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Abstract:In this paper, through the establishment of a new space, we discuss the existence of sign-changing
solution of a fourth-order nonlinear elliptic equation with Hardy potential in the new Hilbert space. The
existence of sign-changing solution for fourth-order nonlinear elliptic equation are obtained under a linking
theorem.
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1. Introduction
This work on the nonlinear fourth-order elliptic equations involves:

Ay — wEmmEaE =4 (& v) , zel 0
gy =10 , T € 09

where A? denotes the biharmonic operator, Q C R?* is a bounded domain with smooth
boundary.

We assume that f(z, f) satisfies the following hypotheses in problem (1):

(f1) flz, ) eC(AxR, R); f(z, )t >0 ,forall € and teR;

(fa) For a.e.x € Q, M is nondecreasing with respect to ¢ > 0 .

(f3) lim M = p(z), |tlim f“ D _ 3 uniformly in a.e.x € 2, where 0 <

p(z) < L"L Q P(z)|oc <A1, and B> Ap B € (0, +00)  for some integer k > 2
,and B# AM(n=1, 2, ---).

A(n=1, 2, ---) is the eigenvalue of
A“"ll ?Im = Au , TE Q, (2)
u_gl‘f 0 , T € 0.
Define
— e Dogae ’
= L}(I—_llfl{/ |Auf? — InR/| 2 )ydz : ./Q u‘de =1}, (3)
Define
9
A = inf {/([Au]2 — A)dr : / uldr = 1} (3)
' uert )y lzl4(InR/|z|)2" " Jo .
and
o2 :
= inf (AuP—————)dz : [ uldz =1, pidr =0,1=1,2, ---, n—1},
An 111 {/ |Aul |1| (nR/Iz])? '/Qu il , '/Quy, T i , n—1}

where ¢p is the eigenfunction corresponding to An.
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Il. Preliminaries and statements
We used a new Hilbert space H, which is the completion of H2(Q), with respect

to the norm
52

ul|? =/ Auf — ————)dr,
” ”H Q(l | [1‘|4(lnR/|1'])2)

whose corresponding inner product is

uv
(u, v) = [2 (Au.A'U — W> -

in [9], assume 1<p <2 HE(Q) CH(Q)C I'Vol’p(Q). We first give some notation. The
functional I: H — R corresponding to Problem (1) is defined by

Ty %”u“% -/QF(I, W)

where F(z, u) = [y f(z, t)dt. It is easy to see that I is a C! function and its
gradient at u is given by

1

I'(u)=u—K(u), K:H— H, K(u)=(A?- W)—lm, u).

Then (K(u), v) = fQ f(z, u)jvdz for all v € H. We consider the convex cones
P={ucH:u>0} and — P ={ue€ H :u <0}, moreover, for € > 0, define

= {u € H :dist(u, P) < €}, — Py={u € H :dist(u, —P) <€},
P:=PRyu(-Py), IS -
Py ={ucH :dist(u, P) < %}, _ P ={ucH:dist(u, —P)< %}.

Then Py is open convex, =+ P C =Dy, S is closed.
It is easy to prove that the weak solution of (1) are the critical points of the
function

_4 sil2 =
1) = 3 20 e~ | i)~ [ P @

where F(z, u) = [, f(z
For any ¢ € H,

"), o) — , . . . S— il
(I'(u), r,o)_/QAu-Acpda—/‘Q (R[22 da,—./nf(:r., u)p da. (5)

Theorem Assume that f satisfies (fi),(f2) and (f3), problem (1) has a sign-
changing solution.

Proposition 1. (see [9]) Assume G € CY(E, R) and K(+F)) C £P;, a compact
subset A of X links to a closed subset B of E\D with respect to ®* |

ap :=sup G < by ;= inf G.
A B
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If G satisfies (w-PS) . condition for any c € [bo, sup( yyepo, 1]x4 G((1 — t)u)], then
Kla* — e, a* +e]n(H\(-PUP)) # 0 for all & small, where

a* = _inf sup G(u) € [bo, sup G((1—t)u)).
FE®* r(po, 11, AANS n(o, 1, ANS

Moreover, Kg+ C B, if a* = bg.

Remark. Proposition 1isstill trueif G satisfies (PS) condition, since the (PS) con-
dition implies the (w — PS) condition.

