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Abstract: The properties of the families F  of finite subsets of n  element set S  are considered in the 

situation, where subsets of F  are incomparable on the binary relation of inclusion and a)for any FA  there 

exists some set FA'  such that either 'AA  or AA ' ; b)for any FA  is place 
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value of parameter )(Fr  have some structure; 4)we prove that the proportion of families F with 
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I. Introduction 
Interest in the study of the properties of families of subsets of finite sets which are pair-wise 

incomparable binary relation of inclusion appeared in connection with the problem of Dedekind on the number 

of elements of free distributive structure with n   generators [1]. One of the first works in this direction was E. 

Sperner’s paper [2]. The class of maximal Sperner families considered in the present paper was first introduced 

by the author in the paper [3]. The main results of this work were previously published in arxiv: 1304.4363v1 

[cs.DM] 16Apr 2013. 

Definition 1 [2]. A family  F  of subsets of finite set  },...,,{ 21 naaaS   is said to be that of Sperner if none 

of elements  FA  is a subset of any other element  FA' . 

Definition 2 [3]. A Sperner family  F  is said to be maximal if for any  FASA  ,  there exists a  FA'  

such that either  'AA  or AA ' . 

  Remark  [4]. The property of being Sperner of a family  F  is invariant with respect to the following 

transforms: 

a) FF  , where  F  is the family obtained from  F  by replacement of every  A  by its complement  'A ; 

b) 'SFF   , where  'SF  is a family obtained from  F  by applying the substitution 

                                             .
...

...
'

21

21
















niii

n

aaa

aaa
S  

For the number )(nf  of maximal Sperner families of subsets of an  n -element set S  

 direct calculation gives us  376)5(,29)4(,7)3(,3)2(,2)1(  fffff  [5]. 

Definition 3[4]. We will say that a Sperner family F  is of type  )1,( kk  if  }1,{  kkA  for any  

FA . 

If  F  is a Sperner family of type )1,( kk , then we denote by  
)1()( , kk FF , respectively, the family of 

subsets  .1',';,  kAFАkAFA  
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By virtue of item a) in the remark, if one studies maximal Sperner families of type  )1,( kk  of an  n -element 

set, then it suffices to restrict oneself by the case  

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n
k . Denote by  )(Fpi  the number of elements  

kAFA  , , into which element  Sai   does not enter, while  )(Fqi  stands for the number of elements  

1,  kAFA , which the element ia  does enter in. Further, let  
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0  is called admissible if there exists an maximal Sperner family  

F  such that  sFri )(  for a certain  nii 1, . 

By virtue of item b) in the remark we have that if  s  is an admissible number, then for any ni ,1  there can be 

found maximal Sperner family F  with sFri )( . Therefore, in what follows, we will consider, as a rule, a 

fixed element  San   in the capacity of element Sai   . 

Theorem 1 [4]. The number  1
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Theorem 2 [6]. For an maximal Sperner family of type  ,3),1,(  nkk  of the set  S , all numbers  
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Let  )(n  be a class of finite sets, where  n  runs over a certain set of indexes (for example, the set of non-

negative integers N  [7], whose power increases monotonically with n  growing. 

Definition 5. A certain property    with respect of elements of the set  )(n  is called typical [8] if 
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where  ))()(( ' nn     stands for the set of elements from )(n , which possess (do not possess) the 

property   . 

In this case it sometimes is said that    fulfills for almost all elements from  )(n . 

In the capacity of  )(n  we will consider the class of maximal Sperner families subsets  
)1()(  kk FFF  

of type )1,( kk  of finite set S  and, in the capacity of the property , the value of the parameter  
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1
)(  of the maximal Sperner family  F  of type  )1,( kk . In what follows we will speak about 

type only in specific cases of  k . For k  we consider [4] the values 0,
2
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In [4], for the necessary condition (Theorem 2) obtained in [3], a clarification was made, namely, it was shown 

that it holds only for 5n . For all 6n  we constructed in [4] the maximal Sperner families F  with  
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)( . Next, we will assume that  6n . 
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The principal objective of the present paper is to prove the fact that for almost all maximal Sperner families F  

of type )1,( kk  the value of the parameter )(Fr  equals  






 

k

n 1
 without restrictions with respect to  k , 

we also are going to obtain the upper estimates for the respective combinatorial numbers. 

The following assertions are given without proofs in vie of their evidence. 

Proposition 1. If F  is an maximal Sperner family of type )1,( kk , then 
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any  ni ,1  one can find a subset  AakAA i  ,,  such that neither  ,A  nor  }{ iaA  belong to  F . 

