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Abstract: Following the recent generalization of the recently introduced summability methods,
namely I —statistical convergence of order a and I —lacunary statistical convergence of order «, where
0 < a < 1; Relationships were investigated and some observations about these classes were made and answers
were proffered to the open problems posed by Das, Savas and Ghosal in [10]. We shall analogously extend
above notions to double sequences.
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I.  Introduction

The concept of statistical convergence was formally introduced by Fast [12] and Schoenberg [24]
independently. Although statistical convergence was introduced over fifty years ago, it has become an active
area of research in recent years. This has been applied in various areas such as summability theory (Fridy [13]
and Salat [22]), topological groups (Cakalli [2], [3]), topological spaces (Maio and Kocinac [16]), locally
convex spaces (Maddox [17]), measure theory (Cheng et al [4]), (Connor and Swardson [7]) and (Miller [19]),
Fuzzy Mathematics (Nuray and Savas [21] and Savas [23]). In recent years generalization of statistical
convergence has appeared in the study of strong summability and the structure of ideals of bounded functions,
(Connor and Swardson [7]). Salat et al [15]) further extended the idea of statistical convergence to
[ —convergence using the notion of ideals of N with many interesting consequences. Fridy and Orhan [14]
introduced in another direction a new type of convergence called lacunary statistical convergence. Das and
Savas [11] introduced and studied I —statistical and I —lacunary statistical convergence of order a. In this paper
in analogy to Das and Savas [11], we shall introduce and study I, —statistical and I, —lacunary statistical
convergence of order a as follows:
Let K € N x N be a two-dimensional set of positive integers and let K (n,m) be the numbers and (i,j) in K
such that i < nand j < m. Then the two dimensional analogue of natural density can be defined as follows:
The lower asymptotic density of a set K € N x N is defined as:

K(n,m)

6,(K) = liminf
_— nm
In case the sequence (K:;m)

and is defined by

) has a limit in Pringsheim’s sense, then we say that K has a double natural density

K(n,m)
lim inf = 8,(K)
nm
For example, let K = {(i?,j?):i,j € N}.
K(nm nym
6, (K) = liminf ( )=lim\/_\/_=0,
n,m nm nm nm

i.e, the set K has double natural density zero, while the set K = {(i, 2j): i,j € N} has double natural density %.
Note that if n = m, we have a two-dimensional natural density considered by Christopher [5].
Statistical convergence of double sequences x = (x;, ) is defined as follows:
Definition 1.1 (Mursaleen and Edely [20]): A real double sequence x = (x;; ) is statistically convergent to a
number L if for each € > 0, the set

{(j,k),j <nk<m: |xjk —L| > s}
has double natural density zero. In this case, we write st, —lim; x; =L and we denote the set of all
statistically convergent double sequences by st,.
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1l. I —Statistical And I —Lacunary Statistical Convergence of Order a
The following definitions and results are by Das and Savas [11]
Definition 2.1: If X is a non-empty set then a family of set / ¢ P(X) is called an ideal in X if and only if
(i) @ € I; (ii) Foreach A,B € I we have AU B € [; (iii) Foreach A€ I and B c A we have B € I.
Definition 2.2: Let X is a non-empty set. A non-empty family of sets F c P(X) is called a filter on X if and
only if (i) ® & F; (ii) Foreach A,B € F we have AN B € F; (iii) ForeachA € Fand B > Awe have B € F.
An ideal I is called non-trivial if I = ® and X ¢ I.
Definition 2.3: A non-trivial ideal I ¢ P(X) is called an admissible ideal in X if and only if it contains all
singletons, i.e., if it contains {{x}: x € X}.
For further study we shall take X = N2 and I will denote an ideal of subsets of NZ2. The following proposition
express a relation between the notions of an ideal and a filter.
Proposition 2.1: Let I ¢ P(N?) be a non- trivial ideal. Then the class
F=F(I)={McN?:M=N?—-A,forsomeA€l} is a filter on NZ(we shall call
F = F(I) the filter associated with I).
Definition 2.4: Let I < P(N?) be a non-trivial ideal in N2. A double sequence x = (%) of real numbers is said
to be I —convergent to a number L if for each & > 0 the set A(e) = {(i, j) € N?:|x;, — L| > ¢} belongs to .The
number L is called the I —limit of the sequence (x;;) and we write I — limy, x;; = L.
Remark 2.1: If we take I = {E c N2:E is contained (N x A) U (A X N)where A is a finite subset of N}.
Then I — convergent is equivalent to the usual Pringsheim’s convergence.
Definition 2.5: A double sequence x = (x; ) is said to be convergent to L in the Pringsheim’s sense (1900) if
for each & > 0 there exists m € N such that |xjk —L| < & whenever j,k =m. The number L is called the
Pringsheim limit of the sequence x.
Definition 2.6: A double sequence x = (x;;) is said to be bounded if there exists a real number M > 0 such
that |x;. | < M for each i andj, i.e., if lx]l w0 2y = supji |%% | < c0. We shall denote the set of all bounded double

sequences by 2. Note that in contrast to the case for single sequences, a convergent double sequence need not
be bounded.