111. Existence of sign-changing solutions
Definition 1. Any sequence {u,} satisfying

sup |J(uyp)| < oo, (1 + ||un|))J (un) — O,
n
is called a weak Palais-Smale sequence (in short, (w — PS) sequence). If any

weak (PS) sequence of J possesses a convergent subsequence, we say that J satisfies
the (w — PS) condition. If the supremum in (6) is replaced by: J(un) — ¢ as
n — oo, we say that J satisfies the (w — PS) at level ¢, written as (w — PS),.
Define a class of contractions of E as follows:
¢ ={I(,, -) € C([0, 1] xE, E)|'(0, -); for each t € [0, 1), I'(¢, -) is a homeomorphism
of E ontoitself and I'!(-, -) is continuous on [0, 1] x E ; there exists an z¢ € E such
that I'(1, ) =xp for each = € F and that I'(t, z) - zp as £ — 1 uniformly on
bounded subsets of E'} .
Obviously, I'(¢, u) = (1 —t)u € &. Let &* ={I" € ®|['(f, D) C D}. Then I'(t, u) =
(1—t)u € o*.
The following concept of linking can be found in[8, 10]

Definition 2. A subset A of E is linked (with respect to @® ) to B of FE if
ANB =0, forevery I' € & thereisa t &[0, 1] such that I'(t, A)NB#0.
It is easy to see that if A links B with respect to ®, then A also links B with
o .
Lemma 1. The Hilbert space H is embedded into L?*(©2) and the embedding
is compact.

Proof. From Theorem A.2 of [11] , there exist Ry > 0, C; > 0 such that
YR> Ry, Yue H?, we have that

a2
A 2d1'_ u—d >CY ‘2' . 6
1ok 4=~ | Gy 2 il (©)

where 1 < p < 2. Since H2(2) is dense in H() , then the above inequali-
ties are hold on for any u € H(Q). It’s easy to check that, H(f) C W'(} P(Q), so

H(Q) — VVOI *P(Q). Furthermore, if p > %, by Sobolev embedding theorem, the em-
bedding W'(}‘ P(Q) — L?(Q) is compact. By [11] H(Q) — L*(Q?) and the embedding
is compact, i.e. H(Q) —— L%(Q) .
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Lemma 2. The minimizing problem (4) has a solution ¢;.

Proof. Let {u,} be a sequence, satisfies
Junlf = Mo, with [ dz = 1.
Q

Then {u,} is bounded in H . By H —s— L?(Q) , passing to a subsequence, still
denoted by {u,} ,such that

Up — U, with/ wldzr = 1.
Q

Note that

2

Un
et

for all n, m > 1, then

17 + I

2 2
5 Ulunllzr + [lum||z)

[y

Up — Um

u
45 < (0l + i) =M [ (25w 0,

as n, m — oo . Hence, {u,} isa Cauchy sequence in H , which means u, strongly
converges to some (; in H , and ||,91||%1 =A1:.

Lemma 3. A\, 500 as n— oo.

Proof. We may suppose that A, is bounded, then there exist K > 0 such that
0 xq <K.

Then {u,} is bounded in H . By Lemma 1, passing to a subsequence, still denoted
by {u,} . But by definition of A, , we know that for n # k

[|2ep — 'an”%Q = / g — up|?dz = / usdr — 2 / Upunpdr + / uldr = 2.
Q Q Ja Q

This is a contradiction.
Lemma 4. [ satisfies the (PS) condition.

Proof. Assume {u,} C H, I(up) - C, I'(up) - 0 as n — oo . We
first prove that {up} is bounded in H . In fact, otherwise, we may suppose that
||un|lsr — oo(n — o0) . Set wy = ]—"— Obviously, wy is bounded in H . Passing
to a subsequence, still denoted by w;, , we may assume that, for some w € H |,

Wp—w, in H, wp - w, aein Q, wp o w, in L3(Q).
We claim that w # 0 . In fact, by the condition (f;) and (fa) , we see that for all

reN, te R, 3b>0 suchthat |f(z, t)| < blt| . so we have F(I £ ) < b for all
r €N . By I(up) = %”un”%, — Jo F(z, up)dz and |I(un)| = C(n —) o0) , we have

O(l)zl_/MdI, (7)

2 ||un”%{
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where o(1) denotes any quantity which tends to zero as n — oo .
Supposing w = 0 , we know that w, — 0 in L?(Q) and it follows from (8) that

___/ HI’—;‘“wgdm_;_o(l)gb/wgdr—l—o(l)—)(), L
Q Q

:
2 Un

which is impossible, so w0 .By I'(u,) -0 as n— oo and

Unp
(I'(up), /AunA\,,d:r [7|1'|4 (InR/[z])? /fl Un)p

we have

./QAwnAa,,daf—/Q |1f]4(lnR/|$l)2dl_ A— wppdr =o0(1), VYee H. (8)

By there exists b > 0 such that |f(z, t)| < b|t| forall z€Q, t € R.If w(z) =0, then

