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Abstract: The concept of scalar commutativity defined in an algebra over a ring is mixed with the concept of
pseudo commutativity defined in a near — ring to define the new concept of scalar pseudo commutativity in an
algebra over a ring and many interesting results are obtained.

I.  Introduction

Let A be an algebra (not necessarily associative) over a commutative ring R. A is called scalar
commutative if for each X,y € A, there exists a €R depending on x and y such that xy = axy. Rich [8] proved that
if A is scalar commutative over a field F, then A is either commutative or anti — commutative. Koh, Luh and
Putcha [6] proved that if A is scalar commutative with identity 1 and if R is a Principal ideal domain, then A is
commutative. A near ring N is said to be pseudo commutative [9] if xyz =zyx for all x,y,z € N. In this paper we
define scalar pseudo commutativity in an algebra A over a commutative ring R and prove many interesting
results.

Il. Preliminaries
2.1 Definition [9]
Let N be a near ring. N is said to be pseudo commutative if xyz =zyx for all x,y,z € N.
2.2Definition
Let N be a near ring N is said to be pseudo anti — commutative if xyz = -zyx for all x,y,z € N.
2.3 Definition [8]
Let A be an algebra (not necessarily associative) over a commutative ring R. A is called scalar commutative if
for each x,y € A, there exists a scalar a = a(x,y) €R depending on x and y such that xy = axy. It is said to be
scalar anti — commutative if Xy = - ayx.
2.4 Lemma [5]
Let N be a distributive near — ring. If xyz = £ zyx for all x,y,z € N, then N is either pseudo commutative or
pseudo anti — commutative.

I11. Main Results
3.1 Definition
Let A be an algebra over a commutative ring R. A is said to be scalar pseudo commutative if for every x,y,z € A,
there exists a scalar a = a(x,y,z) € R depending on X,y,z € A such that xyz = azyx.. It is said to be scalar pseudo
anti — commutative if xyz = - azyx.

3.2 THEOREM:
Let A be an algebra (not necessarily associative) over a field F. If A is scalar pseudo commutative, then A is
either pseudo commutative or pseudo anti-commutative.

Proof:
Suppose xyz = zyx for all x,y,z € A, there is nothing to prove.
Suppose not, we will prove that xyz = -zyx for all x,y,z € A,
We shall first prove that if x,y,z € A such that xyz # zyx, then xyx = zyz = 0
Let X,y,Z € A such that xyz # zyx .
Since A is scalar pseudo commutative, there exist scalars o = a (x,y,z) € Fand = (x+z,y, z) € Fsuch that
XYZ = 0 ZYX ettt 1)
(XH2) yZ=PB Z2Y(XFZ) oo, 2
(1)-(2) gives
XYZ — XyZ — zyZ = ozyX — Pzyx — Bzyz

(B—1)zyz=(0a-B) ZyXeererererriirarannnn. 3)
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Now zyx # 0 for if zyx = 0 then from (1)

xyz = 0 and so Xyz = zyx, a contradiction to our assumption that xyz # zyx.

Also B # 1 for if p =1, then from (3) we geta—=0. Hence a=B=1.
Then from (1) we get xXyz = zyX, again a contradiction.

From (3), we get, zyz = ;%ﬁ Zyx

That is, zyz = yzyx forsomeye F .......ooooviiiiiiinnin. 4)
Similarly xyx =08 zyx forsome de F .........cooiiiiiiiiiiiiiin (5)
Now, corresponding to each choice of oy a, 03 04 € F, there exists n € F such that (0;X + 02) Y (03X
+o4z) =1 (X + 042) y (X + a2)
(ouXy + 0pZy) (0eX + 04z) =7 (03X Y + 04z Y) (01X + 0,2)