Definition 2.7 (Das and Savas [11]): A sequence x = (x;)ey IS Said to be I —statistically convergent of order
ato L orS()* —convergentto L,where 0 < a < 1,ifforeache >0andé > 0

1
{k € N:—[{k < nil — L 2 &}l 2 5} el
In this case we write x;, » L(S(I)%). The class of all sequences that are I —statistically convergent of order «
will be denoted by S(I)*.
Remark 2.2: For I = I, S(I)* —convergence coincides with statistical convergence of order a(see Colak [6]).

For an arbitrary ideal I and for @« = 1 it coincides with I —statistical convergence (see Das et al [10]). When
I =1 and a = 1 it reduces to statistical convergence.

Definition 2.8 (Das and Savas [11]): Let 8 be a lacunary sequence. A sequence x = (x;)rey 1S Said to be
I —lacunary statistically convergent of order a to L or Sy (I)* —convergent to L if forany e > 0and § > 0

1
{reN:El{kelr:lxk—Ll > e} 26}61.

In this case we write x;, — L(S, (I)%). The class of all I —lacunary statistically convergent sequences of order a
will be denoted by S, (1)*.

Remark 2.3: For « = 1 the definition coincides with I —lacunary statistical convergence (see Das et al [10]).
Theorem 2.1 (Das and Savas [11]): Let 0 < a < < 1. Then S(I)*  S(I)? and the inclusion is strict for at
least those a, B for which there is a k € N such that o < % < pandwhen I = If,.

Theorem 2.2 (Das and Savas [11]): S(I)* n L, is a closed subset of I,; where [, = {x € w: supy|x;| < o}
Definition 2.9 (Das and Savas [11]): Let 8 be a lacunary sequence. Then x = (x;)ren IS Said to be
Ng (I)* —convergent to L if forany e > 0

{reNSie ln —LI= e} el

It is denoted by x;,, —» L(N,(1)%) and the class of such sequences will be denoted simply by Ny (1)“.

Theorem 2.3 (Das and Savas [11]): Let 8 = {k, },.cy be a lacunary sequence. Then

(@) x; = L(No (D)%) = x;. = L(Se (1)), and

(b) Ny (I)* is a proper subset of Sy (I)*

Theorem 2.4 (Das and Savas [11]): For any lacunary sequence 6, I —statistical convergence of order a
implies I —lacunary statistical convergence of order « if lim, infqf > 1.
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Theorem 2.5 (Das and Savas [11]): For a lacunary sequence @ satisfying the above condition, I —lacunary
statistical convergence implies I —statistical convergence if lim, supq, < co.

Theorem 2.6 (Das and Savas [11]): For a lacunary sequence @ satisfying the above condition, I —lacunary
statistical convergence of order a implies I —statistical convergence of order a,0 < a < 1, if

L+1
=B .
Supz Uoe 0%

I11. I, —Statistical And I, —Lacunary Statistical Convergence For Double Sequence Of Order a
We now introduce our main definitions and results.

Definition 3.1: A double sequence x = (x;); xen IS Said to be I, —statistically convergent of order a to
L orS(1;)* —convergent to L,where 0 < o < 1,ifforeache >0and§ >0

e —L| =€} 2 6} e,

In this case we wrlte xk - L(S(IZ) ) The class of all sequences that are I, —statistically convergent of order «
will be denoted simply by S(I,).

Remark 3.1: For an arbitrary ideal I, and for & = 1 it coincides with I, —statistical convergence of double
sequence. When I, = I, and a = 1 it reduces to statistical convergence of double sequence.

Definition 3.2: Let 6, ; be a lacunary sequence. A double sequence x = (), xen IS Said to be I, —lacunary
statistical convergent of order ato L or S, (I,)* —convergent to L if forany e > 0and § > 0

{rseNxN—|{],kEIrs| k—L|2£}|26}elz

In this case we write x; — L(Sgrls(lz)a). The class of all I, —lacunary statistically convergent sequences of
order a will be denoted by Sy, (1)

Remark 3.2: For « = 1 the definition coincides with I, —lacunary statistical convergent of double sequence.
Theorem 3.1: Let 0 < a < B < 1. Then S(I,)* < S(I,)# and the inclusion is strict for at least those a, 8 for

which there are j, k € N such that o < ]ik < pand when I, = I;.

