8 openin U .
Proof follows from the fact that the complement of a Nano g /3 open set is Nano g /3 closed and vice versa.

Theorem: 47 If f:U -V and g:V —W are both Ngg irresolute, then go f :U —W is Ngg
irresolute.

Proof: Let A be Ng/ openin W . Then g_l(A) is NgBopenin V ,since g is Ngg irresolute and
f’l(g’l(A)):(g o f)*(A)is NgB openin U, since f is Ngg irresolute. Hence go f is Nggs

irresolute.

Theorem: 48 If f:U —>V is Ngf irresolute and g:V —W is Ngf continuous, then
geo f:U—>W is Ngg continuous.
Theorem: 49 If f:U —>V is Ngf continuous nd ¢g:V —W is Nano continuous, then

geo f:U —>W is Ngg continuous.
Proof of the theorem 4.8 and 4.9 are obvious.

Theorem: 4.8 If f:U >V is Nggf irresolute and g:V —W is Nano [ continuous, then
go f:U —>W is Ngg continuous.

Proof: Let A be Nano open in W . Then g_l(A) is Nano S openin V ,since g is Nano S continuous.
Thus g_l(A) is Ngf open in V, since every Nano fS open set is Ngf open and

f_l(g_l(A))z(g o f)*(A)is NgB openin U, since f is Ngg irresolute. Hence go f is Ngs

continuous.

Similarly we can prove the following theorems.
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Theorem: 49 If f:U —>V is Ngg iresolute and g:V —W is Nano semi continuous, then
geo f:U —>W is Ngg continuous.
Theorem: 4.10 If f:U —>V is Ngp irresolute and ¢g:V —W is Nano pre continuous, then
geo f:U —>W is Ngg continuous.
Theorem: 4.11 If f:U —V is Nggf irresolute and g:V —W is Nano regular continuous, then
go f:U —>W is Ngg continuous.
Theorem: 4.12 If f:U —>V is Ngg irresolute and g:V —W is Nano « continuous, then
go f:U —>W is Ngg continuous.
Theorem: 4.13 If f:U —>V is Ngp irresolute and g:V —W is Nano b continuous, then
go f:U —>W is Ngg continuous.
Theorem: 4.14 If f:U —V is Ngp irresolute and g:V —W is Nano g continuous, then
geo f:U —>W is Ngg continuous.
Theorem: 4.15 If f:U —>V is Ngg iresolute and g:V —W is Nano gs continuous, then
geo f:U —>W is Ngg continuous.
Theorem: 4.16 If f:U —V is Ngg irresolute and g:V —W is Nano gr continuous, then
geo f:U —>W is Ngg continuous.
Theorem: 4.17 If f:U —V is Nggf iresolute and g:V —W is Nano «g continuous, then
geo f:U —>W is Ngg continuous.
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