0 O3 XYX + 0y 04 XYZ + 003 ZYX + 004 ZYZ =1 (0,3 0y XYX + 0302 XYZ + 04 01 ZYX + 0400 ZyZ)

oy O3 SZYX T oy 0g XYZ + 003 ZYX + 0004 YZYX
=1 (03 041 0ZyX + 03 0pXYZ + 04 ZYX + 040 YZYX )
(using (4) and 5)
(oq 030 ol ooy +opazat o, ay Y ot ) Xyz
= M (03 018 + 03000 + 0405 + 040 Y ) ZYX
(using (1))
Takingaz =0, a4 =0, = 1,04 =-7v,the RHS of (6) is Zero. Where as the LHS of (6) becomes
(-y+yat)xyz =0
le., y (a* -1) xyz =0
Since xyz #0 and o #1, We gety =0.
Hence from (4), we get zyz=0 .................. @)
Also taking o, =0, a3 =03 = 1, a4 = -9, the RHS of (6) is Zero. Whereas the LHS of (6) becomes
at-8)xyz =0
ie., 8 (0 -1) xyz=0
Since xyz# 0 and a# 1, We get §=0.
Hence from (5), we get xyx=0 .................. (8)
Now (6) becomes,
01 04XyZ + 0 03ZyX =1 (03 0p XYZ + 04 01 ZYX)
04 0y XYZ + 003000 Xyz =1 (03 apxyz + ag0p o Xyz)  Using (1)
(0 0s+ 00030 )XyZ = M (Og O+ 040y A ) XYZ oo, 9
This is true for all choice of a; 0, 03 04 € F .
Taking ay =oz=04 = 1 and 0, = - o the RHS of (9) is Zero.
The LHS of (9) becomes
( 1-(@")? )xyz=0
Since xyz#0, 1—(a%)? =0. Hencea==1
Sincea# 1, we get a=-1.
Hence xyz = - zyx forx,y,ze A
Thus A is either Pseudo commutative or Pseudo anti commutative.

3.3 Lemma
Let A be an algebra (not necessarily associative) over a commutative ring R. Suppose A is scalar pseudo
commutative. Then forall X, ¥,z € A, a € R, axyz =0 iff azyx =0 .Also xyz= 0 iff zyx = 0

Proof:
Letx,y,ze Aand a e R such that axyz =0 . Since A is scalar pseudo commutative there exists B = (z, y, ax)
€ R such that
zy(ax) =B (ox) yz = Paxyz =10
ie. azyx =0
Similarly if azyx = 0, then there exists y =v (0x , y, z) € R such that
axyz = yzy(ax) = yazyx = 0
Thus axyz = 0 iff azyx = 0.
Assume xyz = 0. Since A is pseudo commutative there exists
6=190(z, y, x) € R such that zyx = dxyz = 0.
Similarly if zyx, there exists y =y (X, y, z) such thatxyz=y zyx=0
Then xyz = 0 iff zyx = 0.
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3.4 LEMMA :
Let A be an algebra over a commutative ring R. Suppose A is scalar pseudo commutative. Let X, y, z, U € A, o
, B € R such that uyx = xyu, and zyx = axyz and ( z + u) yx = p xy (z+u). Then (u— au)y (x-px) =0.

Proof:
Letx,y,z,u € A
GIVeN ZYX = OXYZ +ovvvnvnrnanannnns (1)
(z+w)yx=Bxy(z+tu) ...oevn.n... 2
UYX = XYU ovrrnnnnne (3)

From (2) , we get
zyxX + uyx = fxyz + Bxyu
axyz + uyx = Bxyz + fxyu (using (1))
axyz + xyu =" Bxyz + Bxyu (using (3))
xy(oaz+u—PBz—Pu)=0
By lemma 3.3, we get
(oztu—PBz—Pu)yx=0
azyx +uyx — fzyx — Ppuyx =0
0zyX + uyx —o Bxyz — Buyx=0 ............... @)
From (2) , we get
ZyX + uyx — Bxyz — fxyu=0
Multiplying by a
azyx+oauyx—aPxyz—opxyu=0.................. 5)
From (4) and (5) , we get
uyX —Buyx —auyx + o xyu=_0
Uyx — auyx — B uyx + afuyx =0 (using(3))
(Uu—ou) yx — (U- au) Byx =0
(u—ow) (yx—Byx ) =0
(U—ow)y(x—px)=0
Hence proved.

3.5 Corollary:
Taking u = x, we get
X—ox)y(x—PBx)=0

3.6 Lemma:
Let A be an algebra over a commutative ring R. Suppose A has no zero divisors . If A is scalar pseudo
commutative, then A is pseudo commutative.