Proof: Se, ,(I2) forall n=1,23,...x" is I, —statistically convergent to some number L, forn = 1,2,3, ...
We shall first show that the sequence {L,},ey iS convergent to some number L and the sequence x =
(% )j kenxn IS I, —statistically convergent of order & to L. Take a strictly decreasing sequence of positive
numbers {e, },,en cONverging to 0. Choose a positive integer n such that

llx = x" [l < < Let 0<§ < 1. Then

1 5
A= rsENxNhr‘ (k€ bt |2t — L] = }<§ € F(Iy)

and B = {rseNxN {],kelrs | n+1|25'{7“} <§}EF(12).
SinceAnB € F(I,) and qﬁ ¢ F(I,), so we can choose 7 € A N B. Then

{],kEIrs| xp —Ly| = }

<6
3

1
hys
and

1 € é
7 {]rk € Ir,s: |xjrllc+1 - Ln+1| = n4+1}| < §
s

and so hl—5|{]k €l |xj’;c —L,| > %V|x-”+1 s | > 5n_+1}

<§d< 1

5"4“. Then we can write

Hence there exist j, k € I ; for which |xf, — L,| < < and [x*! — Ly | <
|Ln - Ln+1| < |Ln - xﬁ: | + |x' n+1| + | - n+1|
< |k = La| + [ = Ly [+ llx = 2™l + [l — 2"l

This implies that {L, },en
Is a Cauchy sequence in R and so there is a real number L such that L, —» L as n = c. We need to prove

thatx — L(Sg (12)“) For any € > 0, choose n € N suh thate, < i, [lx — x™|eo < %, L, — LI < i. Then

En+1 € €Ent1
+

n n
— — < .
syttt <&

e |{],k€1rs| k—L|>e}|<—|{],kEIH| Ln|+||x-k—xj’}c|| +|Ln—L|26}|
T,S

SEHJ.’ICEIT,S:'JC]' —L |+4+4>e}| —|{],k€1rs |k — Ly| 2§}|
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This implies {rsENXN |{],k€1rs |x]k —L| >6}| <5} {rsENxN {] k€l g |x | Ln| =

E2<J€EF/2 and so 7,5eNXN: 1/27‘5527,%5/7‘5 jk—L=>e<d€/2. This establishes the fact that x=256r,s(/2)a
which completes the proof of the theorem.

Theorem 3.2: S(I;)® N 12 is a closed subset of 12; where I, ={x € w:sup; ; |x; | < oo}.
Definition 3.3: Let 6,, be a double lacunary sequence. Then x = (Xj);kenxy IS Said tO
be Ny,  (I;)* —convergent to L if forany e > 0

rs €NX N Z|k—L|>e € L.
] kel s
It is denoted by x; — L(Ngm(lz)“) and the class of such double sequences will be denoted simply by
Np, ((I)“.
Theorem 3.3: Let 0, ¢ = {k, ¢}, sen be a double lacunary sequence. Then
@  x = L(Ng, (1)%) = x5 = L(Ss, (1)), and
(b) Ny, ((I;)“ is a proper subset of Sy (I;)“.

Proof: (a) If e>0 and X = L(Ng, . (I)*), we can write
Zj,kelr_s|xjk - L] ZZj,k51”|x]k —L|>e| w—Ll=elljkel: |xjk —L| = €}| and so
1
e D etz gk el L 2 )l
s J k€l s r‘s

Then forany 6 > 0

{r,seNxN:h%Hj,kelmﬂ xj — L| >6}|>5}C rs €NXN:oom Z |xx —L|=€-6p €l
s s J k€l
This proves the result.
(b) In order to establish that the inclusion Ny (I2)* < Sp, (I2)* is proper, let 6, ; be given and define x;, to be

1,2,...,[\h&] at the first [,/h;“s integers in Ir‘s and x;; = 0 otherwise for all r = s =1,2,3,.... Then for any

e>0,
[\/hes

a
hr,s

1
th{],k € Ir,s: |x]k — 0| = E}' <
and for any § > 0 we get '
1 1/ |
{r,s €N x N:Eﬂj,k €l |x) —0| = €}| = 6} {r sENXN: 2" [ > 6}
Since the set on the right hand side is finite and so belongs to /, it follows that x;, — O(ng (I,)*). On the other

hand
o= LD

1
mzj,keu,ijk -
Then

rsENxN z:|k—0|>1 ={r,sENxN:[M]([m+1) }

h
‘S]kEI TS

={fmm+1lm+2,m+3,..}
For some m € N which belongs to F(1,) since I, is admissible for double sequences. So
Xk O(Ner_s(lz)a)-