Corollary 1. If  F  is an maximal Sperner family of type  )1,( kk , then  
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there exists  ni ,1  such that for any  AakAA i  ,,  one has either FA  or FaA i  }{ . 

 Proposition 2. If 
)1()(  kk FFF  is an maximal Sperner family such that  )(kF Ø,  )1(kF Ø, then 

for one to have  
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)1( kF  consists of sets iB  such that   kj BB Ø, kj  . 

The condition given in Proposition 2 is not a necessary one. For example, for the set  

},,,,,{ 654321 aaaaaaS   Sperner family 

}},{},,{},,{},,{},,{},,{},,{},,,{},,,{},,,{{ 43625242615141653654321 aaaaaaaaaaaaaaaaaaaaaaaF 

is maximal and such that  
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II. Induction algorithm for construction of all maximal Sperner families of type (k,k+1) and 

its corollaries 

The following induction algorithm for constructing all maximal Sperner families of type )1,( kk  is 

suggested. 

1. The base of the algorithm is the family of all maximal Sperner families of type )1,( kk  )1(  with the 

value of parameter 0)( Frn . Obviously, )1(  represents one maximal Sperner family composed from 

all subsets AakAA n  ,,  and all subsets  BakBB n  ,1, . 

2. Further construction of maximal Sperner families is realized by induction. Let )(t  be the set of maximal 

Sperner families which has been constructed at the step t  })0)(,{)1((  FrF n . The set  )1(  t  

is formed by means of transforms of maximal Sperner families from )(t . Suppose that 

)1()(  kk FFF  is an arbitrary maximal Sperner family from )(t . If  F  turns to be maximal 
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              },,,:{ )(k

n FAAakAAM   

              },,,1:{ )1(  k

n FBBakBBL  

              LMF  )( , 

and realize the following transforms of  F  : add to F  a certain set  C  from  )(F  and exclude from the set 

thus formed 'F all subsets comparable by binary relation of inclusion with the set  С . After exclusion of sets 

comparable with С , it might happen that among the resting subsets in )(F  there are subsets non-
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comparable by inclusion with subsets remaining after exclusion. By adding the latter subsets we obtain 

obviously maximal Sperner family. By proceeding the mentioned above transform of F  with respect to all 

subsets from )(F  and analogous transforms of all maximal Sperner families F  from )(t  with 
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with the results in [3], 1)(min
)(




tFrn
tF

 if 1
1








 


k

n
t  and  







 


k

n
Frn

1
)(   if  )

1
( 







 


k

n
F .  

)(

1

1

t
k

n

t










 



 represents the set of all maximal Sperner families of type )1,( kk . 

Every time, when one passes from )(t  to  )1(  t , 



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2 , some of maximal Sperner family 

might be repeated during the algorithm’s work. Therefore, at each step, one should foresee the deletion of 

maximal Sperner families which already have been obtained earlier in order to leave only pair-wise distinct 

families. 

Lemma 1. Let 
)1()(  kk FFF


 be the maximal Sperner family obtained by induction algorithm from 

maximal Sperner family 
)1()(  kk FFF  with 
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Proof. Since 
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1
)( , then by virtue of Corollary 1 for any FAAakAA i  ,,:  there can be 

found ABBakBB i  ,,1:  such that FB  (for any FBBakBB i  ,,1: there can 

be found  BAAakAA i  ,,: such that FA ). Therefore, by the induction algorithm, one has 
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  Lemma 2. If   )()1()( , FFFF kk
Ø, }1,{  kk   is an maximal Sperner family such that  
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~
 , 

obtained by the induction algorithm by adding of an arbitrary set  BaFBkBB i  ,,1:  is the 

maximal Sperner family with 
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Proof. Indeed, the added set  B  is comparable with some  km 1   sets FAkAA  ,: . Therefore, by 

the induction algorithm, these sets are excluded from F  and  m
k
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  Theorem 3 [9]. If 
)1()(  kk FFF  is the maximal Sperner family with  0)( Frn , then  
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Theorem 4 [9]. Let   )()1()( , ikk FFFF Ø, )1,{  kki  is the maximal Sperner family such that for 
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 Corollary 3 [9]. If n  is odd, then for any maximal Sperner family F  of type )
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Theorem 5. Let   )()1()( , jkk FFFF Ø, }1,{  kkj  is a maximal Sperner family. Then  
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iF  is the family of all subsets  AakAA i  ,,  comparable with the subsets  
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Corollary 4. If    )()1()( , jkk FFFF Ø. }1,{  kkj  is maximal Sperner family such that for any 

pair  ji BB ,  of subsets from  
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The above estimate received for all maximal families of type )1,( kk  improve essentially the estimate  
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