Proof:
Letx,y,z € A, since A is scalar pseudo commutative, there exists scalars
a=a(zy,x) € Rand B = (ztx, y, X) € R such that
ZYX = O XYZ eaveranenananannns (D)
and (z+X)yXx=B Xy (Z+X).evererirannnnn. (2)
From (2), we get
ZyxX + XyX = fxyz + Bxyx
axyz + xyx = Bxyz + pxyx (using (1))
xy(oaz+x—-Pz—Px)=0
By lemma 3.3, we get
(0z+X-Pz-Px)yx=0
azyx + XyX — fzyx — pxyx =0
azyx + XyX —a Bxyz — BXyX =0 ............... (3)
Also from (2) , we get
ZyX +Xyx = fxyz + fXyx

Multiplying by a
o ZyX + o XyX - a Bxyz - a fxyx =0
0 ZYX - O B XYX = 0 PXYZ 00 XYX ceoverrnennnnnnnn. (@)

From (3) and (4) , we get
XyX — B XyX + o Xyx - o xyx =0
XyX — axyX — B Xyx + affxyx =0
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(X—ox) yx B (X-ax) yx =0
(X—ox) yx — (X-ax) Byx=0

i.e, (X—ax) (yx—Pyx)=0
ie,(X—axX)y(X—PBx)=0....cccceiinnnn.n (5)
Since A has no zero divisors, x= ox or X = px.
If x= ax, then from (1), we get zyx = xyz
If x= Bx, then from (2) , we get
(z+X) yx = Xy (z+X)
ZyX+XYX = XyZ+XyX
ie., ZyX = Xyz
Thus A is pseudo commutative.
Hence proved.

3.7 Definition:

Let R be anyringand X, y, z € R. We define xyz — zyx as the pseudo commutator of x, y, z.

3.8 Theorem:

Let A be an algebra over a commutative of ring R. Let A be scalar pseudo commutative. If A has an identity,
then the square of every pseudo commutator is zero ie., (xyz —zyx) > =0 forall x,y,ze A"

Proof:
Letx,y, ze A.since Ais pseudo commutative , there exists scalars
a=0(zy,1) € Rand p=(z+1,y, 1) € Rsuch that

zy.l1 =al.yz
ZY = OYZ everaniniinnnnnns 1)
and (z+)yl= Bl.y(z +1)
(z+)y =By(z+l) coovreennn.. 2

From (2), we get
zy +y = Byz + By
ayz +y - Byz — By = 0 (using(1))
1.y(oz+1-Bz-B) =0

Hence proved.

3.9 Definition:
Let R be a P.1.D and A be an algebra over R. Let a € A. Then the order of a denoted as O(a) is defined to be the
generator of the ideal I = {ae R / aa = 0}. O(a) is unique upto associates and O(a) = 1 if and only if a = 0.

3.10 Lemma :
Let A be an algebra with identity over a principal ideal domain R. If A is scalar pseudo commutative, y
€ Rand O(y) =0, then y is in the center of A.

Proof :
Let y € A such that O(y) = 0. Let x € A be any element.
Now there exist scalars a = a (1,y,x) € R and B = B(x+1, y, 1) € R such that 1. yx = axy = 1. That is yx = axy

(x+1)y.1 = B.1.y(x+1). That is (x+1)y =B y(x+1) .......... 2)
From (2) weget
Xy+y- Pyx- By =0
Xy+y-apxy-By = 0 (using (1))
(x+1-apx-B)y.1 =0
By Lemma 3.3 ,we get
1y (x+1-0fx-B)=0
yX+y-a Byx-By =0 .............. 3)
Also from (2) weget
Xy +y - Pyx-py=0
Multiply by o
o xy+ ay- o fyx- a By =0
yxtoay-oaByx-aBy=0......cccoeniininnn.. 4)
From (3) and (4), we get
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y—By—oay+oapy=0
y(1-B)-a(1-By=0
le., (1-B) (y-ary) =0
(1-B)y (1-a) =0
Since O(y) =0, we get (1-a) =0 or (1-) =0
le,ao=1lorf=1
Ifa=1, from (1), we get yx =xy
IfB =1, from (2), we get (x+1)y = y(x+1)
Xy +y=yxty
Xy = yX
Thus y commutes with every x € A.
Hence y belongs to the center of A.