J(z, tn) wn = 0 = Bw(z), n — oo.
n
If w(z)# 0, then we have |un| = ||un| H|wn| — o0 as n — oo . Thus, by the condition
(fa) , we have
Mwn — Bw(z), n — 0o.
Uy,
Therefore,
iz, un) u") wp = Bw(z), ae zell
Un

Since [f(z, t)| < bjt| forall z € Q, t € R, we see that {f(l;;—nu")wn} is bounded in
L%(Q) , thus there exists a subsequence such that f(Iu—n“")u,n — Bw in L%(Q) . Hence

/ f('T, un)u}n‘,@dl'- - / 'Bw(,gd;p, n — oo. (9)
Q Un Q

Using (9), (10) and w, — w(n — oc0) in H , we have

wp
AwAY — ———— = )dr = | wedzr.
/Q‘ ?~ eRmREE =P J 8

This implies that w is a nontrivial solution of the following problem

2 .
{A U— o (lnR/I:rI)- =pBu , in Q,

u:%:O ., on Of.

which contradicts that j\% . Therefore {u,} is bounded in H . Passing to a subse-
quence, we may assume that u, — u in H . By (I'(u,), ¢) — 0 as n — oo, setting
@ =up —u Yyields

Up(Un —
(Aup (g —U) — —————— Jdr = / flz, up)(uy —u)dz. 10
@ n =0~ s ) o
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By the condition (f3) and (f3) we know that for any € > 0, there exists Cy > 0, such
that

f(@, D) < (Ip(@)|so + Ot] + CLltP™ (2 < p < +00) (11)
Then by (12), the H 6 der inequality, we conclude that

| [ flz, un)(un —u)dz| < [ |f(z, un)(up —u)|dz
9 Q
< [ (Up(@)l + lun| + CsfunPHlun — uldz 0,
Q
as n— o0 . Since u, — u(n —oc) in H and
limsup ||uy||g > 1imin_f||un||H > ||u|| &,
n—oc n—oc
by (10) , we have

0 < limsup(||un|| g7 —||u||z#) = limsup(uy, up—u) = limsup/ flz, up)(up—u)dr — 0
n—00 n—0o00 Q

n— oo
So from ||up||g — ||u||gx we derive that u, - u in H .

Rewrite I as

1 1 _ 1
I(w) = il - 3803 = 381t — [ He, ws, e H@)

where
H(z, u): = /Ou h(z, t)dt; h(z, t) = f(z, t)— (BtT — Bt7); = = max{%t, 0}.
Let Ej denote the eigenspace of A (k>1) and Hy=FE U---UE} .
Lemma 5. I(u) - —oc for u € Hy with ||ul|g — oo .
Proof. By (fi),(f2) and (f3) , there exist C,e > 0, such that

(z, s) € 2 x R, we have
For u=wu_ +wup € H with u— € Hy_1, uo € E , and

1 | [FE—— 1
I(w) = Ljull - 281122 — 2ajut. / H(z, u)dz.
2 2 2 :
We have that

1 1
I(w) < Gllully — 5Bl — [ Hz, wyds
Q

1 8 2 5 | 6 2 / - -
= 5(1 = m)“u—”H + 5(1 — /\—k)||u0||H = QH(l? u)dx
_ 1. Bz X B B ... 2_/
== 2(1 Ak)”u“H A= Q(Ak /\k—l )”u’—”H s H(l* ll-)dl
g1

B E
51— ollullly — [ H, wae.
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Therefore, there exist an ¢ > 0 such that
1) < ~<lulfy - [ Hez, ws,
Q

for all u € Hy . Recall that lim M =0, thus we have lim Mg)— < —¢, which
[e|—oc lJu|—o0 Il

implies the conclusion of the lemma.

Lemma 6. There exists pp, ¢ > 0 such that I(u) > ¢ for u € Hj-, with
l[ullr = po -

Proof. By (fi1),(f2) and (f3) , we see that for any € > 0 , there exist constant
5 > 0, such that for all (z, s) € 2 x R, we have

F(z, s) < =(|p(z)|oc + €)8> + CasP. (12)

b =

Choosing € > 0 small enough such that |p(z)|s +€ < A1, by (13) and the define
of A1, we have

1 ;
1) = gl = [ Pla, wde
1 1
> lully - 5p@)ec +€) [ wdo— Callul (13)