Theorem 3.4: For any lacunary double sequence 6, ;, I, —statistical convergence of order a implies
I, —lacunary statistical convergence of order a if liminf, g7 > 1.
Proof: Suppose first that lim inf, ; g5 > 1. Then there exists ¢ > 0 such that g/ = 1 + o for sufficiently large
r and s which implies that

hs o

lgs " 1+0
Since x;;, — L(Sg (L)~ ) then for every e > 0 and for sufficiently large r and s, we have
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1 o
e M= rslk—H>6H>—%Uk€bs| H>6H>—:—;rwk€hslk—M>EH

Then for any 6 > 0, we get

1 o
rsENxN—|{],kEI,S| o —L| > €}| =6t < r,seNxN:EHl Lot |x k—L|_e}|_(1+a)

e L.

This proves the result.

Theorem 2.5: For lacunary double sequence 0, satisfying the above condition, I, —lacunary statistical
convergence implies I, —statistical convergence if lim sup, ; q, ; < .

Proof: If lim sup, ; g, < 0. Then without any loss of generality we can assume that there existsa 0 < B < oo
such that g, ; < B for all r, s > 1. Suppose that x;, — L(Sy, .(I;)) and for €, 8,6, > 0 define the set

C= {r.s € N x N:hi|{j,k €Lt |5 — Ll =€} = 5}
and .
T = {(n,m) € N x N:%Hj <mk<n |xjk —L| = e}| < 61}.
It is obvious from our assumption that C € F(I,), the filter associated with the ideal I,. Further observe that
Ay =Lk Lyln ~ LIz e <6
Foralli,j € C. Let (n,m) eNbeesuchthatk, 1 <n<k.andl,_; <m <l forsomer,s € C.Now

1
%|{k3n,13m:|xjk —Ll=€}|<s< [{k <k 1< Lg: | — L] = €}

1 kr—lls—l 1
R Uk € Lt |xy — Ll = e}| + -+ PR |,k € L5t | —L| = €}
ke L1 ky—kil,—1 1
= kr; lS;EH],k €l1:|xp — L| 2 €}| + Zkr_l 1 215_11E|{]'k € Lyt |xy — L| = €}
k., —k._11;—1 1
= 1 Sls—i 1 (UK € st b = L] = €
ki L ky — kil = 1y ky — k.41l — L ke 1
= I Ap ¥+ + LA <supA,
kr_l ls_l H kT—l lS—l 2 kr—l ls—l TS ?jltrz‘ y kr lls 1

< B§.
Choosing 6; = % and in view of the fact that U fnmik,_; <n<k.andl,_, <m<l, r,s € C}c T where
B

C € F(I,), it follows from our assumption on 6, ; that the set T also belongs to F (1), and this completes the
proof of the theorem.
Theorem 3.6: For a lacunary double sequence 6, ; satisfying the above condition, I, —lacunary statistical

convergence of order a implies I, —statistical convergence of order @, 0< a < 1, if
r—1,s-1

Su Z L+1]+1 =B <
D L Tl )"
Proof: Suppose that x;, — L(Sp, . (1) ) and for €,8,8, > 0 define the sets
1
C= {r,s ENx N:Eﬂj,k €Lt |x —L| = €}| < 6}

and

= {omy enxw: [ mke <[y - 1] 2 ¢ <.}

1
(nm)“
It is obvious from our assumption that C € F(1,), the filter associated with the ideal I,. Further observe that

ij

Foralli,j € C.Let (n,m) € N X Nbesuchthatk,_, <n<k,.and [,_; <m <l forsomer,s € C.
Now
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e e < < i =112 )] < gl < kot < Ll — 1] 2 €]
1 1
= e Uk € Lyl —L| zej| + o+ [k € Lsi e — L 2 €
r];%lzx_l r—1%-1
o |{1ke1u b = 1] = €}
(ky — k) (I — L)"”
R |{J.kezzz i — 1] = €} + -
r—1%s-1
k, —k._)%(, — 15
+(r r;) (as sl) - r5|k_L|>E}|
keis | (k- k )gr('l )" K, — ko )(l = L,_p)"
— al 2 . 2 i aZ 1 A2‘2+"'+ r r—i las s—1 Ar,g
r—1%s-1 r 151 r—1%s-1 r—1%s-1
k k;
< Sup 4, Sup Z (ki = k)" Gn = 5)° _ ps
ijec r,s 1j=0,0 r 1ls—1

Choosing §; =% and in view of the fact that U {n,m:k,_; <n<k,l,_  <m<l,r,s €C}cT where

C € F(1), it follows from our assumption on 6, ; that the set T also belongs to F(I,) and this completes the
proof of the theorem.
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