3.11 Lemma:
Let A be an algebra with unity over a P.I.D R . If A is scalar pseudo commutative , y € A such that O(y) = 0,
then xyz = zyxforally, z € A.
Proof:
Lety e Awith O(y) =0
For X, z € A, there exists scalars o = o(z, y, X) € R and = B(x+1, y,z) € R such that ZYX = OXYZ «eneenennnns
1)
(xt)yz=Pzy(x+1) ..couenenen.n (2)
From (2), we get
Xyz + yz = zyx + Bzy
= apxyz + Bzy
= afxyz + Byz (using Lemma 3.10)
XyZ + Yz - afxyz - Byz=0
(x+1 - opx—B) yz =0
ie., zy (x+1-ofx —B)=0
e, zyx+zy-ofzyx - Pzy=0........c...... 3)
Also from (2), we get
Xyz +yz — Bzyx — Bzy=0

Multiplying a
0xyz + ayz — afzyx — afzy= 0
zyx + ayz - afzyx — afzy= 0 (using (1))................. 4)

From (3) and (4), we get

zy-Bzyt+tayz—apzy=0
yz—-Byz+ayz—aPyz=0 (since O(y) =0 using Lemma 3.10)

(1-p-a+ap)yz=0

(1-a) (1-B)yz=0forallze A ................... (5)
Thus for each z € A, there exists scalars y € R, 8 € R such that
Yyyvz=0 ... (6) and
dy(zt)=0............. 7
dyztdy =0
Multiplying by y
yOdyztydy =0 ............. ®)
From (6), we get yoyz=0.............oeee. 9
(8) and (9) gives

vyoy =0.Since O(y)=0,we gety=00rd=0
Hence from (5), we get 1-a=0or 1-p =0
Thenoa=1orp=1
Ifa=1, from (1) we get, zyx = xyz
If B =1, from (2) we get

(x+1) yz = zyx + zy

Xyz +yz = zyx + zy

XyZ +yz = zyx + yz (using Lemma 3.7)

XYz = zyX
Hence A is pseudo commutative
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3.12 Lemma:

Let A be an algebra with identity over a commutative ring R. Then

(i) A is scalar pseudo commutative iff A is scalar weak commutative

(ii) A is scalar pseudo commutative iff A is scalar quasi weak commutative
(iii) A is scalar weak commutative iff A is scalar quasi weak commutative

Proof :
(i) Assume A is scalar pseudo commutative
Letx,y,ze A
Now xyz =X (yz. 1)
=x(alzy) for some a=oa(y,z 1) eR
( Since A is scalar pseudo commutative)
= oxzy
Thus A is scalar weak commutative.
Conversly assume A is scalar weak commutative
Then forany x,y, ze A
xXyz =X (1.yz)
=x (alzy) (since A is scalar weak commutative)
= oxzy
=a(lxz)y
=a(Blzx)y (since A is scalar weak commutative )
= ofzxy
= afz (1.xy)
= afz (y1l.yx) (since A is scalar weak commutative )
= afy zyx
Xyz = d zyx for some o € R
Hence A is scalar pseudo commutative.
The proof o f (ii) and (iii) are straight forward.
3.13 Lemma:

Let A be any ring with identity. Then
(i) A is weak commutative iff A is pseudo commutative
(ii) A is pseudo commutative iff A is quasi weak commutative
(iii) A is quasi weak commutative iff A is weak commutative

Proof :
(i) Assume A is weak commutative.
Letx,y,ze A
Xyz =x (Lyz)
=x(l.zy) (since A is weak commutative)
=(1x2)y (since A is weak commutative)
= (1.zx)y
=z (1xy)
= z(1yx) (since A is weak commutative)
= zyX
Thus A is weak commutative implies pseudo commutative.
Conversly assume A is pseudo commutative.

Letx,y,ze A

Xyz =X (lyz)
=x(zyl) (since A is pseudo commutative)
= xzy

Thus A is weak commutative
The proof of (ii) and (iii) are straight forward.

3.14 Lemma:
Let A be an algebra with identity over a P.1.D R. Suppose that A is scalar pseudo commutative. Assume further
that there exists a prime p € R and positive integer m € Z * such that p™ A =0. Then A is pseudo commutative.
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Proof :

Let A be an algebra with identity over a commutative ring R.

Then A is scalar pseudo commutative implies A is scalar weak commutative  ( By lemma3.12) and so A is
weak commutative.

Again A is weak commutative implies A is pseudo commutative.

Hence proved.

3.15 Theorem :
Let A be an algebra with identity over a P.I.D R. If A is scalar pseudo commutative, then A is pseudo
commutative.

Proof :
A is scalar pseudo commutative implies A is scalar weak commutative (Lemma 3.12 (i) )
A is scalar weak commutative implies A is weak commutative.
A is weak commutative implies A is pseudo commutative (Lemma 3.13(i))
Hence proved.
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