Let 2 < p < m , by Hélder inequality, we have

1

|u||r = (/Q|u|pd13); — (/Q|u|z\p+(p—)\p)dm)%

(( ) |u|’\”f\lpdz)%2(/9|u|(1>—/\p)pj"—Apdm)
% 1=

. (/Q|u[2daz)2(/n|u|md$) =

A 1-2
llullzzlluliz=",

p—Ap

1
™ )p

IA

IA

where e

1
P m

note that [, u?dr < %k”ull}j‘f , we have
A (1-X)p
lullZe < Nl llullpm
< (L anzyE e (1-N)p
= ()\—k”U”H) T (Cllulla)
A=Apy—2F . 1P
=C PAp * Nlully-

By (14) and the above inequality, we have

1 |p(z)|c + BECTE.
I(w) 2 5(1 - P 5 ully — GO IPA T ullfy
=€
for some ¢ >0 with
2\22
; Ak |P(x) oo + €, 215
Po: = ”u“H == (4020(1_)‘);,(1 = X ))p 2

= % + —= . By the above inequality, Lemma 1, embedding theorem, and
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Define
Bn: =(BxUEg1U---Ep)N BPO(O)

where pp comes from Lemma 6. Let
A: ={u=v+syy: v € Hy_1, s 20, |u||lg = R}U(Hr—1NBgr(0)), yo € Hi, ||lwllzx =1,

Then A and B,, link each other for any R > py > 0 [8], and each u of By, is
sign-changing, Let P, = PN H,, , then it is easy to check that dist (B, — P, U Pp) =
Om >0 since B, is compact. Define

+ Do(m, r): ={u € Hy, : dist(u, £ Pp) < p}

+ Di(m, r): ={u € Hy: dist(u, £ Pp)< g}

Let m > k+ 2, consider I, = I|g,, , the gradient of I, can be expressed as
I,, = id - Proj ,,K , where Proj ,, denotes the projection of H onto H, , K is

given by K(u) = (A? — prmmmye) " f (@ ).
Lemma 7. There exists p € (0, 4,,) such that
Proj,,K(xDo(m, p)) C £D1(m, p).
Proof. Write u* = max{zu, 0} . For any u € Hy, ,

1

ut|l;2= min |lu—-w|,2 < min
Il = piy o=l < S, iy,

I ...
; “u = w”H = Wdlst(u, _Pm)a (14)

1

m

and, for each s € (2, +0o0) , there exists a C; > 0 such that

+ . . .
U s = min ||lu—wl| s < C; min |lu—wl|lg = C.dist(u, =Py,), 15
l*flee = min Ju—wler < Co min u—wis = Cadist(u, FPn),  (15)

By assumption (f2) and (f3) , we have

f(z, t)] < (Ip(@)|oo + O] + C1ltP~!, z€Q,teR (16)
where 2 < p < 400 . Choosing € = % , then [p(z)|oc +€ < Ay . Let

+

v = Proj,,K(u) , satisfies |[vF| g = mig ||[v—w| g (Note here v= is not the positive
w m

or negative part of v ). Then by (15) — (17) ,
dist(v, —Po) [0+ |11 < [10* [y
= (v,v") =/f(z, u wtde
)

: /((Ip(w)ioo +e)lut| + Crlut P vt |de
Q

—1
< (@)oo + Ollw™ ll2llv™ Iz + Crllw™ I3 07 | e

- (1 +4Jp(a)|0)

< =5 dist(u, — P ||v™ || + Cpdist(u, —Pr)P~Y||v || 1.
DIAL

That is,

(M1 + 4lp(x)|0)

i - <
dist(v, —Pp) < Al

dist(u, — Py, ) + Cpdist(u, — P, )

So, there exists a p < d,, such that dist(v,—Pp) < %—p for every w € —Dy(m, p) .
Similarly, dist(v, Pm) < %p for every u € Do(m, p) . The conclusion follows.
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Proof of Theorem Let D,, = —Dy(m, p) U Do(m, p), Sm := Hnp\Dm . By
lemma 4-lemma 7, all conditions of Proposition 1 are satisfied. Therefore, there exists
a Um € Sm such that

G (tm) = 0, Grm(tm) € [bo, sup  G((1—t)u)]
(t, w)elo, 1]xA
To prove G has a sign-changing critical point, we just have to prove that wu,, hasa
convergent subsequence whose limit is still sign-changing. The proof of the existence of
a convergent subsequence of u,, is the same as the proof of (P.S) condition of Lemma
4. We just proof the limits of the subsequence is sign-changing. It follows by conditions

(f3) ,

|3 = /Q f(z, vtyutde
< L (1p(@)loo + Ok ] + Crluk Pyt de

< / (P(@)]oo + s + Cylu Pdz
Q

(Ip()lec +

€)
< lluzm i + Ol |1

for some constant C’ > 0 . Hence, ||uf|lg > cp > 0. This implies that the limit of
the subsequence is also sign-changing.
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